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Topic 9-Variation
of parametersI

In topic 8 We learned a

method to guess up using

a table .

In this topic We find a
formula

for yp using integrals.

It will work in situations
that

topic 8 doesn't work such as

y" + y =
+ an(x)

orwhenonedoesn't hea eas
↓

xy"- 4xy+ by = X



erivationtime !

Suppose you already have

two linearly independent
solutions y ,

and y2
to

the homogeneous equation !

y" + a ,
(x)y+ a . (x)y = 0(X)[

So the general solution

to (A) is Yn = <
,

Y ,
+ CY2

these
to build

We will use

a particular
solution up to

xy+ a
.

(x)y =
b(x)(**)

To do this
,

set



Yp = V , Y
,

+ Vzyz

where v
,

and ve are unknown

functions to be determined.

We will now plug yp into
S

(**) and find two conditions

we mustsolve to ensure
that

Yp solves (**).

We have

Yp = V
, y ,

+ VzYz

36 = (viy
,
+ v

, y i ) + (v2y + VY2)

= (ryi + vei)tVya)
make condition

that this is O

We will simplify by making



the condition that

condition

Frien= or[①

With condition O satisfied we have :

Yp = V
,
Y ,

+ vayz

Y = V
,
Yi + Vay !

Yo = (v , yi + v
, y ,") + (v2yi + my)

Plug this all into (** ) :

Sa,
(x)y' + a

,
(x)y = b(x)

to get :

itS



&e[Vid , tray]=T
= b(x) L

This becomes "

v , (y, + a
, (x)yi + a

. (x)y ,)
G⑮itant doe
-

O

+ (viyi + v2y2) = b(x)

We get O's above because

y ,
and Y2 Solve

y"+ a
,
(x)y+ a .

(x)y = 0 .

The above simplifies to



viy= b(x) = condition[②

Thus
, y = VY ,

+VaYa is a

P

solution to

y" + a
,
(x)y' + a . (x)y =b(x)

if

⑫
The unknowns

to solve

/

for are Visu

Let's solve for Ve.

Calculating

y * 0 - y
,
②



to get :

yiNy, + giviy= 0

- Cyniyyi + y ,
v2y2 = y : b(x)]

-

-

y
,
'V yz - y , viy =

- y
,
b(x)

So ,

vi(y , yz
- y ,

(2) =
- y ,

b(x)

Multiply by -1 to get

vi(y ,
ya - y(y2) = y ,

b(x)

u

W(y
,Y2) = /I

Thus ,



V=
Hence,

ve =S
If you

calculate

y * 0 - 32*

you
will get

v
,

= S- dx



Summary :

-

have two linearly
Suppose you

solutions Y ,
and 42

independent equation
to the homogeneous

y"+ a ,
(x)y + no(x)y = 0Er

Then a particular
solution yo to

y"+ a
,
(x)y' + a o (x)y = b(x)-

is

yp = V
, y ,

+ VaY

where

vi =Sx ,
v=Su


