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Topic 9-Variation

of Parameters&
Topic 9 is another way

to find up .

It will work in situations

8 doesn't like

where topic

y" + y =
+ an(x)

Also topic 9 will let us

equations
where

solve aren't
the coefficients

all constants like :

xy"- 4xy+ by =



DERIVATION TIME

usinmem

Suppose you already have

the general solution to

equation
the homogeneous

Wy" + a ,
(x)y+ a

. (x)y = 0

and it is

yn = Y ,
+ CYz

where 3, , ye are
linearly

independent.

Using y
,

and ye it is

possible to find a solution to



·(x)y'+ a
. (x)y = b(x)

To do this set

Yp = Vi+ v
[these are

M↳homogeneous
solutions

Where Visve are unknown

functions to be determined.

We will plug this in

and make it work !

We need the derivatives :

yp = V , Y ,
+ V zYz

yp = v,y ,
+ v

, y + V2yz+ vay



= (vii +valt
G

To simplify assume ↓
try= 0

So we have

Yp = V
, Y ,

+ Vayz

y = v
,
y + v2y

yp" = V, Y , + v , 3, + v = y + vy "

Plug these into

y" + a
, (x)y+ a.(x)y = b(x)

to get



(viyi + viy , + viy2 + ve2) = yp"

+ a
, (x)(v , Y + vzys) - + a , (x)yp

+ a
.
(x) (v , y ,

+ Vz Yz) = + Go(x)ypE
= b(x) -

= b(x)

This becomes :

vilia, (x)y ,+ a
.
(x)y

, )

+Va+ a
,
(xyi + a

. (x)yz)&G

&+ (viyi + viy2) = b(x)

&miThe above areO because

YaYa Solve y"ta , xby'+ 9
. (x)y = 0

mem



We are left with

+viy = b(x)

we must solve
Summarizing 1

the following for V, Wa

simplifying[
viy + Vy= O ① 7 assumption

[ D
got from

viei+ viy =b(x)

To solve for Ve we can
calculate

y * G Y
,
** to get :

+giva-Leitevaya)
= y0 - y;b(x)

We get



YIVY2 - y ,
V2Y2 = - y

,
b(x)

So,

iThen

=
= 3

W(y , Yal= = yeI I



Then,
ve = Sedx

To find v
,

we
calculate

y * D - yz * ② to get :

yviy+yryy= O - 32b(x)
-

-

itement
giving vi (12 y ,

- 32Y ; ) =
- Ycb(x)

so vi=
Sor v=

Below is a summary,



Summary
-

have two linearly
Suppose YOU

independent solutions y ,, 42 to

toy
+ a(x)y = 0

Then a particular solution

y" + a ,
(x)y' + a.(x)y = b(x)

is given by

Yp = v
,
y , + va4z

where

=x
,
v = Se



·
y" - 4y + 4y = 0

The characteristic equation is

r2 - 4r + 4 = 0

(r - 2)(r - 2) = 0

6r = ze repeated

Su ,

Ne+xex



We will use y
,
= e, Ye= Xe

2X

stehow
we find yo for

y"- 4y'+ 4y = (x+ 1)e2x
-
-b(X)

We need the Wronskian.

Y ,
Yz

SW(y
,
Yz) = les y I

2X

XCS= +(e)
= (e

* /(e
*

+ 2xeY)
- (xe-x)(2e2x)



= e
**

+ 2xX
- 2xe* X

4X
= C

We have

V = S-
= St

·



= Stx= x)dX

=
We also have

v = S Ex
&

=
= f(x + )dx

⑫
Su ,



Yp = V
, y ,

+ vzYz

-x
y"- 4y + 4y = (x + 1)e

is

y = y4 + yp
2x

-e + Xe

-xx)e
*

+ (x+ x)xe
*



Ex: Solve

X3ytul
y" + y = 0

The characteristic equation is

r2 + 1 = 0

The roots are

r =(
= =

Eu
2 2

= If = = i



=
So ,

yu= ce
*

(rs(1 - x) + ce
*

sin (1 - x)

-
< ecos(px) + Ge

*

sin(Bx)

cos(x)+ c sin()
&->
& &y = cos(x)=1 Esin
·i stepz
-

2: Find up for

y" + y = + an(x)



We have

Wiseal = I l
= licsin(x)S

- sin(x)
cos(x)I

= (cos(x)cos(x)) - (- sin(x))(sin(x)

=
cos(x) + Sin2(x)

= /

We have

v = S



= fix(x)tan(x)dx

= Jesin(x).
= J-
= Jes dX

#

sin(x) = 1

=cos(x) - 1

= Sta



=S(cos(x) - sec(x))dx

-(x) - (n(sec(x) + + ar(x)

#
And

ve =S
= Jaxtan(x)dx
= Join
= Ssinxix =se

B



Thus,

Yp = V
,

Y ,
+ Vyz

= (sin(x) - (n(sec(x) + + an(x())cos(x)

+ ( - cos(x))sin(x)

=sec(x) + + an(x)) + cos(X)

&
-

Step3 : The general solution to

y" + y = + an(x)

is

y = 3n + yp

= c
,
cos(x) + (sin(X)

- In)(ec(x) + tan(x)) + cos(X)


