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Topic9 - Variation of parameters

This section gives
another

way
to find yo.

It will work in situations

Where topic 8 doesn't work

such as

y" + y
= +an(x)

Also topic 8 only applies to

equations with constant creffizients .

for any

Topic 9 Will work

second order linear equation

such as

x y"- 4xy+ by
=

x



Let's derivetheformula

for topic

Suppose you already have the

the
general solution to

homogeneous
ODE

linear

y" + a ,
(x)y+ a(x)y = 0(x)W

and it is

Yn = 4y ,
+ 23

Where y ,
and ye are linearly

independent solutions to (A).

From this we can find a

particular solution yp to



,(x)y'+ a
. (x)y = b(x)(+)

To do this
,

set

Y = V, y ,
+ vyz
-

31 , %2 are from aboveu
where V

,
V are unknown

functions to be determined,

We will plug Up
into (**)

and find v
,

Ve to make

Yp Solve (** I
.

We need Yp ,
Ye ,

and yo

We have

Yp = v
, Y , + Vzyz



y = (viy ,
+ v

, yi) + (viyn+ vzY2)

=(vi)
is Oimm

We will assume

⑮ray= o nin1
Then

Yp = V , Y , + v zyz

y = V , Yi + Vzyz

Y = viy, + v
, Y + v2y2 + 1242

Plug these into

y" + a , (x)y + a . (x)y = b(x)



(viy ! + v
, y + v2yi + Vy2) + ya

to get

E+ a
,
(x)[v ,y + V2y2]- + a

,(x)yp

+ do(x)[v , y ,
+ v zyz] - + Go(x)Yp

= b(x)
-

= b(x)

This becomes

v
, (yi + a , (x)yj + 90(x)y , )
-

O

+ Vz(y+ a ,
(x)y2 + a

.
(x)yz)
-

8

+ (viyi + viyi) = b(x)

The above are O because 4, , 42

[ 3solve the homogeneous equ (* /



We are left with
condition

2Siriy= b(x =[

Summary so fur :

In order for Yp = V
, Y , t VaYa

to solve (**) We need

Q(x
In D, the unknowns

are VI and V.

To solve for Va we can calculate

y/* D - y ,
*2 to get :

Ging,
+yvie) - (y,y+ y ,

vii) =

350 - yib(x)



We get

YIV2y2 - y ,
V2 ya =

- y ,
b(x)

Thus ,

Vi (41y2 - y ,
ya) = - y ,

b(x)

So ,

V=
So ,

V=
Thus,=
-



Sus

V=
Hence

ve = Sudx
Similarly you

can solve for V,

by calculating Y* -Y**

You will get

v
,

= Sx



Summary:
Suppose thatI ,

and ye are
two

linearly independent solutions to

-y" + a ,
(x)y' + a . (x)y = 0

Then a particular solution to

[y"+ a ,
(x)y) + ad(x(y = b(x)

is given
by

Yp
= V

, Y ,
+ Vaya

Where

v
= Six ,

v= Jud


