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Top ①

Elemental
Theexponentialfunch.co#

We already have I defined

When x is a
real number .

We want to extend this function

to the complex
numbers .

-

Defog Given z= xtiy ,
define

eZ=e×[ cos Cyltisincyl )

where ex is the usual real

exponential function
-

Cx eZtti= e' [ cons
.tt/tisIonfITD---eZeti=eotti--eIfeoscu-jtisinlITD=

- I

l



Note: If z=x is real
,

then ②
eZ=e×tiO=e×[cos(Ottis into D= ex

in -

I 0

So our new exponential function agrees

with the real exponential function on

the real numbers ,
So we are extending

the real valued exponential to all of ①
.

-

Notes Let YER .
Then

£2 =
eotiy

=e°( coslyltisinlyl )

=
cos

lyltisinly)
)

= cos cyst " in '

Y%•¥#
T

circle

So
, I

If O ERI ,
then

-

E- °= cos Colt i since )



Notes z= xtiy ③

eZ=e×tiY=e×[cos(yy1

)
eiy

E Kitty

it÷÷
x 9

+ eiY=b I
can " " .÷x¥iae

( range )



Proposition :
④

-

① eZtw=eZew
for all Z

,
WE Cl

② /extiy/=e×

③ EZ # O for all ZEE

④ EZ is 2ITi - periodic .

That is
,

ett 2T in= EZ for

any integer n .

-



⑤
.

① Let z
,
WEE .

We want to show that Etweew
.

Let z  = xtiy and w -

-

stet .

Then ,

eztw
( xtslticyttl

=
e

extsfcoslyttltisinlytt
)]

S

= Cos Cylcosltl
- sircy ) sin It )

I
°
ftefsincyicosttttcoslylsinlt

)real -
valued

e Satisfies¥÷÷
= ex [cos G)tisinlylfesfcosftltisinHD

= ext
IT est

it
=eZew



② Let z= xtiy EE
.

⑥

Then ,

text 't 1e×eiy=Ie4lei4
= left lcoslyltisinlyll

=Ie×IfTtiniT5
= text . I

' ex
si¥HT

-

③ Let Z=xtiy EE .

Then left ex # O
.

So ,
EZ # O

. ( Because if eZ=O40letzecandntehenanfEIEY.to#

Then eZti2tn=eZei*IeZ( Costain ) ti sink
= e

Z T -0



Note If f EIR
,
then eio ⑦

i:÷::::i::
'

ii:÷f÷±
.

we saw in the last
12-1=1

proof this has absoluteva#
Note ( Polar form

of Z )

Suppose Z  = r ( cos I O ) ti sin (OD .

Then , z -

-

reioreii.ir#f/
-

Notes One can show that

f- C z ) = EZ ( as we defined it ) is the

Unique
function such that

8¥:':::n::::÷÷¥÷
③ f

'
Cz )=fCz ) for all z } Heritable

're

later
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horizontal line
⑨

:::÷ .
extiy

- Q
-



Thus
,
f- ( z ) -

- E maps the set ④

Ao = { xtiy I XEIR ,
OE y < 2T }

ont.ge?.o3inaHaIdontowaI----FEF-#zEz

#

voooIos£
. .

Jf ( z I
-

- e
Z

E - { o }÷⇒¥TE



In general , if c ER
,

then ④

Ao={ xtiy HEIR and CE ysctzitf
is mapped by f- (E) =eZ to

E-{o}inal-landontowa#

-
- -

Lettie
-

%µAt
It

]fCz1=eZ
r HAD -_ G- { o }



Square function
④

- .

Let f :c -7 ¢ where ffz ) -_ E

-

f- ( 21--22=4 ffi )=i2= - I

Hlti)=(lti5=lt2iti=2

+ i

<i'•yf#=E•Zi<i-•'¥÷
,



Let z  = reio ④ .

Then , Hz ) = f ( rei9=( rei 0/2

= r Ze
i 20

f- ( Z ) = ZZ squares the distance from the

origin and doubles the angle ,

-
Z  =

. year
.
za

Emei
" !qr

←



What does Hz ) -

- z
'

map ④
He 1st quadrant onto ?

!
QI

-

i⇒:¥f ( QI ) match ) yiM#t¥g#



Trigfunction& ④

We have functions sin ( f ) and

cos C QI when QE IR
,

Can we

extend these functions to the

complex plane ?

Let 0 ER
.

Then
,

-

ei0=cosCoItisin#hand

e-
 it

=
cost - o ) tis int

- O )Ei0=cosCo)-isinCOT

Adding ①
and ② and solving gives

Cos (f) =eioteioI eioe
- it

Computing ① - ② and sin ( ft Ti
Solving gives



This gives vs a natural way ④
to define sine and cosine

for all of Cl
.

-

Deff Given ZEE define

sink ) =

eE¥
and

ZiCos
( z ) =

eiZ+ e-
it

-

2

-

As we saw on
the previous

page
if Z is real these

definitions agree
with the

usual sin C z )
I cos CZ )

.

#Xmdsi
and cosine to the complex plane ,



Exim

④
-

eifttti
)

- e-
ihtti )

Sinfttti ) =
-

Li

e-
It ti

,
et

- Ii

=
-

2i

e-
i Citation) - e'feosftitisint )

= #

= -5¥ =

⇐
2 i

=Kz .  =-ika = he 'd



Thing For all Z
,
WEE ④

we
have that :

① sin ( - z ) = -
sin ( Z I

cos ( - E I = Cos ( z )

⑤ sin
'

( z It cosy -21 = I

④ sin ( Ztw
) = sinlztcoslw ) t cost z ) sinful

⑤ cos Cztw )
= cos

Cztcoscw) - sintzlsinlw )

PI ① 120/30 are
Hw .

④ I ⑤ use
def and algebra .

④ Note that

sin ( ztw
) =

eiktwt e-
icztw )

€

And

sin lzlcoslw ) t cos I z I sin
I w ) =



④

=

sin TE cost Tif

eiktwfe.it#-wLeiXw-ZI-eiC

- w - H

= I
4 i

eilztwt.ee#zw7feiCI--Zl
- e

i C- w - z )

-
4 i

2 eicztw
)

- 2 e-
icztw )

=
-

4 i

=

e
ilttw )

- e-
icztw )

#
= Sin Cztw)



Logarithm
④

The natural logarithm in real analysis

is the inverse function of ex
.

Can we do this. in complexanalysis ?

Suppose

ew= z ( * )

where Z ¥0 .

We want to solve for w
and

define
'

log ( Z I = w .

Let z  = re
' 0 and w = xtiy .

Then ( t I becomes

Tei 't =
reit

So
, e×=r and eiY=ei °.



We have ④

r = ex and eit-e.io .

Thus
,

x = Incr ) = In 12-1

And , y = Ot ZITK ,
where k=QIb±2 ,

. . .

Thus

IN X ti y

= Incr )
ti( ft 2tk )

= In lzltiarglz )

where arg ( Z ) can
be any

of

the valves
Ot 2 th ,

k=O ,
It ,±2 ,

. . .

So
,

we could define

loglzklnlzltiarglz
)

Where Arg I Z ) can
be any

of

the valves
ft 4th h -

-

O
,
It E3 . . .

The issue here is this isn't a function

since it has an infinite #

of outputs .



pictureof what we just did ④
Let's try to define log ( Iti )

- •
Intr ) t # i

anti

i÷÷÷÷÷÷÷÷÷÷⇒
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We need to find a domain where e
Z

④
is I - I and then on that domain we

can find its inverse
.

-

Recoil: Let c EIR .

Define

Ac = { xtiy I XEIR ,
CE y s Ct 21T}

Then f C z ) -

-

EZ is I - I on
Ac

and maps
Ac onto E - Eo } .

repeater
E- { o }¥¥i¥⇒¥



Deff Let c EIR
.

④

Define the logarithmfvnclion ,

log:&a - { o } → I by

log ( Zklnlzltiarglzl
Where we

choose ang
( z ) to satisfy

C E Arg ( Z ) C C t 2 IT ,

d

Note that the range
of this log

function
is Ac .

This is called picking abrancheofthelogarithmfunch



EI . Pick [ 0,2T ) as the ④

branch of log [ie=OoEought
a ZIT)

e- Eos

t.fi#exfoo'

a

-
log C Z )

Using this branch
,

calculate the following :

log l Itil
= In / Itil tiara C Iti )

=
In life ) t ithy

log C- 1) = In / - I I tiong fi ) = Ot ti = Hi

-

In (1) = O

Finn



ELI. Let 's pick the branch of ④

log corresponding to C- IT ,
IT )

[ ie - Tsang fetch
,

c= - IT ]
~ E- { o } -

' #
it

logllti ) = Inlltiltiargllti )

= lncrzlti #

log C- it
= Int - It tiargfll

= Otic - it )

=
- Ti

log ft - i ) = Int - I - it I+ if -3¥ )

= her a
:•fI¥I

÷¥⇒¥



Note's If we choose a
branch ④

of the log that contains O as an angle

such as the branches [ 0,2T ) or fit
,
IT)

then if 2-  = X ti O where x > O

[ ie Z is a positive real number ]

we have

loglz ) = In lxltiarg I x )

= In ( x ) ti O

=
In Cx )

f!¥s¥'s '

log I Z1

So our new log with such a
branch is

extending the old Ink ) to all of Cl
.



Complexioned
④

Motivation Let a ,bElR

with a > o
.

Then in real

analysis we
have

ab= eln
( ab )

=
eblncal

For example ,
23 = eh C 23 )

= e

3h12
?

I

Defy Let a
,

b EQ

with a # O
.

Define

b blog Cal

a = e

where log is some
branch of

the logarithm
function .



⇐ Choose the branch of ④

log to be [ 0,21T ) .

Then

2 e

310g I 2 )

=
e3[

lnlzltiargcz ) ]

÷!:,

" " "

'fi
= e'

n' it
=
23=8

realttcaulations
-



Note Suppose we pick a branch of 300

the logarithm such that O is

contained in the range of arg ( z )
,

Such as O Eargle ) < 2T or - ITE ang HI
LIT

,

Then if a , BE IR and a > o then

ab= eblogla
)

=
eb[ In (a) tiara CAD

Tomplexairalysis
deb of ab b [ In Cal ti O )

= e

=
eblnca

'

=

elnlab ab

÷÷¥i
of leg

Thus in this case our new

definition of ab agrees
withthe

real analysis def of at .



④

-

Cx Let 's calculate C- I )
"

For now
let's wait to choose

our branch of the logarithm .

f- 1)
" Eek 109ft !

eyzclnutltiargt

ID

In (1) = O

-

'
be Loti (

TTZIKD
= e

c.ae#Ig=eiCEttk
)

mane:*:*.  



c%f±o=coscoitisi
④

= ieitk = i ( cos Citklti sink)
- O
± I

= {
- i if k is odd

i if k is even

Ichoose the branch of log to be Eo, 2T)

fijk-ekllndtltimgt.tl#CotiiD--eEi=iE•¥ts
I

choose
the branch of log to be C- IT

,
it )=eYztiagIiD

°

= e-
 Ei

= - i
←id[¥



Defy : Let n > 2 be ④

an integer .

Define the

h - th root function by

^fz=zYn= e

't log ( 2- )

Where a specific choice
of

branch of the logarithm

is chosen .

This function

is called a

branchofthen-throotfio.EX.co#z=z=ez

where
the branch of the log is [ 0,2T

f- C c) = I
"
I

to 9 " I
etklkhltio?e¥

,

f- C- 1) = i [ from previous page )

f- fit = i"I
" 95 ) Hqs=

Bp



= et
'
og like

'eGnIltiargliD

④
Inch = O

' zit

III.
cos Eis tis , c¥s

= FE ti ¥
Er

"on . . . .

.

t.FR#1atibI--Matb

-

'

log Czl = lnlzltiargfz )


