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When does a function f(x, y)

exist with =M and = N ?

-

Thprem: Let M(x ,
2) and N(X, y)

be continuous and have continuous

S

first partial
derivative in

some rectangle R defined by

a(x < b
, <Yd .

Then ,
there

will exist an Ff(x , y) with

=)
an

if and only if Here a
,
b

,
c

,
d

⑭
can be In

2Y-
roofin online notes if want to see



Ex: Consider

2xy + (x- 1)y= 0

u L

M N

So , polynomials
M(x , y) = 2xy 3 continuous

N(x, y) = X- 1 everywhere

2 = 24= 2X &
polynomials

2X Continuous

= 2x = 0
everywhere

R can

be the#,
+ the

entire
Xy-plane

theorem



Note that

= 2x=

Thus,
the ODE

2xy + (x)- 1)y= 0

is exact
,

that is

there exists f(xi2)

where

#
LasttimeIgaveyou

the



#
Integrate D with respect to X to get :

f(x ,
y) = xy +c(y)

-
constant w/ respect[to X .

can have

#s and ys in it.

Integrate & With respect to y to get :

f(x , y) = xY - y + D(x)
u

constant W/[respect to Y

can have #S

and X in it



Set the above equal to each

other to get :

xyy + ((y) = xy- y + D(x)

So,

((y) = - y + D(x)
W L

W O

La
and D(x) = 0.

Set ((y) = -Y

Plug either in above to

find f
.

For example ,

(x11=xyy



# Find a solution to

(e+ y) + (2 + x + ye)y= 0[y(0) = 1

-

Let's see first : is this

or not ?
equation exact

M(x,y) = e
*

+ y

N(x , y) = 2 + x + y e
Continuous

M== 1

Y

I every where

2X

=I+y

We have:M



SYYe*+ y) + (2 + x + ye)y'= 0

is exact .

Let's find f(x, 3) that solves :

①M

#Q

Integrate D with respect to X :

f(x , y) = e + yx + D(y)
-Wconstant with

respect to X

Integrate &With respect to yo



-

f(x, y) = zy + xy + ye- e + E(x)- ~
A constant[w/

respectS to

⑫Sedy-yi i
u= Y&dv = edy v = es

Mudur-Sudu

Set the above equal to get :

e +(+ D(y) = 2y + y+ ye-
e + z(x)

We get :



e + D(y) = 2y + ye -
e + E(X)

W ---

La&
Set

D(y) = 2y + ye- e

f(x) = ex

Plug either one in to find fo

We have

f(x , y) = e + yx + D(y)

f(x , y) = ex + yx + 2y + ye- e

Thus a solution to

y+ (2 + x + ye)y= 0



is given by

e+ yx + zy + ye-
e = c

-
f(x,y) = CL

wherec is any
constant

Let's now find a solution

that satisfies y(0) = 1 .

Plug X = 0, y = 1 into our
solution

to get :

e + ()(0) + 2(1) + (i) -
e= c

3 = C

Stanimplicit solution is

e" + yx + 2y + ye - e = 3


