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Complexation
①

Defog We define the number

i to be a
root of the equation

x 't 1=0 .

That is
,

i' =
- I

.

The set ofcomplexions ,

denoted by Cl ,
is defined to be

¢={ xti.us/x,yElR }
-

NIMH
Given

-

E- Xtiy

w
we call x

e.eu#.iti:f...f.
'¥÷÷÷÷

.

•
- paytoff

-3 - i
-

iqfaxis
we writeB-

si Re # = X
Im CZ ) = y



Adding and multiplying in Cl ②
is defined by

( xtiy ) tfatib )

= ( Xt a)
ti( ytb )

and ①

( xtiy )
C atib ) f

=
Xatxibtiyatiyb

= ( Xa - y b) tifxbtya )

9
-

E I I - i )t( 21-104=1+9 :

( 2 - i ) ( Itil =2t2i
.

- i - i
'

2 till =3 ti



One may think of addition in Cl ③
as vector addition .

• ( Xt
a) ti ( ytb )

^
xx

Is
-

- T•

,
I

cµb^ exist
•

" "
"



DEI Let z=xtiy ④

be a complex number .

The norms orabsolutevalueof
Z is the distance

between O and Z
.

The

norm
is denoted by lzl

.

÷÷¥¥¥÷
"
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DEI Let z= xtiy ⑤

be a complex number .

The conjugate of z
-

,
denoted

by I
,

is defined to be

qZ =

xtiy-z-x-iy.nl#FI3zIMsI-qutooE=x-iy~E-
⇒

- stoi

.¥ii ii.si#s=
•

3 - Si -

-
E



Division in ¢
⑥

-

To simplify I ( where Zf¥⇒
into to form at bi then

multiply by EI -

,

-

wit = ( xtiykx - id
= XZTYZ

E
↳¥t

3i=t÷ilt
=

9 t bi - Gi - Yi
'

It
= ¥tIi



polarformof-acomplexnun.be#

⑦
-

Let

r=lZl .

÷÷÷T÷÷÷÷÷:
y

at Z .

Let 0 be the angle that this

ray makes with positive x -
axis

.

If Z  = xtiy ,
then by trig

X= rcosco ) and y= r since )
,

So ,
Z  = r cos Col ti r sin C O )

= r [ cos Cot tis in ( 0 )]
This is called the polar form of z

,

-

O is called an

arguments

and we write E- arglz ) ,



EZ=lte_
⑧

a

entity

¥E¥c¥xisinE
verify rzfeos (E) tis in ( El )

= re ( Ft i E) =Hi#i¥t2kkO±
Arg ( 2- ) is a multi -

raked function

-



C

Note that argfz ) is a ⑨

multi valued function
.

We can pick any

2T-rangeL

that makes it into a function .

This is called choosing a

branchotarg .

-

[ If we
choose the branch

of ang
to be [ 0,2T ) ,

that

is OE arg
( z ) s 21T

,
then

arg
C Hit = ¥4 ¢¥t→

arg ( - I ) =

-

CX If we
choose the branch of arg

to be ( 3T , 51T] ,
that is

3ITLargfzlE5lT.aasgtIiiEFiIa.t@TI.ci.H's



Proposition : Let z
,
WEE .

Then : ④

① Ztw = Etw

② ZT = ET

③ (E) = if w # O

④ Iz 12 = ZE ofIzI=FzE)
⑤ z  = E iff z is real

⑥ Retz ) = ZIZI and Imfz ) = III
⑦ E=z

⑧ Izwl = lzllwl

⑨ LEI = 1¥ if wto

initiate.ie#iE::i:iEiE:iiImCzIEIImCZIlEIZI

④ lztwlflzltlwlitiieangki.io )



proofs We will prove ① - ④ .
④

-

Proofof
We have that

Retz ) E I Re Cz ) I = FREE

f¥÷ EHIME
=
IZ I

Similarly ,

IMAI E I Imczl I
= EH I (RM¥tImz

= IZ I

-



prootofkoflztwklzltlwl ) ④

We have that

IZTWIZIO( Ztwlfztw )

I ( ztw ) ( Eth )

= ZE tzwtwztww
②=⑤zEt(zwtzF) tww

⑤ZE t 2Re( zit ) tww

IzTt2ReCzw
) t Iwf

12-12+21 zuiltlwl
'

⑤Iz
12+212-1101 HWIZ

12-12+2
lzllwltifwl

'

= ( Izltlwl ) !
So

,
Iztwl 's ( Iz It Iwl )?

Thus lztwl E Iz It Iwl .



proto ( Iztwl > 112-1 - lull ) ④

If a ,bE Cl
,
then

laflatb-bIEIatbltl-bl-latbltlblsoslal-lbltlath.TLCH )

Now back to the proof ,

Let Z
,
WEE

.

case Suppose 12-13 Iwl .

Then lzl - Iwl 30 .

So ,
I lzl - hull = Izl - Iwl .

[sinaIZI-lwl30L

In ( * I Set a = Z and b=w .

we get Izl - Iwl Elztwl .

Now use 112-1 - hull = Iz -I - IW )

to get

Ilzl - lull Elztwl .



caseii

Suppose Iwl > 12-1
.

④

Then Iwl - 12-170 .

So
,
llzl - hull =/ - ( lzl - twill

= 11¥11
> O

= I w/ - IZI .

Now set a=w
and b=Z

in ( * I and get

I w/ - IZI

If
wtzl .

Combine
to get

112-1
- lull

=/
WI - lzl

⇐

lwtzl
.

⑤



Last time we finished ④
the proof of Prop part 130

which was lztwl 7/12-1 - lull
.

The proof of ④ is

Iz -w/ =/ ztfwll

I Izl - I - wll

=/ IZI - lull
.

so
'

iz . w " "

"I÷÷



De Moire 's Formula ④
-

If Z=r[ cos (f) tis into ) )
and n is a positive integer

then Zn =p
" [ cos ( not ti sin ( not ] .

-

Thani Let w=
r C cos Catti since D

where w # O
.

The solutions to

zh = W

are given by

Zk= rYn[ cos ( It
ZITI ) ti sin ( Int 2tk/)

k=O ,
1,2 ,

ooo ,
n - I

-

The proofs of these are in

Hw I
.

Its optional if you

Want to do these proofs .



elutions to z ! - 8
④

w= - 8

in"*o÷t
-

Zk=8"3(cos( It 2¥) tis in +2¥ ))
he 0,1 ,

2

2-0=21 cos (E) tisinf I 1)
=L ( Iti

= Airs

7=2604 tisinfD=
- 2

zz=2fosfItE. tisinf"Et%¥D=i+ir=zo÷÷÷*i.÷÷÷÷÷

\

•

¥2,1 Iif ZEI- if



Note ④
Let Zito E Cl .

Then

IZ -

Zol
is the distance between Z & Zo .

Reaso Z = xtiy ,
Zo = at its

I z - z .
1=1 xtiy - a - ibl

So in ¢
,
IZ - to I is the

distance
between z = Xtiy and Zo

-

- ate
- b

E
q¥%¥i



Do some HW problems .

④


