
Topic 8 -[and Eigenvectors
Eigenvalues



pic8-Eigenvalvesand Eigenvectors

Def: Let A be an nxn
matrix .

* in Rand
***

Suppose

andE* for some

ErX .

X
is lambda

Scalar/number

Then 1 is called an eigenvalve

of A and is called an

eigenvector
of A corresponding
-

to X .

Given an eigenvalve

X of A ,
the exenspace

of A

corresponding
to X is

=x(A) = 3 * /A
* = x*)

sponding

[x(A) consists
of all eigenvectors

corre &to x and also the zeroector



Ex: Let A = (i = 2)
Let * (2)

Then,
A = (i = i)(i)

=(i
= (*)
= 4 . (2)
= 4 .

So
,
A * = 4

.

Thus
,
X = 4 is an eigenvalue of A

and = (2) is a corresponding eigenvector .



How do we find the eigenvalvesEanxeMatrix A 28

Suppose X
is an eigenvalve of A

and ** is an eigenvector

associated with
X

.

Then
,

A= X*. using

-

So
,
A* -X* = :.↳

->

Then
,
(A-XIn) * = 0 where

In is the nxn identify matrix.



So
, (A-XIn) * = G where *

The only way this can happen

is if A-XIn has no inverse.

-

>
? Let B = A- XIn.

F 7If B
" existed then since

BE = - you
would get BB* =

B %

which world give = 0.

.So , B doesnot

Thus
,
det (A-XIn) = 0

Since (A-XIn)" doesno.



Summary The eigenvalues of-i

* satisfy the equation

det (A-XIn) = 0 .
-

Sharacteristicpolynomial of A

-
-
-



& (HW8 #1(b))

Let A = (i = 2)
Let's find the eigenvalues of A

characteristicmeEigenvalue

det (A-x[z) =

= det ((i =2) - x(bil)
= det )(i =2) + (3))



= det( = x)
= (10 - x)(-2 -x)

- ( -9)(4)

=
-
20 - 10x + 2x + x2 + 36

= X2- 8x + 16

= (x - 4)(x -4)

= (x - 4)2

The eigenvalves of A
are

when (x-y)= 0.

Thus , the only eigenvalve of A is x
=
4.



Facts/Defs
Let A be an nxn

matrix .

Let X be eigenvalue of A.

① The eigenspace Ex(A)
is a

subspace of M

② The dimension of Ex(A)
is

called theeometricmultiplicity

#X

③ The a gebraicmultiplicits
ofA

is the multiplicity
of ↓ as

a root of the
characteristic

polynomial of A.

① (geometric multiplicity) (albri Iof X



Ex: Let

A = (i = 2 I
be as in the previous

example .

We had
that the

characteristic

poly of A was

det (A- x1)
= (x - 4)

thus , X = 4 is an eigenvalve
with

algebraic
multiplicity of

2.

Let's now
find the eigenvectors

corresponding to x
= 4

.



Let's get a basis for

Ey(A) = E * /A* = 4 * ]

Need to solve A = 4 *

Let's solve !

(i
=

2)(i) =4(5)

(1) = (ii)
(i) = (i)

This gives : Ga - 9b = 0[ya - 6b = 0



Solving :

(i =3)) ( : (8)
- 4R ,

+ Mu+ R = ))
-

3) % )->
So we get :

a - Eb = 0 leading : a

[0 = 0 free : b

Solutions :

b = t[a = =b = 2 t

This if * solves A = 4 *

then E = (5) = ( *** ) = +(
*

i)



Thus
,
a basis for Ep(A)

is (2) .

Thos , X
= 4 has

geometric multiplicity

dim(Ey(A)) = 1
.

=



What does it mean that (3) is a

basis for the eigenspace for x
= 4 ?

It means you can get all the eigenvectors

for x = 4 by scaling (31) by a

non-zero number .

=>



Ex: Let A = (ii)

Find the eigenvalues, bases for

the eiyenspaces , and algebraic/geometric

multiplicities of the eigenvalves.

-

Eigenvalvetime !

det (A- x[n) = det (( -) -x(bi)
= det ((8 -) +( -x)
= det (3j - i-x)



= (3 -x)( 1 -x) - (0)(8)

= (3 - x)( - 1 -x)

= [-(x-3)][- (x+1)
1

= (x -39
And (x-3)(x + 1) = 0

When X= 3 , -1. ySo the eigenvalues are x
= 3
,
-1

.

The algebraic multiplicity

of both eigenvalves is

#eda basis for theLet's



eiyenspace Eg(A) for x= 3 .

Need to solve A =3
.

Need to solve

(f)(5) =3(5)
( - b) = (3)
(sn4b) = (8)

Need to solve

& REM , a - Eb = 08a - 4b = 0
-[0 = 0 8 = 0

Sleading,ab



Solution :

b = t[a = zb = Et
So
,
ifsolves A

=3 then

= = (b) = (*7) = (ii)
This a basis for Es(A) is

(12) and so x= 3 has

geometric
multiplicity

dim(Eg(A))=
# vectors

in basis



Let's now find a basis

for the eigenspace
[
-,
(A)

for X = -1.

We need to solve A = -*.

Need to solve

(8-i)(5) =-(5)
1 -

3) = (=)

(( = (8)
This becomes



It
(8) 18818)

- SR ,
+R + R2(68/8)->

So we get

a
= 8 leading ; a

[ free : b
O = 0

Solution :

Eta = 0



So
,
if solves A = - * then

* = (5) = (i) = t()

So a basis for
[
_
(A)

is (9) and so x = -

has geometric mult .
dim(E- (A)) =L

#

Vector
- geometric=



00
- 2

I Z I

Ex: Let A
= I 103 I

Let's find the eigenvalves

of A
.

We need to solve

det (A-XFo A
is 3x3

↓



We have

det (A-X[z)
I 00

I ( · , 0))
= det ((%2

-

Y - x
I 03 00 1

- -

A Is
00
2

= det ((ioi)-(2)g

g

= det( x)
I 8

↑

expand⑭on



= - 0 + (2 -x))is) - O
-

#
= (2 -x))ij =/
= (2 - x)[( x((3 - x) - (1)( 2)]
= (2 - x)(X - 3x + 2)
= (2 - x)(x - 1)(x

- 2)

=
- (d - 2)(x

- 1)(x - 2)

= - (x - 2(2(x
- 1) X= 2 has aly,

mult. 2

x= 1 has
also

the eigenvalves are X = 2 , 1. mult . I .



Let's find the eigenvectors

of A.

Let's start with
x = 1.

Let's find
a basis for

E
,
(A) = E)A*

= 1 .]

The equation
A = 1. becomes

Si
This becomes

0a + ob -2

a + 2b + CI a +ou +3) = (a)



This gives (ar = ()
This gives (+ bic) = (

%

)
a + 22

- A -2 = 0So,[a + b + C = j

a + 2 = 0

Solving we get

(-iI

&

- R + R+ Ry)bY = 1 % )- "
- R

,
+ Rz- R3 O O O



A
+ 2c = 0 ① leading : a , brig Cb - c = 0 ② free :

0 = 0 ③

Solving

c = t

⑮Da = - 2c = - 2t
This

,
ifY = (s) is in E ,

(A)

then = (5) =( =+(i)
So
, (i) is a basis for E , (A)

Thus
,
dim (E , (A)) = 1



Let's now find a basis for

[z(A) = 5)AY =2)

Want to solve A * = 2.

So need to solve

↓



0 O

S)() =2))I

ja +b = (i)
=(i)

This gives

- za
- 2c = 0

a + C = O[a + C = 8

Let's solve :



-20 - 2

I O
/ %L( I O (
++Ru Jo
- R ,

+ Rat Ry

This gives :

leading ; a

⑰ free : c ,
b

0 = 0

Solution :

b = t

c = U[a = - c = - U
Thus

,
if solves A =2 then



= = (a) = (m)
= (a) + (i)
= u(-) + z( %)

So all solutions of A =2 are

linear combinations of (i) and ()

Thus
,
(i) , ( %) span the

eigenspace Ez(A).

You can verify that (i) . (
%

)

are linearly independent.



Thos , (i) , (i) is a basis for

Ec(Al . So
,
X = 2 has

geometric multiplicity

dim(Ez(A)) = 2 .

Summary table for A :

=


