
tInverse of a matrix



With numbers we have multiplicative ①
inverses .

For example, 3 • b- = 1 .

We write 3-
'

= § .

§ is the
multiplicative inverse

for 3 .

What about
for matrices

?

L-ettbeanxnmat.IT
Def
[ So , A

is a square
matrix] .

We say
that A

is invertible
if

there exists
an nxn

matrix

B where
AB = BA

= In

If AB=BA=
In
,
we say

that A
and B are

inverses

of each
other .



E Let

A- =/ II / and 13=(31-1) .

②

Let's check it A
and B

are inverses
or not .

AB=( { 1) ( I - I /

=/
' ' ' " (⇒

' ' ' 1-1-11

( 2 1)
' (¥ ) ( 2 1) . (4)

=f¥: E.) =/
'

◦ 9) ="



Also
, ③

BAY? ;) / i :)
¥

× -

=/
" " " ' " ' " " Y
12 - II. ( t ) ( z - 1) • ( t )

= f-
1+2

- It /

2- z
z - 1) = ( ↓ f)

= Iz

since AB=BA=Iz

we know A and B are inverses of
each other .



theorems Suppose that A is an

nxn matrix
that is invertible,

④

ie an inverse
for A exists .

Then there
exists only 01

nxn

matrix B that is the
inverse

of A, ie
where

AB = BA
= In .

-

Nota± :
If A is invertible,

then we
denote

its unique

We
saw in

the previous

example
that A-

'

= (I 4)



HowtofindA"forasqva-✓ ⑤
matrix A if it exists

Let A be an nxn matrix .

① A-
' exists if and only

if one can

row reduce A down to In .

② Proced Start with the

matrix ( A / In )

Do row
reduction on

the above

matrix until
the left

side is

either In
or

has a row
of

Zeros -

If you
end up with

a row
zeros

on the
left side,

A-
' does not

exist .

If you end up
with In

on
the

left side
then A- ' exists

and its the matrix
on
the right
side .



EI Find A-
'

,
if it exists

, ⑥
when A = ( { I / . ← 2×2

( A / E) = ( I ,

' / ! :)
Goa row reduce until

left

side is in reduced row echelon
form

1 : :| : :|
"

% .it:7
%(

'

◦

'HH
r helen form

but not reduced
row

echelon form

- ( j ? /i -i)=(RIB)
TI Tt'

So
,
A-

'

exists and A-
'
= (I 4)



E Find A-' if it exists ⑦
when

A- = § } ) ←④

f.EE/:'::.1ooai:-r.-Tleft side
until

either there
is

a row
of zeros

¥ IT or I }
is there

puta1h@
put

% ! :/ % :)◦ 0 1 here

-

'

◦ ⑤ -31758)
214+12} → R} ( 0 594 0

2 I

makethisa&



Ey:& :/ ÷ : :) ⑧
0 ⑤§ 0 2 I

makethesezewusethisIEE-qiiifi.it:)
- 51221-13-112} o o① % -3 I

[makethisa

- 43 I 0" (
'

: ¥ : :)
?É

÷÷:¥:(÷; "◦ it i.it



⑨Since we were able to reduce

the left side into I} ,

the right side is A- !

2 -3 I

so
,
A-

'=/413 -2 1) .

-% 3 - I



Find A-
' if it exists ④

when A = fi %)

makethisafd.su/:ij-
¥ ¥

EEE f
' s /

' °

)
0 0

,

2 I

¥f zeros

so
,
A- ' does not exist

for A- = ft %) .



Hw4-Par ④

③ (b) Find A
" if it exists

when A=(¥¥ )

makethisaI.IE?:-:1:::.1maket1@
±÷¥Ty÷¥

makethisa7-fi.i.it: :|÷¥¥÷¥:( ◦ ④→ a - ◦

0 I -7110 Ys ko 0 )1 : : :L: : :



④
=(

'

◦
?⃝ -¥.fi's %

. :)
074 0 I

\makeintozeI

3Rztg I 0 1911s -4s He
0

101221-12} -112 } ( ° I
- the / Ys

'to of
④ -2 1 I

trowzeros

Thus
,

A- ' does not exist

when A=(I, ?{ I;) .



Theorems Let A and B

be nxn matrices that

are both
invertible [That

④

is
,
A- ' and B-

'
both exist]

① Then , AB
is invertible]

and ( AB)
- '
= B-

'

A-
'

② Also, At
is invertible→and (AT )

- '
= (A-

' 1T

Note (AB )
- '

=/ A-
'
B
"

You have
to flip the

order]
because

sometimes

B-
'

A-
'

≠ A-
'

B
"



There's another way
to represent

a system
of linear equations .

Given the system

µ:an X , taizxzt
. . .

1- a ,nXn=b ,

Az , ✗ ,
+ Azzxz 1-

◦ ◦ ◦ + Azn
✗n
= bz

:::
Am ,

✗ it Amzxzt
•
◦ ◦
1- Ann ✗n=bm

Let

a-=L:÷÷:÷:* Ii:-(÷:|921 A22 • ◦
° Azn

0

The system
(*I can

be represented

by the
matrix equation

AÉ=b
¥i× multiplication



Ext Consider the system ④
✗ + Zy =34✗t5
Let's make the

matrix equation

that represents
the system .

Let

A=(4 } ) ,
E- (5) , E- (3)

Let's look
at AÉ=b .

( I } / (5)
= (3) ←

A¥=b→

T÷¥ 2×1



This becomes ④

(112+151)=13 )( 4 5)
• (5)

÷

This becomes

(¥%t ← *
=
:

this is the
same

as

4¥%=



Consider the system ④

✗ + 4 y
- 2W + 2- = I

ZX t w
=3

l4y-l2wt7Z-O@w-ii.i.i.it#=lEtH:lA = ( 2 0 I 0

¥5 To ¥

Let's look
at AI

' =P :

( { 8- }
'

◦ 14 - n
:/ (E) =/it

ans 3×1



This becomes

[
" " " " ¥1 / = (1)

④

12 0 I 0 ) . ( É )
( 0 14 -1271 . ( Ez )

,
/

This becomes

2×+0 ytw
to 2-I:÷:÷:¥

This is the
same as

+ w
=3



Theorems Let A be an ④
nxn

matrix .

Suppose A-
' exists .

Then for each
vector

b→ in IRN

there exists
exactly one

solution to
the equation

AI'=b→ .m,,µ,,,,µJ
pro Suppose A-

' exists .

Then

A / A-
' F) = # A-

Yb→=InÉ=b→

Thus
,

I' = A-
' É selves

AÉ=Ñ .

Why is that the only solution
?

Suppose you
had a solution



Ii to AÉ=b . ④

So
,
AÉ◦=b

Multiply both sides by
A- ' on the

left to get

A-
' (Ax . / = A-

' b→

Thus,
( A-

'A) ✗ ◦ = A-
' bi
'

IT

↳
In ✗ ◦ =

A-
' Ñ

¥

Thus
,

✗
◦

= A-
' b→ .

So the only solution
is A-

' Ñ
.

☒



ELI Find all the solutions to ④

✗ + y
+27=-4 (*)¥+,+¥

We can
re-write this

in

matrix form .

Let

A-- III. %) , i:-(¥1b
:(¥

The system
(* ) becomes

AÉ=
On Monday we

showed that

A-
' =f¥ ? ;)



Since A- ' exists
,
the system

(4) will have exactly
one

solution and that solution

④

will be p①

(E) =Ñ=A"bÑ
= (473--31)/-9;)-% 3 - I

#¥1
rix1

(
( 2 -3 1) • (%)

= µ, , _ z , ) . (¥) ) =
C-% 3 - 1) •



④
= ( 121-81-5÷::) -1%1
Thus
,

11--35,9--25,2=-3--1
is the only solution to

3✗
1- 3 2- = 9-¥¥y+2z-


