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Topic 12-Power series

solutions to ODEs
-

Let: We say that a function

-

f(x) is analytic at X.

-

if it has a power
series

f(x)=an(x-x

centered at Xo
with positive

radius of convergence >O

is allowed
[r = x

converges diverges
diverges11/1111111111111X

Xo-r
e Xotr
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Ex: Is f(x) = sin(x)

analytic at Xo = 0 ?

Yes.

Sin(x) = X - stX+ -x- Ex*
+...

-
power

series for sin(x)

centered at Xo = 0

radius of convergence
r =

converges
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Xo= 0

-
r = D

u = x



Ex:f(x) =* aal is

Yes.

* = 1 - (x - 1) + (x- 1) - (x - 13 + ...

radius of convergence
v =

diverges converges diverges
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Exitsf(x)
= Xanal, is

-

Yes .

x= 4 + 4(x- 2) + (x -2)"
r = D

radius of convergence

Converges

x((((IIIx
2 = Xo

-1
r = X

r = X



Eats:
· polynomials are analytic

at every Xo

· eY sin(x) ,
cos(X) are

analytic at every Xo

rational functions (ratioDO f polynomials) are

analytic at every

except possibly
Xo denominatio
Where the

is Zero



Ex: 3x + X-Icemia
is analytic at every Xo .

-

Ex: f(x)=n

is analytic at every Xo#F)
u

-
For example ,

suppose Xo = 0.

We have

# = *[)

#u + v + i + u + ...
S

- kn < 7



--
↓
=-x(1 + x+ (x)+ (x

3
+ ..)

=
- x[l + x + x + x+ ...)

=
- X -

x-
x- x*- ...

Su
,

# = - x-x x
= x=...
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Converges diverges

diverges(1171/1/1/21111111 0 = Xo
X



Theorem
-

Consider either of the initial-value

Problems :

·y=b(x)
y(x) = Yo

OR

3" + a
,
(x)y'+ a

. (x)y =b(x):y(xo) = Yo

In either case,
if the ai(x)

and b(x) are all analytic

at Xo
,

then there exists

a power series solution



y(x)=an(X -x

centered at Xo .

the radius of
Furthermore ,

convergence
>O for the

series of the solution
power

y(x) is at least the

smallest radius of convergence

from amongst the power

series of the ai(x) and b(x)

mmm-



Ex:Supposexisavatonce
is r = 3.

suppose b(x) is analytic at

Xo with radius of convergence
r = 800 .

Then
,

(x(y= b(x)

y(X) = Yo

has a power series solution
*

y(x) = Ea(x
-x

with radius of convergence

at least r = 3 &

-

minimum of 3 and 800-from above




