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EColumn space andNullspace
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L

Def : Let A be matrix
.

-
->

to the equation
The solutions

X

A = 5 form the
space

of A .

spanned by the
columns

The space column space

of A is called the

of A. We denote
the nullspace

of A by NCA)
. We

denote

The
column space

of A by RSA)

Therem: If
A is man

then

NSA) is a subspace
of (R" and

R(A) is a subspace of RM .



Pef: The mility of A ↳

is defined to be the dimension

of the nullspace of A .

The rank of A is defined

to be the dimension of

the column space of A .



# Le+ A = (28 =2 ).

Let's find some vectors in

the nullspace of A .

-> -
A X
e

more o

10 - 1

( 20 -2)(c) = (8)
~2x3
-
-

We need to find
I's that solve

the above A
= %

.

If I = (8) , then
A = (2 : =2)(: ) =(iii

-



= (
%

) ↳

So
,

= (8) is in the nullspace of A.

If E = (i) , then

Ax = (2 :=)(i)
- Gist ) = (8)

So
,

= (i) is in the nullspace
of A .

Let's find some vectors in the

column space of A .

is

Recall that the column space

the subspace spanned by the

columns of A .



A = (28 =) ↳

columns of A are : (2) / (8) , (2)

A vector in the column space of A

has the form

a(2) + b(8) + c(2)

where a , b , c can be any real
numbers.

For example if a= 5 ,
b = 25

,
c = 12

then we get

(4) = 5(2)
+ 25(8) + 12(=2)

So, EF) is in
the column space

of As



If a = 1
,
b = 10% c = 2 ,

then we get

(h) = 1(2) + 10
% (8) + 2 . (=2)

So
,
(2) is in the column spaceof A .

Let's Figure out another way to

think of the column space .

A vector in the
column space

has the form :

a(2) + b(8) + c(=2)

= (a) + (8 :b) + (2)

=> (a 10 :bli
,

e (



= ( !: =)(i)
= A()

So ,
i is in the column space

of A if there exists
a
rector

i = (3) where A = 5.

For example , from above we got

(2) = 1 . (2) + 10% (8) + 2 .(2)

↳



= (28 =2)(is)
L

-
A Y

If one thinks of A as

a function that takes

Vectors = (3) from IR

and outputs vectors A
in IR the the column

space of A is the range

of this function.



Here's a picture.

A = (2 % =2)(i) = (a).
L

IR3 I
A
-

(

R(A)

(3) - >A = (Paed

T [(16) ·e · (=2)

-

(i) 7 O-edi
#L L

-



0.atherremto hi vpac L

Theorem : Let A be a matrix.
--

Reduce A down to row-echelon

form , suppose R is that

reduced matrix.

The columns of A that correspond

to the columns of R

that contain the
leading

I's in R form a

basis for the column

space of A
.



Ex: Le+ A = (28 =2) Lis

Find bases for NCA) and
R(A)

.

Find the nullity and rank
of A

.

findthe column space R(A)

0 - 1

(20-2 It /10 )o O

-
-

A R
-

circle columns
-

R= (08 in R w/ leading I's

circle the
A :&8 =2) -> Corresponding

columns of A



Mus R (8),
EC2lculated

Basis for RCA)
is (2) .

Why did this happen
?

If E is in RCA) above
then

#i = 4(2) + c(8) + 3(=z)

=

-c,
- (3)(2)



Since a basis for R(A) has Li

one vector in it , the

rank of A is dim (R(A)) = 1 .

Now let's work on NCA)
.

We need to find
all vectors

-
where Al = T .

X

-
T

#

mea de

& I
O i)(z) = (8)

2 O -
L
- 2x1
2x3 3 x/

m-

This becomes



(2x = 2z) = (8)
E

This gives

X
- z = 0O

I
(28=18) 16888
This gives

&O
Headingvaliables

Q - z = O X

0 = 0 free variab
-

les
y ,z



X = z Q x = z =t L
y = S
② y = S[ ↳z = t
③ -= t

i) = (i) = (e) +(
= A(j) + s()

So
, (i) , (8) Span N(A).

You can verify that (i) (i)
one linearly independent .

Thus , a basis for NCA) is (i) :



Therefore , the nullity of A is ⑳
dim (N(A)) = 2

.

:-

( 2xA = (2%i2 is

3 = # ofEcolumns

3 I Z t I

↑ ↑

mins) = in to



Ex: Same question but for i

A = (s =y -4)7- G &

NIA)first
1
- 13

(s - 4 -1)(i) =(8)
7- 62

~
3x3

This becomes

() = (8
7x - by +

2z



That is Li
x
- y +

5z = 0

3x - 4y
- 4z=0W7X - 6y + 2z = 0

I

3418(
In M (d - alo
This gives miables
④ - Y +

3z = 0
x
, yo

leading

Z

O- 197 = 0 ②sY
o = 0 free raid



#

We get ③z = t
x = y

- 32 Q ② y =197
= 19t

y = 197
② 0x = y - 3zW dz = t ③ = 19A - 3t

= 16 t

Thus, (i) is in NCT) if

(i) = (i = A(i
So
, (ii) Spans

NCTI.

You can check this
is a lin.

ind.

set because it (ii) = (8)
then (1) = (0) and 4 = 0.



Thus a basis for NITI is (ii)

So
,
dim (N(T)) = 1

.

Let's find a basis for RST

Tealready reduced A above .

Like this :

( (
I - I 3

-34) i ia (
n

A

- R2 + Rz+ Rs
1 T
- (o I

O O O

m
R



So we have W

=(a circle the
columnsI - of R with

leading I's

A =( ) =
circle the

corresponding
columns in A

A basis for the column space

is(b)(z) .

-
s the rank of A is dim (R(A)) = 2 .

: 3 = 1 + 2

(Frotn) = (Mullity)+



: (2) = - 16)) -1()E
- - un

1st 2nd

3rd colm column column

this explains why we
didn't

need it in the basis for R(AI .
-
-



L

errem(Rank-Nullity Theorem

Let A be an man
matrix .

Then ,

m
= dim (NCAL) + din

(R(A)

(otmns) = nullity (Al
+ rank (A)



(Maybe skip this in class) Lis
EX : Suppose that A

is a

-
for its

matrix where a basis

is
column space

S()()
Also suppose

that A
has

6 columns .

Find the
nullity

of A .

-
We will use

the rank
/

Solution :
-

nullity theorem
which

says

- wank (A)
+ Mullity (A)-

6 -- dimensiopace- dimension
# columns of column of A

of A space
of A

.

on
above a

basis for the
column

Fr So
,

rank (A) = 2 .

has 2 elements
.

space
nullity (A) = 6-rank (A)

= 6-2 = 4.
Thus


