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 → I where AEE

is an open set
.

① f is said to be differentiable

at Zo EA if

f- ( z ) - f ( Zo )
Iim -

Z Zo Z - Zo

exists .

If the limit exists then

we denote it by f
'

C Zo ) o - It ( Zo ) .

② The function f is said to be

analytic on
A if f is

differentiable
at all Zo EA .

#
If someone says

" Let g be analytic

at Zo
' ' what they mean is :

" Let

g be analytic on an open set containing Zo
"

.

Trnnenighborhoud



theorems Let AEE be an ②
open setand f : A - → a

.

Let Zo EA .

If f is differentiable at Z .
then

f- is continuous at Zo
.

proof's We are assuming
that

Iim ffhz.FI#.--f4zo ) exists .

2-  → Zo

Let 's show lziyz.AZ/--fCZo
) and

hence f will be continuous
at Zo .

Note that

Hinz .tk ) )
-
f- Go ) =

lziyz.ffczl-ffz.IT

f- ( z ) - f- ( Zo ) = ft ( Zo ) . O

=
lim z#C Z - Zo )

= o

⇒ Zo ftp.sinaintizF#
you don't  allow Z  = Zo



So
,
( tizz .HN/-fCZo)=O .

③

Thus
, Linz .fCzt= f Hot

So
,
f is continuous

at Zo .

Ok.

-



theorems Suppose that f- and g ④
are both analytic on an open

.

set A E Cl
..

Then :

① Let a
,
BEE

.
Then aftbg is

analytic on
A

.
And

( aft bg )
'

HI = a Hz ) tbg
'
C z I

.

② fg is analytic on
A and

If g)
' I z I = f' ( zlgfzttfczlg

'
Cz ) .

③ If ghetto for all 2- EA ,
then

Eg is analytic and

(f)
'

( z ) =
ftzlgCZI-gfzlffzlf.SC

't ) ]
'

④ Any polynomial HGH a. ta ,
z tazz 't  ooo tant

is analytic on Cl and

h' ( Z ) = a
,
t Zaz Z t  ooo t n an Z

" !

Aeta ,
Zt .  ootanzn

⑤ Any rational function Totbztfbmzm
is analytic on the open set consisting
of all Z except at most m points where

the denominator is zero ,



proof's We will prove ② and ④ ⑤

⑧ Let Zo EA .

Since f isanalytic
at Zo

,
f is

also continuous at Zo .

So
, tzigz.KZ/=flZol .

Then
,

tins .⇐"¥¥]
=
Iim

fH⇒9l¥-zf!zolgCz#
Z -7 Zo

=L;z
.tt#fZ9ZotfzgZoffEogCzI

z - Zo

= tins
. .

@zILaI7fTItsczofHIII.o'D
= f ( Zo ) g "C zo ) t g ( Zo ) f

'

( Zo ). ⑧



⑧ We will prove that ⑥

¥ zh = n Zn
"

and £zc=O where

CE ¢
.

Then by part I

of this Him it will follow that

⇐ ( aotaiztazZI.it anzh )

=
a

,
t 292 2- t . . . t nan Zn

-

!

Lets

show
¥zc=O .

f- ( z Kc
for all ZEE where CEE

.

Let
fcz , -

ffzo ) -

C - C

Then
,

lim ¥ =L 'Iz¥
z  t Zo

So
,
Tze = o

.

= fish .

0=0 .



We show that ¥zzn=nz
" '

⑦
for n > I by induction .

Base.ca#
At Zowe

have

Iz ⇐ ¥7
,
.FI#=tzI7zol=l .

Suppose ¥zzk=kz
"for some

k 71 .

Then
,

⇐ zkt
'

= ddezzk . Z

€ ftfzztyztzkfddzz )

=
kzk

- '

z t zh . I

=
kzktzk = ( htt )

Zk
.

So
,
by induction , ¥zE=nE

'

IE ,



Theorem ( Chain rule ) ⑧
-

Let A
,

BEG be open sets
.

Let f : A  → Cl be analytic on A

and g :B → E be analytic on B
.

Also assume f C A ) E B
.

' '' '

I.
Then go f

: A → Cl is analytic on
A

and ( go f)
'

( z ) = g' f f-( Z I ) f
'
( z I

.



proof's Let Zo EA
. ⑨

We will look at the derivative at Zo .

Let W
.

= f ( Zo )
.

↳
Define

new , = {
SWIFT - Stw

. ) if

wtw
.

if w -

-
Wo

.

O

for all WEB .

Note that h is continuous on
all of B

,

( why ? ) If w # Wo
,

since g
is continuous on

B
,

so is 91W ) - glued
- shoot .

What about  at w -

- Wo ? We have



wlinswohcwktinw .GL?w#-stwoD ④
-

limits to

9
'

( Wo )
= g

'

two ) -

g Two ) = O = h ( Wo )
.

So
,
h is continuous at Wo .

So
,

Liz
. hfflztlphlflzol

)

hisctsatwo-ffz~f.is
cts at Zo

hofisctsatZ#

=
h ( Wo ) = O .



If ffz ) # We ( ZEA )
,
then ④

gfffz ) ) - g ( w .
)

£944377114- g' lwoltgllwoiffffzt - )
-

hfffz ) ) when FCZI 't Wo

=[hffCzHtg4woD(fCzl
- w .] .

-

Ifffzt = Wo ( ZEA ) ,

then

[
hlflzlltgtwodf.EE#o]

O

= 0 = 9 ( Wo )
-

g two
)

=g ( f C z I I - gI wot .

-

So
, gfflzl ) - g ( we )

=[hCHzDtg4woDCHzt - w )toff"A
.



Thus
( go f) ( z , - ( go f) ( Zo ) ④

Iim -

Z  → Zo
Z - Zo

g C f ( z ) ) - g ( we )

=¥nz
.

# I Hd

= lziyz.ch#t9Wo)fffzI-F)Z - Zo

¥7.2
.

.

[ hlfczhtg

'lwoDfHZ¥{)

= [ hIftgYw. ) . f
'

( Zo )

O

= g' ( w
. ) f

'
( Zo )

= g' ( f ( Zo ) ) f
'

( zo )
.

④



theorems ( Cauchy - Riemann equations) ④
Suppose f : A → ¢ where A

is an open set .

Let f ( z ) = f ( xtiy )=u( x
, y
) tivcx ,y ) .

Let Zo = Xotiy .

EA
,

If ftczo ) exists ,

then

Ex , ' 3¥35

exist at ( Xo , yo )
and they satisfy

the Cauchy - Riemann equations
:

3¥ C xoxo )
= ¥ ( x " Yo )

and ?fzCx .is . ) =
- ¥ L x. idol .

Moreover ,

f-
'

( Zo )=d¥( Xo ,y .
) ti (Xo ,y !



proof's Suppose f
'

( Zo ) exists . ④
Then the limit

f- ( z I - f- I Zo )

Iim -

Z  → ZoZ - Zo

exists and the limit is the same

No matter how Z approaches Zo
.

Approaching along the x-axis direction

f- ( xtiy .
) - ffxotiyo ,=

tin
-xtiy.es/XtiYo)-fxo+iyoT=Xotiyo



④

= fig
.

not

X - X o

= fine
.

.

I "tu¥]
+ iii. EHsi!×]

= 2¥ ( x . , y .
) ti IF ( Xo , yo )

So,
f

'

( Xo ti yo
)

= 2¥ ( x . ,
Yo ) ti ¥ ( Xo , yo )



If we instead approach Zo ④

along the X= Xo line

we get :

Hatting.tk#.IfE:Him
[lti¥ivcx)
Xotiy -s ( Xotiy ) - ( xotiyo )
Xotiy .

#
i C y - yo )

= t::E"÷÷iY]
+ lying

.

(VK.is) - vk.is/⇒
= -

i¥ylxo,%ltFyfxos%

)
.



se
,

④

f
'

C xo , y .
) = Ex CXo , so ) ti 2¥ Home ) ) 1st

Part

=
- i Fy I Xo

,
y.lt Fy f Xo

, %) . ) 2nd
part

.

So
, ¥× C x . , yo )

= Ey l Xo , Yo )

and ⇒ C xo ,
Yo ) =

- II C x . ,

%)
④



⑧

Conversation
Let f : A  → ¢

where A is open
and flxtiyj-ulx.yltivlx.gr )

Suppose ¥×ssg , , Fy exist in

sneighborhood
of ( Xo , yo )

and

-

-

-

, ÷ :: .::÷÷÷÷ ,

,
and ⇒ C x. ,y . ) =

- Cxosyo )

"

' '|
then f

'

fzo) exists where Zo ' Xotiyo
- -

-

proof's See Hoffman / Marsden book



⇐ flz ) = E ④

ffxtiy )=( xtiy )2=(x' - y
'

) ti Zxy
- -

ucx ,y ) VCX ,y )

UCX ,y ) = XZYZ

V C x ,y)=2Xy

}×I=
2x

, }Iy=
- 2 y

¥=zy,¥y=z×
I:}

exist and

Are
continuous

for all ( x ,y )

Also , ¥=Ey & ¥y=
-

¥
for all C x , Y ) . So

,
f

' exists

for all Z and f' ( xtiy ) =
that is

f-
'
Cz )=

= ti # =2xti2y=2( xtiy ) .

)
ZZ



⇐ ffzl = I ④
Where is f analytic ?

Where does f
'

exist ?

f- Cxtiy ) = xtiyT = X - i y
= Xtify )

u C x
, y )

= x

v C x , y )
=

- y

÷÷÷÷÷¥¥÷÷all Cx ,
y )

Fey
=

- ¥ forced
,

The Cauchy - Riemann equations

are never
satisfied for any ( x

, y )
.

So
,
f-

'

( z ) doesn't exist anywhere ,



Defy A function f : ¢→ a ④
is entire if f is analytic

on all of Cl Cthat is ,
f 'Cz )

exists for all ZEE )

-

E Polynomials are entire functions

-

Exes Let ffz )=e ?

We will show that f is entire

and f
'
I Z ) = EZ for all Z

.

f- ( Xtiy ) = exti 't = exeiy
=e×[ coscyltisinlyl]
=e×cosCy ) tie's inly )

TE vet



u ( x ,y)=e×cosCy ) ④

vlx
, y )

= Is inly )

}×I=e×cosCy ) = Fy

÷ .

. .si .
.

¥÷:÷€÷÷::÷
• I¥¥y , ¥ , Ey exist for all Cx , y

)

and are continuous
for all CX

,
y )

•The Cauchy -
Riemann equations

are true for all ( x , y )

Therefore ,
f

'

( z ) exists for all Z
.

And ,
f

'

( ⇒ = f
'
Cxtiy )

= ¥ Cxistti kid

= ex cos ly ) tie's in ly )

=e×[Cody )tisinlyD=eZ



⇐ Cathie:%ad.in#iitM ④

Consider log : a - Eo } → Cl

log ( z ) = lnlzltiarglz )

Where
- ITE Arg ( Z )

C IT
.

t.IT:2#IuB-d-loopra+-

B
IT ←

ought so

qI¥¥I¥a×il•Z
w

ought
- it

logti )
-

- Int - il ti fit ) = - it

If you approach
- I along a

vertical line

lnlzltiarglzl
from above then log l Z ) =

= it

approaches
Int - It tilt

If you approach - I along a
vertical line

from below then log # = 4nF,YYIf¥ - it

approaches

So
,
log ( z I has a

discontinuity at -2=-1 .

log ( z I has discontinuities on
its entire

branch cut ( ie negative X-axis )



theorem I

einen
sin )

④

let

f- ( z ) =fCreioy= Ucr ,
E) tivcr ,

a )

be defined on some E - neighborhood

of Zo = roeioo
.'

:÷÷÷÷÷÷¥::
.

the E - neighborhood .

If

ty
¥=tFandf¥o=-¥€

Hoffman ,
at the point ( ro ,

Oo ) ,
then

Marsden ft ( Zo ) exists and

' fzot-e-io-offy-lro.ooltiE.to ,



Exes Let ④

A = I - { xtiy I X so and y
-

- O }

Iii;state:*
"

#
A

by

loglzklnlzltiargtzt I /
Where - ITS argfzk IT

.

This is called the principalbranch

ofthelegam .

We will now show that this

log function is analytic on
A

and ¥ loglzl
= ¥ .

[ similar
statements are true

for other branches of log ]



Write
log in polar form

.
④

log I z ) = log ( reio I = lnlreiottif
P

=Inchtie④ t v

Set ucr ,
ol = Incr )

Vcr
,
01=0

IF = 's off = I

, IF
-

- O
, Er

-
- O

-Fr -

- tr Fo
- IF .

= Er

for all Cr ,
O ) in A is true for all Got

in A

•Er ) If ) Er , Zoe exist and are
continuous

on
A ( since we

removed The

@reisaqoentfn.uitytoJoaCauch.y-

Riemann es ns are
true on

A
.

So ,
f

' CZ I ex Bts for all z EA
and

f-
'

Cz ) = f
'
C reig-e-io-fff.fi

)=e-i0( Iti
O )

= retie = ¥



EXIM
Sin I z ) and cos Cz ) ④

are entirefunctions .

FHerentiablelanalyticonallofc.fi

And ddznsinfz ) = cos Cz )

and Fz cos ( Z I = - sin C z )

project
sin ( z I =

Z

and cos Cz I =CtE?

We know iz has a
derivative at all Z

.

We know EZ has a
derivative

at all z .

So ,
eiZ is differentiable

at all z by the

chain rule .

Same idea that e
- it

is diff ,

at all z
.

Since sums
of diff .

functions are
diff .

and multiplying by a constant keeps

differentiability ,
since ) and coke ) are

differentiable everywhere .



We can use facts about the ⑧
derivative and the chain rule

just like in Calculus to differentiate .

ddz-sinczt-dhzf.EE#iZ)--zitfz(eiZ-e-iZJ=Iifei4il-e-iZfiD

=

= costel
2

Similarly one can
show

¥ cos # =
- sin Cz )



Exes Let a EIC
,

a # o
.

④

Define

f- ( z ) = at = ez log
Ca )

Where log is some branch of the logarithm .

[Here
I mean

choose log ( w ) = In Iwltiarg ( w )

where C E Arg ( w ) a a t 2 IT for some

CERT

Then ,
f is entire

and

f
'

( z ) = ( log ( al )
of

-
proofs By the chain rule

,
since log Cal

is a
constant

and ew is entire ,

we
have et

to 9cal is entire and

f
'

( z ) = Iz ( Eb
" ) = et

'
09 la

)

( log , ay )

= (log Ca ) ) AZ



Ext Let bed
.

④

Let ffz ) = zb= e
blog Cz )

Where log : A  → ¢ denotes a branch

of the logarithm where A is a

paetofttedomainw.is

analytic .

f¥÷÷÷÷
branch

of

log
then

LA = Cl - { xtiy/XE0&y=o
}

-
Then ,

f is analytic on
A

and f
'

Cz ) = bzb
-

t.pro#SinegzisanayhconA

and
et is analytic

everywhere ,
by

the chairs
rule f is analytic on

A
.

and f4zI=
ebbs

# ( b . Iz ) = Zb. b. tz

= bzb
-

I


