
Topic 7-Spanning,linearindepend÷bases



①

HW7T0PgSpanning ,
Linear Independence,

i.

and Bases

We are going
to develop a

way
to create

coordinate

systems
in vector spaces

.

This is
what a

basis will
do

.
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Deft Let V be a vector space ②

over a field F.

Let ,
,Ñz , ◦ • ◦ , Ñn be in V.

① The spars
of F, ,É , . . . ,Ñn

is

defined to
be the

set

span ({ viii. , . .,Ñ
})

= {GÑ+czÉt . . .+cnÑ / Giz, . . ,cnE

this is
called arÉfñ,ñ, . . ,ñ

② If W= span
({ Five , .

. ,Ñ } )

then we say
that Ñ ,

,É , . ..su?sp-anW.



É:_ Let V=Ñ and F- IR ③

Let F. = < 1,0>←ñisi
Then,

span /{vi })={ civ , / c. c- IR }

= { c. < to> / c. c- IR}

= {<a. 07 / c. c- IR}

{¥:3
?

¥÷



#:aoo:⇐:



Let ✓ = 1132 and F- IR . ⑤

Let F- 41,07 and E- <0,17

Then
,

span / { ii.ii})={GV-itcziila.se/R
}

= {4<1,07+440,17 /
G)GEIR}

For example,

5. < 1,0)
- IT . { 0,17=45,07+(9-11)
✓

= < 5,
- IT>

Cz=
- ITE- s

is in the span
of risk .

↓



⑥

i-Ñ£ÉÉs, - it?

< 5,
- it> =5Ñ-lTv

in the span

of V1
,

✓
2



Is < 0,07 in span ({viii.} )
⑦

Yes
,

because

< 0,0 >
= 051,0 > to

. < 0,17

¥ ¥

IsG3£)inspan({ii,É})-
Yes
,
because

(-3,1-2)=-3
. { 1,0>

t-z.co, I>

¥ ¥



We have ⑧

span ({Five} )

= { c , < so > + Eso, D /
Ci ,Cre

IR}

= {4,0> + (
o
,
Cz> I 9 ,GEIR}

= {Cci ,s> I
c. ,
GEIR}

=
IRE V

So
,

Ñ
,
= 4,07, É

= <0,17

span
V=lR?



Let V=R2 and F=R ⑨

Let Ñ=( 2,17 , C- 1,17.

Let 's list some vectors
in span ({ v7 ,É} ) .

1. Ñ , + 2. ii.
= (2,17+2.1-1,17
=
(2,171-1-2,2)
= ( 0,3>

I , _ -µ
?
"" +ai

.É÷É÷i:



E. Ji - { É= {<2,17-3<-1,1>
④

=L 1,27+(353-2)

=⇐ it >

So
,

[ £ ,

-É ? is in the span

of Ñ
,
,Ñz .

Claims span ({ ii. ii.3)
= 1132

proofofdaim Let
<×, y)

be

in IR? We need to show

that we can always solve

< × , y >
= civ ,
t.EE

for C
, ,
C2 •



Let's solve ④

< ×, y >
= c

,
Ñ

,
+ Sir .

This becomes

(×
,y)
= C

,
(2,17+44-1,1)

Which becomes

[× ,y)
= (2C , ,

c
, > t C- Cz ,

Cz>

which becomes

< × , y>
= ( 2C ,

- cz
,

C
,
tcz >

¥9
which is equivalent to

✗= 2C ,
- Czy- or



This system becomes

Iii
'

/ E) EYE , /*
④

"%(
'

◦

'

→ Had
y

(↓ I ✗ +%)
This gives c.

= -5×+3-2

4+¥,×+}yFo9=y - ez= y - (-5×+3-4)
= b- ✗ + toy



Thus
,
given any < ×,y > in IR

≥

④

we can write

⇔>=⇔¥¥!"⇒
For example, if

< ×, y >= ( 12,
-37

then✗{ 12,-3) = ({-12-1}-1-31)<2,17+ C-¥ -12+3-(-316-1,1)
= 3<2 , I >

- 6<-1,17

ÑÉyÉÉR
is in the span

of Ñ=< 413%-4-1,17.

Thus
,

Ñ
,
-_(2,17 , iii.

=L-1,17 span
IRZ

or you can
write span ({ visit} / = IR?



theorems Let V be a vector ④

Space
over a

field F.

Let Ñ,É , . . ,Ñ
be in V.

Then span ({ÑÑv%Ñ
} ) so we

create subspaces

of V byiᵗpia!"ⁿ[vectors and

pi ✓
creating

their

span ({visit,i's})

1. ñ+oñ -1¥

÷
:
÷.

•

1005
'

+vitti
}

8=0%1.1-0%+05'
10-4=10%+0%+05

'



Defog Let V be a vector space ④
over a

field F.

Let ÑÑz , . . ;Ñn
be in V.

We say
that ÑÑz , . . ,Ñn are

linearlydependent if
there

exist scalars
Ci ,
Cz
,
• °

,
Cn

from F that
are not all

equal

to zero ( but some
can

be Zero )

such
that

c.ii. +
civet . . . + cnÑn=É

If Ñ
,
,Ñz , . . .,Ñn are

not linearly

dependent, then
we say

that

they are
linearlyindependenti



Let V=lRFF=R .

④

Let Jill, 1,27 and É=f2,-3 - y>

Note that Fz=
- ZÑ

,

so
, z.it/.ii=I

Thus
,
Civita_É=É

has the

solution C
,
= 2
,
Cz = 1 and

Ci i Cz
are not

both equal
to

zero .

Thus,
Ñ
,
-_ < 1
,
1,27, Fitz,

-3-47

are linearly
dependent .



¥ Let f- 1133 and F=R . ④

Let Ñ=< 1,41≥ Felton≥

¥41 , -34,17

Are these vectors linearly dependent

or linearly independent
?

Consider the equation

C.ÑtCzÑztSÑ}
= £

This becomes

C
,
< 1,1 , 1)

tcz( 1,91>
+ ↳

< 1
, ¥ , I>

= (0,0-0)

This becomes

{Ci ,C , ,
G) 1- ( Cz,

-0
,
G) 1-(9,43-5,9)=590,0

>

This becomes

[Citcztcs,
C

,
+34-5,91-6+57=490,0

>



④We had

[Citcztcs, C ,
+¥5
,
C
,
tcztc} >

=<90,0>

LILO
This gives

C
,
t Cz t Cz =

0

9 +¥5 = 0C,tCztC
Let's solve this system

:

f. i%%¥÷:÷:(÷ :*

% ! -it :)



This becomes ④
.

C1+czt①
Ci
,
Cz are leading

Cz
-

'

-3C } = 0 ② variables .

0 = 0 ③ C } is free
variable

C
,
= - Cz - Cz ①

cz=Y2②③
0 = 0

Set ↳ = t .

② gives cz=§t

① gives c.
=
-G- ↳

=
- (ft )

- d- = - It

solutionsare.TT
c.
=
-Est

Cz = b- t
where t can

be any real

numberCz÷



Thus the solutions to ④

C
,
Ñ
,
tczvztc } Ñz = Ñ

are c
,
=
- It, 5- Ét, g=t

where

t is any
real number .

Thus , for any
real number t we

have that

C-5-tkbbi>
+ (It / 40,1> +

t< i.¥17

I TF I
¥ I Ig,

For example
if -1=1,

then

-34-41,1>+54,91
> + 1. G. ¥ ,

D=
É

%¥ii+±ñ-lÑ=É@
Thus, Ñ ,Ñz,Ñ}

are linearly dependent
.



E Let V= # and F=lR
.

④

Let Ñ
,

= < 1,07 and E-
<917.

Are F , ,É linearly independent

or linearly
dependent ?

Consider
the equation

c.
Ñ
,
+ czÑz=

This becomes

9<1,0>
tczco, 1)

= < 0,0>

This gives

<9,0>
+ ( o, Cz

> =
< 0,07

This gives

<j←i>
Thus
,
4=0, cz=

0 .



Thus
,

the only solution
to

9<1,07+420,17--20,01
④

C
,

Ñ
,
t Cz É =

is C
,
= Cz

= 0 .

Thus , Ñ ,
-_ < 1,07 ,

É= <0,17

are
linearly

independent .

-



Ex: Let

✓ =P, = { atbxtcxya.b.cc/R
}
④

5- = IR

Let F- I

E- It ×

F
,
= It ✗ + ✗

2

Are Ji ,Ñz,Ñ linearly
independent

or
linearly dependent

Consider
the equation

± .

If there is only
one
solution

then Jiiva ,-4
are linearly

independent .

are linearly dependent .



④

This equation becomes

c. (1) tea (11-11)+5111×+114=01-0,1-+0×2T
↑
1+0×+0×2

It ✗+0×2

This becomes

C
,
1- Cztczxtcztc

}
✗ + ↳ ✗

2=01-0×+0×2

This gives
0×+0×2

w
This gives This is already

reduced .

Solution
is :

③ gives
9=0

Cztc3=0
② gives cz=

- (3=0a+a+%?⃝%③}①,µesa= - " "

= 0+0=0



Since the only solution to ④

qÑtczÑztgÑ=Ñ
is C

,
= Cz= ↳

= 0
,

this means
that

F- I

vi.= It ✗

Ñz = / + *
+ ✗

2

are
linearly

independent .

-



We will now create the idea of a ④
Coordinate system in a vector spaceT-tscalledaba.si#Def:-

Let ✓ be a vector space

over
a
field F.

Let Five , . . ,Ñn
be in

V.

We say
that Ñ

,
,Ñz , . . . ,Ñn

are a

basis
for V if

① Ñ
,
,Ñz , . . >Ñn Span

V

and

② Ñ
,
,Ñz , . . . , Ñn

are linearly
independent

①sitt
j in V

can
be written

in

the form Ñ = C ,
Ñ
,
+ czÑzt ◦ ◦ ◦

1- CnÑn

② makes it so
that there

is only one

way to write
F=cÑ,+CzÑzt . . . 1-

Cairn

ie the constants are
unique to

Ñ



Exie Let V=Ñ , F- IR .

⊕

Let Ñ=< 1,07 , E- < 0,17.

In class we
showed Ñ

,
,Ñ , span

IR?

Let's do this
again .

Given <
×
, y>

in V=lR2

we
can
write

< ×,y>
= ✗
< 1,0 >

+ y
< 0,1>

sy>iita
Of F. =

< 1,07,
Ñz= < 0,17 .

We just
showed

that Ñ,É

are
linearly

independent .

Thus,
Ñ=< 1,07 ,

ii. = < 0,17

is a
basis

for
V= IR?

This is
called the

standard
basis .



[x Let V=Ñ and F- IR .

Let Ñ=<2,17 and E- c- , ,>
④

Earlier , we
showed Ñ ,É

span IR] in particular
we
showed

that if <
×
, y>

is in IR
≥

then

<×,y>=(É✗tÉy)Ñt+yÉ
air , tcivi

Now we will show
that É ,

,É are

a basis
for IR? We just

need

to show that
Ñ
, ,É are linearly

independent .



④Suppose we have

c. iitczvi =
-

We can

always
write

what are the solutions ,+o¥É
in terms of < 1) C2 ? If thats

the

only
Sol .

then
ÑÑ

We have
are lin .

Ind .

952,1>
+ Cz (-1,17--50,0)¥±t+n[Are

more

¥ ¥ ways
to

express

This becomes
of ii.Ñ(29,971-4-5,4)=490
) interns

¥7,7.me
Which

becomes

<"

> 1in .
dep .

so we get 2+%



This gives

(77/8)%4; ; / g)
⑦

-ÑY:-b / 8)

( : ;) :)
This givesGt ①Cz = 0 ②

② gives cz= 0 .

① gives C
,
= - Cz = -0=0 .

Thus, the only
sot . to c.ÑtsÉ=

is 9=9--0 .

So
,
F
,
-_ (2,17

,
# C- 1,17

are linearly independent and thus
form a

basis for IR?



theorems Let V be a vector ④
space

over a field F.

Suppose Ñ , Ñz , . . . ,
Fn is a basis

for V. Then any
other basis

will also have n
elements in it .

Translations Any
two bases for V

have the
same

number of elements

÷i:=
We found

two bases
for IR

≥

so
far :

basis#1_
:< to> ,

< 0,1>
← ˢ¥a%¥

basis#2:- <2,17g
C- 1
,
I>

What the
theorem above says

is that

since we've found a basis for
IRZ with

A- 2 Vectors in it, every
basis for IR

≥

will have 2 vectors in it .



Def Let V be a vector ④
space over a field F.

If there exists
a
basis

Ñ,É , . . . , Fn for
V with n

vectors ,
then we say

that

V is finite-dimensional
and

the dimension
of V

is n .

write

we
writedimcvt-n.EE?;=nF;Ean#x:----I--R-et

A basis for IR
≥

is < 1,07g (
0,17 .

There are
2 vectors in

the basis ,

so IR
'
is finite

- dimensional and

dim / 1134=2 .



E Let

V=R={ atbxtcxya.b.ee/R}
④

f- = IR .

LetÑ=l,É=✗,É#✓
Claim:

Fit
,
E- ×, ✗

2 is

abasisforP÷
pro
① We first show

that Ñ , ,É,Ñ
spank .

Let atbxtcx
≥ be in Pz .

Then ,
atbxtcx

'
= a. It

b. ✗ +
c. ✗

2

= a.
F. + b.Etc

.is

So
,
Pz= span ({1,4×2} )



② Now we show that

Ñ=l , Ñix, Ñ=x2 are linearly
④

independent .

Consider the equation

Giitczvitgis = É

How many
solutions does

the above
equation

have ?

in Pz

The above equation
becomes

9. Itcz
. ✗ +5×2=0.11-0×+0×-1
If
So
,
9--0,4--0,5=0 .

Since 9--4=9--0 is the only

solution to
c ,Ñ+czÉtcÑs= 8

we know Ji , Ji ,Ñ are linearlyindependent



We have shown that ⑤
F. = , iii. ×, Ñ=×2
is a basis for Pz

.

Thus, Pz is finite-dimensional

and dim (B) =3

-



specialexan.pl# : ④

The
"

trivial
"

vector space is the

vector space ✓ = { } over a

field F .

So
,

V just has

one vector .

There is no basis for this

vector space .

We just
define this

special

vector space
to have

dimension
0

.



[× Let V=lR
"

and F- IR
.

④

The standardbasis for IR
"

is the set
of vectors F) VI , . . . ,

Ñn

Where Ñi has a 1 in spot i

and 0 's everywhere
else .

One can show
that this is a

basis for IR
"

and thus

dim(lRⁿ

to



⑧

÷÷÷÷÷÷÷:÷÷:f÷:
ñ=÷""÷"• @

•

:
: •



E Let n be an integer ④
with n ≥ 0 .

Then

Pn={a.+ a.✗tank . - • tank / air, . an ER}

The standard basis
for Pn is

E- I

F- ✗
Fix

≥

:

in:X
"

You can show that
% ,Ñ , , . . . ,Ñn

are a basis for Pn [we did
that

last time for n
= 2]

.

Thus
,
dim ( Pn / = ntl



⑨

"

÷
.



④

theorems Let V be a finite-

dimensional vector
space

over

a field F with

dimlvt-n.su/-hismeansVhasabasiswithInvectors in it .

Let Ñ , ,
Ñz
, .
. ,
Ñm be in V.

① If men , then
Ñ , Ñz , . . ,Ñm

do not span
V.

② If m > n ,
then Ñ , ,

Ñz , . . ,Ñm

are linearly
dependent .



E- Let V=lR3F=R .
④

We know the standard basis for 1123
is < 1,907, < 91,07, < 0,91

> .

So
,
dim ( IRS ) =3 .

←n=3intheoremLon pg 4

Let Ñ
,
-_ < 1,1 , I≥ Ñz=( IT, ± ,

37
.

m=?⃝theorem
on

we have 2
Vectors

paget
in a

3-dimensional

space .

Since 2<3 ,
by

the previous
theorem ,

Ñ
,
,Ñz

do not span
IR?

Also
,
they aren't a

basis sin][any basis for IRS must have

3 vectors in it .



④EI Let ✓ =P} , F=R .

The standard basis for B is

1
,
×
,
✗3×3 .

Thus, dim ( 131=4 .

Let
Ñ

,

= 1+3×2
Ñ< = 2×-5×3
ñi
,
= 5

W→y = ✗
3

Ñ's = ✗
2- ✗

3

Ñ6 = It ✗ +
✗
<

+ ✗

3

We have 6 vectors in a
4 - dimensional

vector space, thus
the previous theorem

says that
Ñ

,
,Ñe,Ñs,Ñy,Ñs,Ñ6

are linearly dependent
.

[Also
,
they are not a basis for Ps .

]



theorems. Let V be
a finite - ④

dimensional vector space over

a field F.

Suppose dim(v1=n
.

Suppose we pick
n vectors

Ñ
,
,Ñe , ooo, Ñn

from V.

① If Ñ ,
,wT , . . ,Ñn are

linearly

independent , then
Ñ
,
,Ñz , - - →

Ñn

Span
V and hence they

form

a
basis for

V.

② If Ñ ,
,Ñ , , . . , Ñn

Span
V
,

then Ñ
, ,wi , . . ,Ñn

are
linearly

independent and
hence they

form a
basis for

V.



E:LetV =P, and F = RR. ⑮

We know thatdim (P2) = 3.

Let

I, =1
-

v
=1 +X

i =1 +x +x2
2

We saw earlier thatI, 1tX, 1x+X

one linemly independent.
independent

Since we have 3 linearly

vectors in a 3-dimensional space

v =P2, from the previous
theorem

we know
that

1,1 +x,1 +x
+x2

form a
basis for V

=Pz.



Here is the point
of having ⑯

a basis.
Itgives a

coordinate

-xV.
Let V be a rector

Theorem :
a
field F.

Let
-

over
space

Visue....
In be a

basis
for V.

-
-

bor * in
V

Then given any
vec

scalars

there
existunique

in
from

F where

-

i

cantor ane



2

=LetV =R, F =R. ⑰

We showed that

, =(2,1,
n=( - 1,17

is a
basis for

Ri

Pick *
=< 5,87.

V=R
Because

isspan
solve

can

we know we

->

x
=c,, +CzVz

there

By the
previous therethat

will be
unique

-

Isolve the
above.

Let's solve it.
We
have

(8) =a(i) +x(i)



This becomes ⑱

(8) =2)
This gives

⑮S
I

S 3 i18)*(2:15)
-2R,+Rz

+Rz

I
I is IEsti',1)

-> ⑧

② gives
=

This
①gives
c,
=8- c28 =8-
=24-11
--

3

=13/3



Thus, ⑲

(8) ==.(?) +()
(8) =.,+.r
-

numbers
these

13/3 173

will be
called

coordinates
the
of

=(8)
in
terms

of the

basis

i=(?),
=(i)



#

: LetV be a vector ⑳

space over a
field F.

LetVista,oos in be a basis
for V.

If we fixthis ordering on
the

basis, then we call this
an

ordered basis for V. We

- ] B
B
=[,s2, ..., [write i

to denotean
ordered basis. beta

So the ordering
mattershere. basis.

B is the
name

we gave
tothe

write
->

in V we
can

->

Given X

I =c,
+cz+..+

CnVn

where a,
cn,.o.s
n are

unique

elements
of F. 1



The constants a, C2, ..., c are ⑮

called the rates
of

#espect
tothe ordered

basis B

write
and we

[*]
=[Cr, c2,...,

(n)

or

(13,=()



E: LetV=1R" and F =1. 2

We know [1,07,
50, 1 is

a
basis for IRand

32,17, 5-1,17
is also

a
basis

for IR? S

LetB
=(<1,0),<0,1]order

and W =[(2,1,(
-1,k]Granged

and B=[0,k,x,0]
This gives

us
three

different

ordered
bases for
?

Let's look
at1 =

(5,87.



We have
⑮

* =(5,87 =5.(1,0) +8.(0,1

Thus, la
[3,575,87
⑰),(0,7]

We also
have

Y =(5,5)
=8.(0,k

+5.,0)

Thus,
S-

>],,0,57
,,x,0]



Also, from lastweek we saw
⑤Y

Y =(5,8) =.(2,k
+.(-1,1

Thus, So
[*]u>,
r =(x,,

- 1,k]



#

Let ⑮

V =P2
=5a +bx +cx))a,b,c(R]

and F =R.

standard basis
for P2 is 1,x,x?

In HW 7-Part
I problem

S(al
2

1 +x
+X

you
show thatI,

1 +X,

is also a
basis for

P2

LetB
=[1, x, x

2] and

V =(1,1
+x,1+x

+x2).

Let
=4 +2x +3x.

Let's find [EJp and []0·



We have that 2

⑯

8 =4 +2x+3xI

Thus,
x+3.x

[i]=
<4,2,37

find [EJr.
Let's now

to solve
We need

41x+3x
=attent
-
I

This becomes

)
+3/x+x



This gives ⑰

①
4, +2

+4
=4

⑰2aredvad(
=3B

③ gives
= 3.

=2 - 3
=
-1

② gives 2
=2-

① gives
=4-x

-(
=4 - (1)

- 3 =2

Thus,

4+2x
+3x
=2.(1) - 1.(1

+x) +3.(1
+x +x)

-
I 21 S

So,

[i]=(2,
- 1,37



Keeping U =(1, 1 +x, 1 +x+x2],

ifyou know that

[W]= <-1,2,
-3), what

is to?

We have that

->

=
- 1.(7) +2(1

+x) - 3.(1
+x +x4

W

=
-z
- x
- 3x2

-



⑲
#Let

v =Mn
=4(2)(a,b,x,de(R)

F =IR.

iii
the standard

basis
for M2,2]

forof
claims

①Firstwe
will show

they spar
Muse

Given (a)
from Man we

have

(2) =(88)
+(88) +(i:)

+(88)

=a(68) +b(0)
+(i0) +d(8i)

Thus, (8), (ol, (98), (i) span Maze



②Let's now check linear independence. N

Consider

(08) +(!)
+(90) +((8,0)

=0
This becomes

(8) +(8.4
+(ii) +(02)

=(88)

which becomes

(iii)
=18 S

Mus,,
=0,

=0,
=0,c

=0.

Since we
only got

one
solution

the rectors (80),
(ob), (il,

(oil

independent.
linearly

are

By and
, (), (bt,

(il, (oil

form a basis for Me,z. and dim
(Mu,z)

=4



iprtt*e
⑯

Show that

a
basis

for Main
is

dim (M.,z)
= 4

We already
know

example.

from our previous

have
4 vectors

that
And we

if we
show

above.
So

linearly
independent

they are from class

then by a theorem M2,2 und

they will
also spar

for Me,z.
thus be a

basis



⑳

Consider

(di) +x(i0)
+(8i) +c(i)to

This becomes

(i) +(20)
+(03) +(i)

=(0)

which gives

Cicii"1 =18%)
in

o
+3

=O
C



We have ⑮

I I 8 0

⑧ 10
-1...I0 I 0 II

I O I
I

- Ri tRytRu I i I S-> ↓I lo0 - 1 I

- Rz+Rs3
I 10 -

o0 II 0

⑧

I I- 00
Rz +Ry

+Ry 0
1
- 10

I ⑧!. .R,R4 S I 0 I I-> ⑧

0002
0

10

·IRy + Ry S
0

- I 0-> i - o

0 I



it
6

④gives c
=0.

③ gives
=y

=0

② gives
( =Gy

=0

①gives
,
=
-

= -0 =
0

Thus the only solution
to

(di) +x(i0)
+(8i) +((i)

=(0)

is c,
=cz

=cz
=2

=0.

Thus, (oil, (i), (ii),
(ii) are

linearly independentand
hence

are a
basis for Maz

as discussed

earlier. -



⑮
#Let

setof 2x
2/V =M2,z matrices

F =IR. r
Previously we showed

that
00

B,
=[(68), (8:), (98),

(oi)]

P2
=[(ii), (ii), (8i),

(i ))

are both
ordered bases

for Mr,z.

Let's calculate
coordinates with

respectto
these bases.

34

matrix (01)
Consider the



⑯

Let's find [(8")]B,
We have

(i) =(88) +(80)
+(i)+(i)

=3) !8) +1(8i
+0(i) +!(8i)S

n

iha
[l?," Bp, =3,4,0,17



Now let'sfind [(8"l].
We need tosolve

(4) =a(di)
+b(ib) +(8%) +d(i)

This becomes

(ii) =(8)
+(58) +(8)

+(2-)

whichbecomea re
a +b

which
becomes

b

+C

- d EWb +d
=0

a



Let's solve! ⑧

I 10 ⑧ 3

0 10-1 4I O 10 1 I 0 I
10 I 0, I 0 0
- Ri +RytRu S 0 I 0 - 1 I 4->
01 b

0 -1 1
·

- Rz +Rs3 I · ·-- I I IRetRyfRu

R3Ry
I 10

- I I
-4
I- I8

O

RutRn I

I
3

-- S!i



this becomes 8
a +b

=3

b - d =4↳c - d = 2d =- 2

Thus,-
C = 2

+d = 0-
.=4 - 2

=2

a
=3 - b =3

-2 =1-
Therefore,

(8) =1(di)
+2.(i!) +0(8i) -2(90)

Thus,

[8s(1,2,0, -27



⑰Part2 ⑳

①(b) In HW 6 we showed

thatif V=I" and
F = IRand

W
=E(a,b,c)b =a

+c and a,b,c(R)

then I is
a
subspace

of VFIR.

We will now
find the

dimension

ofW and a
basis for

W.

V =IR*

is



Let's find a basis for W. ⑦

Suppose (a, b, c) is
in W.

Then, b =a + c.

Sja,b,c =(a,a+c,c
=(a,a,0) +(0,,)

=

a(1,1,0) +c[0,1,1)

are in W.

I-Note that[1, 1,
0) and 50, 1,

1

the reseethatFrom

W is spanned by

<, 1,0)
and <0, 1,

1.



Now let'sshow ⑫

<1,1,0], [0,1,K

are linearly
independent.

Consider

2,,1,0)
+((0,1,1 =1)

-

This becomes

(,,,,0) +(0,,x)
=(0,0,0

which gives

intere
The only solution

is ,
=2

=0.

x, 1,07, 40, 1, 17
This means

ane linearly independent.



Thus, 41, 1, 07, 20, 1,17 ⑬

form a basis for W.

Therefore, the
dimension of

W

is 2 (elements
in basis].

size
the



meralwe have? ⑰

means:
has a basis

of finite
size

Theurem: -
- I

LetV be a finite-dimensiona

vector space
over a field F.

LetW
be a

subspace
ofV.

Then

① W is finite-dimensional

② dim (W) dim
(V)

③ If dim(W)
=dim(VI,

V

then W =V.
W

④IfW
=V, thendim(w)=dim(rI


