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Topic 6 - Theory of second-order linear equations
A second order linear equation

is of the form

az(x)y" + (x)y+(x)y = (b(x)
-

-
these terms have6Xs and #S but no yo

Fostudy these equations we

need some preliminaries



Def : Let I be an interval .
-

Let f , andfa be defined

on I
.

We say that fo

andfo are nearlydependent

on I if either

① f , (x) = c fz(x) for all x in I

or

② fe(x) = cf , (x)
for all x int

Where c is a fixed
constant.

If no such constant
a

exists then f , and for

are In nearlyindependent.



E: Let I = ( -a, b),

t
f
,
and fe are linearly dependent

on I because

f(x) = 2 f ,(x)f
c
= 3

for all x in
I



EX: I = (- a, b) ,
3

f
,
(x) = x , fz(x)

= X

fzi
Are f , and fe linearly

dependent on I ?

Supposex in I

When X= 1
,
then Ec-Band = 1.

When x = 2 , then 2 = c
.
2 and 12.



But It !
There is no constanta that works.

Similarly there is no constant

c with fe
= Cf
,

So
,
f
,
andfo are linearly

independent on
I .

-

Now we give another way

to test for lin .

ind.

using the
Wronskian.

Named after Josef
Wronski

+78 - 1853)



The rem: Let I be an interval .

Let fisfa be differentiable on I.

If the Wskian

=notation -determinant
is not the zero

function
onfu

are
linearly independent.

That is , if
there

exists Xo in
I

where WCfite(Xdtothen f , and for

are linearly independent.



Ex: Let I = (- a, d),

f, (x) = eY, and f(x)
=e

Let's show that f ,
and f

are linearly independent
on I.

We have

wif
,
ful=I t

=ex e, I
= (e

* )(SeY) - (e
*)(zeY

= Se7x - ze7x



-y = 3e7x=

3e7xThis is net "
the zero function

on I = ( -x, d).

For example,

let X
=
= 0 #faction

then

W(fi
,
fe)(0) = 3e
=

= 350 .
SX

So
, f , (x) = e

*
and fe(x) = e

~linearly independent on F.



For the remainder of topic 6

We will be learning the

theory of solving

"+ a , (x)y + a . (x)y =
b(x)

On some
interval I where

az(X) , a , (x) ,
Go(X)

,
b(x) are

all continuous
on I and

ac(x) # 0 on I.

We assume
these conditions

for

the remainder of topic
6.

Ex: x*y"- 4xy + by = *WI = (0 ,b)



Ent1 : If f , (x) and fa(x)
are linearly independent

solutions

to the homogeneous equation

-ac(x)y" + a , (x)y' + a . (x)y = 0 (k)

homogeneous[On I , then every
When b(x)

= 0

solution of ( *)

on I is of the
form

fi(x)+ (fc(x)

2Enhomogeneurs
Where < , I are any

constants

-



Eat2 : Suppose we can

find a particular solution

Yp to

La(x)y" + a , (x)y + a.(x)y =b(x)(**)
on I, then every

solution

to (** ) is of the form

y=
f(x) + Yp

x
solution particularCgeneral solution

In to homogeneous to (*k)

equationusaz(x)y" + a , (x)y'
+ as(x)y = 0

Where CsC are any
constants.

-


