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7KH UHVXOW JHQHUDOL]HV VRPH NQRZQ WKHRUHPV RI 6LGRUHQNR >��@ DQG *DR DQG =KX
>��@� 7KHQ ZH VKRZ UHODWLRQV EHWZHHQ FLUFXODQW JUDSKV DQG GLVWDQFH JUDSKV DQG
GLVFXVV WKHLU VWDU�H[WUHPDOLW\� )XUWKHUPRUH� ZH JLYH FRXQWHU�H[DPSOHV WR WZR
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.H\ZRUGV� &LUFXODU FKURPDWLF QXPEHU� IUDFWLRQDO FKURPDWLF QXPEHU� FLUFXODQW

JUDSK� GLVWDQFH JUDSK� VWDU�H[WUHPDO JUDSK� LQGHSHQGHQFH UDWLR�

� ,QWURGXFWLRQ

*LYHQ D SRVLWLYH LQWHJHU Q DQG D VHW 6 � I�� ���� � � � � EQ �FJ� OHW *�Q�6� GHQRWH WKH

JUDSK ZLWK YHUWH[ VHW 9 �*�  I�� �� �� � � � � Q��J DQG HGJH VHW (�*�  IXY � MX�YMQ �

6J� ZKHUH M[MQ � PLQIM[M� Q � M[MJ LV WKH FLUFXODU GLVWDQFH PRGXOR Q� 7KHQ *�Q� 6�

LV FDOOHG WKH FLUFXODQW JUDSK RI RUGHU Q ZLWK WKH JHQHUDWLQJ VHW 6�

&LUFXODQW JUDSKV KDYH EHHQ LQYHVWLJDWHG LQ GL�HUHQW �HOGV� 6XFK JUDSKV DUH

?VWDU�SRO\JRQV� WR JHRPHWHUV >�@� 7KH ZHOO�NQRZQ �$G�DP
V FRQMHFWXUH >�@ VWDWHV�

*�Q�6� DQG *�Q� 6 �� DUH LVRPRUSKLF LI DQG RQO\ LI 6 �  N6  INV � V � 6J IRU

VRPH XQLW\ N LQ WKH ULQJ =Q� $OVSDFK DQG 3DUVRQV >�@ SURYHG WKDW WKLV FRQMHFWXUH

GRHV QRW KROG LQ JHQHUDO� +RZHYHU� LW LV WUXH IRU VRPH VSHFLDO FODVVHV RI FLUFXODQW

JUDSKV� 3DUVRQV >��@ FKDUDFWHUL]HG WKH VHW $N RI FRQQHFWHG FLUFXODQW JUDSKV *�Q� 6�

VXFK WKDW WKH QHLJKERUV 1 �[� IRU HDFK YHUWH[ [ LQGXFH D N�F\FOH LQ *�Q� 6�� 7KHQ

�$G�DP
V FRQMHFWXUH ZDV HVWDEOLVKHG IRU FLUFXODQW JUDSKV LQ $N�

,Q WKLV DUWLFOH� ZH H[SORUH WKH VWDU�H[WUHPDOLW\ RI FLUFXODQW JUDSKV� $ JUDSK LV

FDOOHG VWDU�H[WUHPDO LI LWV IUDFWLRQDO FKURPDWLF QXPEHU DQG FLUFXODU FKURPDWLF QXPEHU�

GH�QHG EHORZ� DUH HTXDO�

$ IUDFWLRQDO FRORULQJ RI D JUDSK * LV D PDSSLQJ F IURP ,�*�� WKH VHW RI DOO

LQGHSHQGHQW VHWV RI *� WR WKH LQWHUYDO >�� �@ RI UHDO QXPEHUV VXFK WKDW
3

IF�,� � [ �

, DQG , � ,�*�J � � IRU DQ\ YHUWH[ [ LQ *� 7KH IUDFWLRQDO FKURPDWLF QXPEHU ¤I �*�

RI * LV WKH LQ�PXP RI WKH ZHLJKW� Z�F�  
3

IF�,� � , � ,�*�J� RI D IUDFWLRQDO FRORULQJ

F RI *� )RU D GL�HUHQW EXW HTXLYDOHQW GH�QLWLRQ RI WKH IUDFWLRQDO FKURPDWLF QXPEHU�

ZH UHIHU WKH UHDGHU WR >��@�

/HW N DQG G EH SRVLWLYH LQWHJHUV VXFK WKDW N � �G� $ �N� G��FRORULQJ RI D JUDSK

*  �9�(� LV D PDSSLQJ F IURP 9 WR I�� �� � � � � N� �J VXFK WKDW MF�[�� F�\�MN � G IRU
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DQ\ HGJH [\ LQ *� 7KH FLUFXODU FKURPDWLF QXPEHU ¤
F
�*� RI * LV WKH LQ�PXP RI N G

IRU ZKLFK WKHUH H[LVWV D �N� G��FRORULQJ RI *� 7KH FLUFXODU FKURPDWLF QXPEHU LV DOVR

NQRZQ DV WKH VWDU�FKURPDWLF QXPEHU LQ WKH OLWHUDWXUH >��@�

)RU DQ\ JUDSK *� LW LV ZHOO�NQRZQ >��@ WKDW

PD[I��*�� M9 �*�M

��*�
J � ¤I �*� � ¤F�*� � ¤�*� DQG G¤F�*�H  ¤�*�� ���

ZKHUH ��*� LV WKH FOLTXH QXPEHU �L�H�� WKH PD[LPXP QXPEHU RI YHUWLFHV RI D FRPSOHWH

VXEJUDSK LQ *�� ��*� LV WKH LQGHSHQGHQFH QXPEHU �L�H�� WKH PD[LPXP QXPEHU RI

YHUWLFHV RI DQ LQGHSHQGHQW VHW LQ *�� +HQFH� D JUDSK * LV VWDU�H[WUHPDO LI WKH HTXDOLW\

KROGV LQ WKH VHFRQG LQHTXDOLW\ LQ ���

7KH QRWLRQ RI VWDU�H[WUHPDOLW\ IRU JUDSKV DURVH IURP WKH VWXG\ RI WKH FKURPDWLF

QXPEHU DQG WKH FLUFXODU FKURPDWLF QXPEHU RI WKH OH[LFRJUDSKLF SURGXFW RI JUDSKV�

7KH OH[LFRJUDSKLF SURGXFW *>+@ RI * DQG+ LV WKH JUDSK ZLWK YHUWH[ VHW 9 �*��9 �+�

DQG LQ ZKLFK �Y�� Z���Y��Z�� LV DQ HGJH LI DQG RQO\ LI Y�Y� � (�*� RU Y�  Y� DQG

Z�Z� � (�+� �,QIRUPDOO\� ZH VXEVWLWXWH D FRS\ RI + IRU HDFK YHUWH[ RI *�� ,W

ZDV SURYHG LQ >��@ WKDW� LI * LV VWDU�H[WUHPDO� WKHQ ¤F�*>+@�  ¤F�*�¤�+� IRU DQ\

JUDSK +� 7KHUHIRUH IRU DQ\ VWDU�H[WUHPDO JUDSK *� WKH FLUFXODU FKURPDWLF QXPEHU�

DQG KHQFH WKH FKURPDWLF QXPEHU� RI WKH OH[LFRJUDSKLF SURGXFW *>+@ LV GHWHUPLQHG

E\ ¤F�*� DQG ¤�+�� .ODY�]DU >��@ DOVR XVHG VWDU�H[WUHPDO JUDSKV WR LQYHVWLJDWH WKH

FKURPDWLF QXPEHUV RI OH[LFRJUDSKLF SURGXFWV RI JUDSKV�

7KH VWDU�H[WUHPDOLW\ IRU FLUFXODQW JUDSKV ZDV �UVW GLVFXVVHG E\ *DR DQG =KX

>��@� 7KH\ SURYHG WKDW LI DOO WKH YHUWLFHV RI *�Q� 6� KDYH GHJUHH � �� WKHQ *�Q� 6�

LV VWDU�H[WUHPDO� 2Q WKH RWKHU KDQG� WKHUH H[LVW QRQ VWDU�H[WUHPDO FLUFXODQW JUDSKV

�VHH 6HFWLRQ � EHORZ RU >��@�� ,Q JHQHUDO� LW VHHPV D GL�FXOW SUREOHP WR GHWHUPLQH

ZKHWKHU RU QRW DQ DUELWUDU\ FLUFXODQW JUDSK LV VWDU�H[WUHPDO�

$V FLUFXODQW JUDSKV DUH YHUWH[�WUDQVLWLYH� ZH NQRZ WKDW

¤I �Q� 6�  Q ��Q� 6�� ����
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ZKHUH ¤I�Q� 6� DQG ��Q� 6� GHQRWH� UHVSHFWLYHO\� WKH IUDFWLRQDO FKURPDWLF QXPEHU DQG

WKH LQGHSHQGHQFH QXPEHU IRU *�Q� 6�� 7KHUHIRUH WKH GHWHUPLQDWLRQ RI WKH LQGHSHQ�

GHQFH QXPEHU RI D FLUFXODQW JUDSK LV HTXLYDOHQW WR WKH GHWHUPLQDWLRQ RI LWV IUDFWLRQDO

FKURPDWLF QXPEHU� 5HFHQWO\� &RGHQRWWL HW DO� >�@ KDYH SURYHG WKDW LW LV 13 �FRPSOHWH

WR FRPSXWH WKH LQGHSHQGHQFH QXPEHU IRU JHQHUDO FLUFXODQW JUDSKV� +RZHYHU� IRU VRPH

FLUFXODQW JUDSKV LQFOXGLQJ WKH RQHV GLVFXVVHG LQ WKLV DUWLFOH� WKH LQGHSHQGHQFH QXPEHU

FDQ EH FRPSXWHG LQ SRO\QRPLDO WLPH�

,Q 6HFWLRQ �� ZH IRFXV RQ WKH IDPLO\ RI FLUFXODQW JUDSKV ZKRVH JHQHUDWLQJ VHW 6

FRQVLVWV RI FRQVHFXWLYH LQWHJHUV� *LYHQ LQWHJHUV N � N� � Q �� OHW 6N�N� GHQRWH WKH VHW

IN� �N � ��� � � � � N�J� :H ZLOO GHWHUPLQH WKH H[DFW YDOXH RI ��Q� 6N�N�� IRU DQ\ Q � �N�

DQG N� � �� ��N� 7KLV UHVXOW LV XVHG WR SURYH WKDW WKH FLUFXODQW JUDSKV *�Q� 6N�N�� DUH

VWDU�H[WUHPDO IRU DOO Q � �N� DQG N� � �� ��N�

)RU VRPH VSHFLDO YDOXHV RI N� N�� DQG Q� WKH FLUFXODQW JUDSKV *�Q� 6N�N�� KDYH

DSSHDUHG LQ VHYHUDO DUWLFOHV� ,W ZDV SURYHG LQ >��@ WKDW *�Q�6��N�� �L�H�� N  �� LV

VWDU�H[WUHPDO IRU DOO Q � �N�� :KHQ N�  �N � � DQG Q � �N � �� WKH FLUFXODQW JUDSK

*�Q�6N��N��� LV D WULDQJOH�IUHH UHJXODU JUDSK ZLWK GHJUHH �N� 6LGRUHQNR >��@ SURYHG

WKDW ��Q� 6N��N���  �N IRU �N � � � Q � �N � � DQG DSSOLHG WKLV UHVXOW WR DQVZHU

D TXHVWLRQ RI (UGR̀V >��@� QDPHO\� WKH H[LVWHQFH RI WULDQJOH�IUHH UHJXODU JUDSKV RQ

Q�� �� �� �� YHUWLFHV ZLWK LWV LQGHSHQGHQFH QXPEHU HTXDO WR WKH GHJUHH� *DR DQG =KX

>��@ WKHQ DSSOLHG 6LGRUHQNR
V UHVXOW WR VKRZ WKDW WKH FLUFXODQW JUDSKV *�Q� 6N��N���

DUH VWDU�H[WUHPDO IRU �N � � � Q � �N � ��

/HW = GHQRWH WKH VHW RI DOO LQWHJHUV� )RU D JLYHQ �QLWH VHW 6 RI SRVLWLYH LQWHJHUV�

WKH GLVWDQFH JUDSK� GHQRWHG E\ *�=�6�� KDV = DV LWV YHUWH[ VHW DQG XY IRUPV DQ

HGJH LI MX � YM � 6� 7KXV WKH GLVWDQFH JUDSK *�=�6� FDQ EH YLHZHG DV WKH OLPLW

RI FLUFXODQW JUDSKV *�Q� 6� DV Q DSSURDFKHV LQ�QLW\� ,Q 6HFWLRQ �� ZH H[SORUH WKH

UHODWLRQ RI VWDU�H[WUHPDOLW\ EHWZHHQ FLUFXODQW JUDSKV DQG GLVWDQFH JUDSKV IRU JHQHUDO

VHWV 6�
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7KH LQGHSHQGHQFH UDWLR RI D JUDSK * LV GH�QHG WR EH ��*� M9 �*�M� ,Q 6HFWLRQ

�� ZH VKRZ WKDW IRU D JLYHQ 6� WKH IUDFWLRQDO FKURPDWLF QXPEHU RI WKH GLVWDQFH JUDSK

*�=�6� LV HTXDO WR WKH UHFLSURFDO RI WKH DV\PSWRWLF LQGHSHQGHQFH UDWLR RI FLUFXODQW

JUDSKV *�Q� 6� DV Q DSSURDFKHV LQ�QLW\� $SSO\LQJ WKLV IDFW� ZH SUHVHQW FRXQWHU�

H[DPSOHV WR WZR FRQMHFWXUHV RI &ROOLQV >�@ RQ WKH DV\PSWRWLF LQGHSHQGHQFH UDWLR RI

FLUFXODQW JUDSKV�

� &LUFXODQW JUDSKV ZLWK LQWHUYDO JHQHUDWLQJ VHWV

:H VKDOO GLVFXVV WKH VWDU�H[WUHPDOLW\ RI FLUFXODQW JUDSKV ZKRVH JHQHUDWLQJ VHWV DUH

RI WKH IRUP 6N�N�  IN� �N � ��� � � � � N�J� ZKHUH N � N� � Q �� )RU WKH FDVH WKDW

N� � �� ��N� ZH GHWHUPLQH WKH H[DFW YDOXHV RI ��Q� 6N�N�� IRU DOO Q� 8VLQJ WKLV UHVXOW�

ZH VKRZ WKDW VXFK FLUFXODQW JUDSKV DUH VWDU�H[WUHPDO�

2QH RI WKH WRROV ZH VKDOO XVH LV WKH IROORZLQJ PXOWLSOLHU PHWKRG� ZKLFK ZDV �UVW

XVHG LQ >��@ DQG KDV EHHQ DSSOLHG WR VROYH SUREOHPV FRQFHUQLQJ FRORULQJ RI FLUFXODQW

JUDSKV DV ZHOO DV GLVWDQFH JUDSKV >�� ��@� *LYHQ D FLUFXODQW JUDSK *�Q� 6� DQG D

SRVLWLYH LQWHJHU W� OHW

�W�Q� 6� � PLQIMWLMQ � L � 6J�

DQG OHW

��Q�6� � PD[I�W�Q� 6� � W  �� �� �� � � �J�

ZKHUH WKH PXOWLSOLFDWLRQV WL DUH FDUULHG RXW PRGXOR Q DQG M[MQ LV WKH FLUFXODU GLVWDQFH

PRGXOR Q� )RU DQ\ SRVLWLYH LQWHJHU W� WKH PDSSLQJ F RQ I���� �� � � � � Q � �J GH�QHG

E\ F�L�  WL LV DQ �Q� �W�Q�6���FRORULQJ IRU *�Q� 6� �PXOWLSOLFDWLRQV DUH FDUULHG RXW

PRGXOR Q�� +HQFH� ¤F�Q� 6� � Q ��Q� 6�� &RPELQLQJ WKLV ZLWK �� DQG ��� ZH

REWDLQ WKH IROORZLQJ UHVXOW�
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/HPPD � �>��@� /HW *�Q�6� EH D FLUFXODQW JUDSK� 7KHQ ��Q� 6� � ��Q�6�� 0RUH�

RYHU� LI ��Q� 6�  ��Q� 6�� WKHQ ¤I �Q� 6�  ¤F�Q� 6�  Q ��Q� 6�� L�H�� *�Q� 6� LV

VWDU�H[WUHPDO�

7KH YDOXH RI ��Q�6� FDQ EH FDOFXODWHG LQ SRO\QRPLDO WLPH� 7R EH SUHFLVH� ZH

KDYH WKH IROORZLQJ�

/HPPD � /HW *�Q� 6� EH D FLUFXODQW JUDSK� 7KHQ ��Q� 6�  �W�Q� 6�  MWVM
Q
 

MW��V�MQ IRU VRPH W� � � W � GQ �H� DQG V � 6�

3URRI� %\ GH�QLWLRQ� �W�Q� 6�  �Q�W�Q� 6�  �W��Q� 6� IRU DQ\ W � W� �PRG Q�� DQG

MWVM
Q
 MW��V�M

Q
� 4�(�'�

6LGRUHQNR >��@ SURYHG WKDW ��Q� 6N��N���  �N LI �N � � � Q � �N � �� /DWHU

RQ� *DR DQG =KX >��@ SURYHG WKDW ��Q� 6N��N���  �N XQGHU WKH VDPH FRQGLWLRQ RQ Q�

&RPELQLQJ WKHVH WZR UHVXOWV ZLWK /HPPD �� WKH IROORZLQJ ZDV REWDLQHG LQ >��@�

7KHRUHP � ,I N�
 �N � �� WKHQ WKH FLUFXODQW JUDSKV *�Q� 6N�N�� DUH VWDU�H[WUHPDO

IRU DOO Q� ZKHUH �N � � � Q � �N � ��

2WKHU VSHFLDO VXE�IDPLOLHV RI WKH FLUFXODQW JUDSKV *�Q� 6N�N�� WKDW KDYH EHHQ

VWXGLHG LQFOXGH WKH IROORZLQJ WZR�

7KHRUHP � �>��@� ,I N� � Q �� WKHQ *�Q� 6��N�� LV VWDU�H[WUHPDO DQG ¤I�Q� 6��N��  

¤
F
�Q� 6��N��  Q E Q

N���
F�

7KHRUHP � �>��@� 6XSSRVH N
�
 N� O � Q �� ,I Q��N� � PLQIN� OJ� WKHQ *�Q�6N�N��

LV VWDU�H[WUHPDO DQG ¤I�Q� 6N�N��  ¤F�Q� 6N�N��  Q N�

�



7KH SURRIV RI 7KHRUHPV � DQG � DUH REWDLQHG� UHVSHFWLYHO\� E\ VKRZLQJ ��Q� 6��N��

 ��Q� 6��N��  E Q

N���
F DQG ��Q� 6N�N��  ��Q� 6N�N��  N XQGHU WKH DVVXPSWLRQV RQ N

DQG N��

:H QRWH KHUH WKDW WKH FLUFXODQW JUDSKV *�Q� 6��N�� LQ 7KHRUHP � DUH LQGHHG

SRZHUV RI WKH F\FOH &Q RQ Q YHUWLFHV� *LYHQ Q DQG U� WKH U�WK SRZHU RI &Q� GHQRWHG

E\ &U

Q
� KDV WKH VDPH YHUWH[ VHW DV &Q� DQG X� Y DUH DGMDFHQW LI WKHLU GLVWDQFH RQ WKH

F\FOH &
Q
LV QRW JUHDWHU WKDQ U� 7KHUHIRUH *�Q� 6��N��  &N

�

Q
E\ GH�QLWLRQ�

,Q WKHLU VWXG\ RI WKH FLUFXODU FKURPDWLF QXPEHU RI SODQDU JUDSKV *DR� :DQJ� DQG

=KRX >�@ GH�QHG D IDPLO\ RI SODQDU JUDSKV 4
Q
� FDOOHG WULDQJXODU SULVPV� ZKLFK KDYH

YHUWH[ VHW 9  IX�� X�� X�� � � � � XQ��J>IY�� Y�� Y�� � � � � YQ��J� DQG HGJH VHW ( FRQVLVWLQJ

RI WZR Q�F\FOHV �X�� X�� � � � � XQ��� DQG �Y�� Y�� � � � � YQ��� DQG �Q HGJHV �XL� YL�� �XL��� YL�

IRU HYHU\ � � L � Q � � �X�  X
Q
�� ,Q >�@� WKH DUJXPHQW WR FRPSXWH WKH YDOXHV RI

¤I�4Q� LV ORQJ� 7KH SURRI FDQ EH VKRUWHQHG FRQVLGHUDEO\ E\ DSSO\LQJ NQRZQ UHVXOWV

LQ FLUFXODQW JUDSKV� 7KH IDPLO\ RI SODQDU JUDSKV 4Q DUH SUHFLVHO\ WKH VHFRQG SRZHUV

RI HYHQ F\FOHV� ,QGHHG� �Y�� X�� Y�� X�� Y�� � � � � X
Q��� YQ��� X�� LV D F\FOH RI OHQJWK �Q� DQG

4Q

�

 &
�

�Q
� +HQFH� E\ 7KHRUHP �� ¤I�4Q�  ¤F�4Q�  �Q E

�Q

N��
F�

1RZ ZH FRQVLGHU WKH JHQHUDO IDPLO\ RI FLUFXODQW JUDSKV *�Q� 6N�N��� :H YLHZ

WKH YHUWLFHV RI *�Q� 6N�N�� DV FLUFXODUO\ RUGHUHG LQ WKH FORFNZLVH GLUHFWLRQ� DQG GHQRWH

E\ >D� E@ WKH VHW RI LQWHJHUV ID� D� �� D� �� � � � � EJ� ZKHUH WKH DGGLWLRQ LV WDNHQ XQGHU

PRGXOR Q� )RU H[DPSOH� >�� �@  I�� �� �� �J DQG >�� �@  I�� �� � � � � Q � �� �� �� �J�

/HPPD � 6XSSRVH , LV DQ LQGHSHQGHQW VHW RI *�Q� 6N�N��� 7KHQ� IRU DQ\ M� WKH

FDUGLQDOLW\ RI , ? >M� M � N � N�
� �@ LV DW PRVW N�

3URRI� %\ V\PPHWU\� LW VX�FHV WR VKRZ WKDW IRU DQ\ LQGHSHQGHQW VHW ,� WKH FDU�

GLQDOLW\ RI , ? >�� N � N�
� �@ LV DW PRVW N� 6XSSRVH L � >�� N � N�

� �@ LV WKH OHDVW

HOHPHQW RI ,� 7KHQ L� N� L� N � �� � � � � L� N�  � ,� /HW $  >L� �� L� N � �@ ? , DQG

%  >L�N���� N��N��@?,� ,I [ � $� WKHQ [�N�  � %� 7KLV LPSOLHV M$M�M%M � N���

7KHUHIRUH M, ? >�� N � N� � �@M � N� 4�(�'�
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/HPPD � 6XSSRVH *  *�Q� 6N�N�� ZLWK Q  T�N � N�� � U� � � U � N� N
�� �� 7KHQ

��*� �

�
�T�*�  TN LI � � U � N�

�

�T���*�  TN � U � N
� LI N� � � � U � N� � N � ��

3URRI� ,W VX�FHV WR VKRZ WKDW �T�*�  TN ZKHQ � � U � N
�
DQG �T���*�  TN�U�N

�

ZKHQ N
� � � � U � N� � N � ��

,I � � U � N�� WKHQ

�T�*�  PLQI TN� T�N � ��� T�N � ��� � � � � TN��

Q� TN� Q� T�N � ��� Q� T�N � ��� � � � � Q� TN� J�

%HFDXVH TN � T�N � �� � � � � � TN� DQG Q� TN � Q� T�N� �� � Q� T�N � �� � � � � �

Q� TN�� LW LV HQRXJK WR VKRZ Q� TN� � TN� 7KLV LV WUXH VLQFH Q� TN�  TN � U � TN�

,I N� � � � U � N� � N � �� WKHQ

�T���*�  PLQI �T � ��N� �T � ���N � ��� �T � ���N � ��� � � � � �T � ��N��

Q� �T � ��N� Q� �T � ���N � ��� � � � � Q� �T � ��N� J�

%HFDXVH �T���N � �T����N��� � �T����N��� � � � � � �T���N� DQG Q� �T���N �

Q��T����N��� � Q��T����N��� � � � � � Q��T���N�  TN�U�N�� LW LV HQRXJK WR

VKRZ TN� U�N� � �T���N��� 7KLV LV WUXH VLQFH TN�U�N� � TN��N�N�����N�  

�T � ��N � �� 4�(�'�

7KHRUHP � 6XSSRVH *  *�Q�6N�N�� DQG N
� � �� ��N� /HW Q  T�N � N�� � U� ZKHUH

� � U � N � N
� � �� 7KHQ

��*�  ��*�  

�
TN LI � � U � N�

�

TN � U � N� LI N� � � � U � N� � N � ��

(TXLYDOHQWO\� ��*�  ��*�  TN �PD[I�� U � N�J�

3URRI� /HW Q  T�N � N�� � U� � � U � N � N
� � �� %\ /HPPDV � DQG �� LW VX�FHV

WR VKRZ WKDW ��*� � TN �PD[I�� U� N�J� ,I T  �� WKH UHVXOW IROORZV IURP /HPPD ��

7KXV ZH PD\ DVVXPH T � ��

$VVXPH WR WKH FRQWUDU\ WKDW ��*� ! TN�PD[I�� U� N�J� /HW , EH D PD[LPXP

LQGHSHQGHQW VHW RI *� 5HJDUG , DV D GLVMRLQW XQLRQ RI ,�LQWHUYDOV� ZKHUH DQ ,�LQWHUYDO

�



LV D PD[LPDO LQWHUYDO >D� E@ FRQVLVWLQJ RI YHUWLFHV LQ ,� 7KHQ WKH OHQJWK �QDPHO\�

WKH QXPEHU RI YHUWLFHV� RI DQ\ ,�LQWHUYDO LV EHWZHHQ � DQG N� %\ /HPPD � DQG

WKH DVVXPSWLRQ WKDW T � �� WKHUH DUH DW OHDVW WZR ,�LQWHUYDOV� $VVXPH WKDW WKH

LQGHSHQGHQW VHW , FKRVHQ KDV WKH PLQLPXP QXPEHU RI ,�LQWHUYDOV DPRQJ DOO PD[LPXP

LQGHSHQGHQW VHWV RI *�

7ZR ,�LQWHUYDOV >D� E@ DQG >F� G@ DUH FDOOHG FRQVHFXWLYH LI >E � �� F � �@ ? ,  ��

1RWH WKDW WKH FRQVHFXWLYH ?UHODWLRQ� LV QRW V\PPHWULF� L�H�� >D� E@ DQG >F� G@ EHLQJ

FRQVHFXWLYH GRHV QRW LPSO\ WKDW >F� G@ DQG >D� E@ DUH FRQVHFXWLYH� �,QGHHG� >F� G@ DQG

>D� E@ DUH QRW FRQVHFXWLYH LI >D� E@ DQG >F� G@ DUH FRQVHFXWLYH DQG , FRQWDLQV PRUH WKDQ

WZR ,�LQWHUYDOV�� )RU WZR FRQVHFXWLYH ,�LQWHUYDOV >D� E@ DQG >F� G@� WKH FDUGLQDOLW\ RI WKH

VHW >E� �� F� �@ LV FDOOHG WKH JDS EHWZHHQ WKHP�

)LUVW ZH VKRZ WKDW LI >D� E@ DQG >F� G@ DUH WZR FRQVHFXWLYH ,�LQWHUYDOV� WKHQ E �

N� � � � F� N � � �RU HTXLYDOHQWO\� E� N � � � F� N
� � ��� +HUH ZH DVVXPH� ZLWKRXW

ORVV RI JHQHUDOLW\� WKDW � � D � E � F � G � Q � �� 6XSSRVH WR WKH FRQWUDU\ WKDW

E�N��� � F�N� )RU DQ\ E�� � [ � F��� LI \ LV DGMDFHQW WR [ WKHQ VWUDLJKWIRUZDUG

FDOFXODWLRQV VKRZ WKDW \ LV DGMDFHQW HLWKHU WR E RU WR F� +HQFH QRQH RI WKH QHLJKERUV RI

[ LV LQ ,� 7KLV LPSOLHV WKDW WKH VHW , �  , > >E��� F��@ LV LQGHSHQGHQW ZLWK M, �M ! M,M�

ZKLFK FRQWUDGLFWV RXU FKRLFH RI ,�

1H[W ZH VKRZ WKDW WKH JDS EHWZHHQ DQ\ WZR FRQVHFXWLYH ,�LQWHUYDOV LV DW PRVW

N� �� 6XSSRVH WR WKH FRQWUDU\ WKDW WKHUH H[LVW FRQVHFXWLYH ,�LQWHUYDOV >D� E@ DQG >F� G@

VXFK WKDW M>E��� F� �@M � N��� 6LQFH >D� E@ � ,� LW IROORZV IURP WKH GH�QLWLRQ RI 6N�N�

WKDW >D � N� E � N�@ ? ,  �� +HQFH >E � �� E � N�@ ? ,  �� :H SDUWLWLRQ WKH LQWHUYDO

>E�N���� E@ � >�� Q��@� >E��� E�N�@� LQWR VXE�LQWHUYDOV RI OHQJWK N�N
�� H[FHSW WKH

ODVW VXE�LQWHUYDO ZKLFK PD\ KDYH VL]H OHVV WKDQ N�N
� �ZKHQ U � N

����� ,I � � U � N
��

WKHQ WKH QXPEHU RI VXFK VXE�LQWHUYDOV LV HTXDO WR T� %\ /HPPD �� M,M � TN� ZKLFK

LV FRQWUDU\ WR RXU DVVXPSWLRQ� ,I N� � � � U � N � N
� � �� WKHQ WKH QXPEHU RI VXFK

VXE�LQWHUYDOV LV HTXDO WR T � �� DQG WKH ODVW LQWHUYDO KDV VL]H U � N�� $JDLQ� LW IROORZV

�



IURP /HPPD � WKDW M,M � TN�U�N�� ZKLFK LV FRQWUDU\ WR RXU DVVXPSWLRQ� 7KHUHIRUH�

WKH JDS EHWZHHQ DQ\ WZR FRQVHFXWLYH ,�LQWHUYDOV LV DW PRVW N � ��

1RZ ZH VKRZ WKDW WKH JDS EHWZHHQ DQ\ WZR FRQVHFXWLYH ,�LQWHUYDOV LV JUHDWHU

WKDQ ��N�
�N�� $VVXPH WR WKH FRQWUDU\ WKDW >D� E@ DQG >F� G@ DUH FRQVHFXWLYH ,�LQWHUYDOV

ZLWK JDS W� W � ��N�
� N�� /HW

, �  �, > >E� �� F� �@�� �>E� N� � �� F� N � �@ > >E� N � �� F� N�
� �@��

,W LV FOHDU WKDW , � LV DQ LQGHSHQGHQW VHW RI * ZLWK M, �M � M,M� W� ��W� �N�� N�� � M,M�

+HQFH� , � LV D PD[LPXP LQGHSHQGHQW VHW ZLWK OHVV LQWHUYDOV WKDQ ,� ZKLFK LV FRQWUDU\

WR RXU DVVXPSWLRQ�

:H FRQFOXGH WKDW WKH JDS EHWZHHQ DQ\ WZR FRQVHFXWLYH ,�LQWHUYDOV LV EHWZHHQ

��N�
� N� � � DQG N � �� ,Q SDUWLFXODU� WKLV LPSOLHV WKDW ��N�

� N� � � � N � �� IRU

RWKHUZLVH� ZH KDYH DOUHDG\ DUULYHG DW D FRQWUDGLFWLRQ� 1RZ E\ WKH DVVXPSWLRQ WKDW

N
� � �� ��N� WKH JDS EHWZHHQ DQ\ WZR FRQVHFXWLYH ,�LQWHUYDOV LV EHWZHHQ N

�
� � DQG

N � �� 7KLV LPSOLHV WKDW DQ\ VHW RI N FRQVHFXWLYH YHUWLFHV LQ * LQWHUVHFWV H[DFWO\ WZR

,�LQWHUYDOV�

)RU DQ\ FRQVHFXWLYH ,�LQWHUYDOV >D� E@ DQG >F� G@� ZH FODLP WKDW M>D� E@M � M>F� G@M �

N

�
� �� )LUVW ZH QRWH WKDW M>D� G@M � N� )RU RWKHUZLVH� ZH ZRXOG KDYH G � D� N� 7KLV

LPSOLHV F � E � N� � � VLQFH >D � N� E � N�@ ? ,  �� 7KHQ WKH JDS EHWZHHQ >D� E@ DQG

>F� G@ ZRXOG EH JUHDWHU WKDQ N � �� D FRQWUDGLFWLRQ� ,W IROORZV WKDW M>D� E@M � M>F� G@M �

N � ��N�
� N�� � � N

�
� � VLQFH N

� � �� ��N�

1RZ FKRRVH WZR FRQVHFXWLYH ,�LQWHUYDOV >D� E@ DQG >F� G@ VXFK WKDW M>D� E@M � M>F� G@M

LV WKH ODUJHVW DPRQJ DOO SDLUV RI FRQVHFXWLYH ,�LQWHUYDOV� /HW >X� Y@ EH WKH ,�LQWHUYDO

SUHFHGLQJ >D� E@ �L�H�� >X� Y@ DQG >D� E@ DUH FRQVHFXWLYH ,�LQWHUYDOV� DQG OHW >[� \@ EH WKH ,�

LQWHUYDO IROORZLQJ >F� G@� 6LQFH M,M ! TN � N DQG VLQFH WKH XQLRQ RI DQ\ WZR FRQVHFXWLYH

,�LQWHUYDOV FRQWDLQV DW PRVW N

�
� � YHUWLFHV� ZH NQRZ WKDW WKHUH DUH DW OHDVW �YH ,�

LQWHUYDOV� 6R WKH LQWHUYDOV >D� E@� >F� G@� >X� Y@� DQG >[� \@ DUH GLVWLQFW�

:H QRZ VKRZ WKDW >[� \@ �UHVSHFWLYHO\� >X� Y@� LV WKH RQO\ ,�LQWHUYDO LQFOXGHG LQ

��



>E� N� � �� F� N � �@ �UHVSHFWLYHO\� LQ >E� N � �� F� N�
� �@�� %HFDXVH >D� E@� >F� G@ � ,�

ZH KDYH �>D� N� E� N�@> >F� N� G� N�@�? ,  �� ,Q DGGLWLRQ� E\ WKH DUJXPHQWV DERYH�

>D� E@� >F� G@ DQG >F� G@� >[� \@ DUH WKH RQO\ WZR ,�LQWHUYDOV LQFOXGHG LQ >D� D� N � �@ DQG

>F� F � N � �@� UHVSHFWLYHO\� +HQFH >[� \@ � >E� N� � �� F � N � �@ DQG >[� \@ LV WKH RQO\

,�LQWHUYDO LQFOXGHG LQ >E � N� � �� F � N � �@� 6LPLODUO\� ZH FDQ VKRZ WKDW >X� Y@ LV WKH

RQO\ ,�LQWHUYDO LQFOXGHG LQ >E� N � �� F� N�
� �@�

$FFRUGLQJ WR WKH FKRLFH RI >D� E@ DQG >F� G@� ZH KDYH M>X� Y@M � M>F� G@M DQG M>[� \@M �

M>D� E@M� 7KHUHIRUH M>X� Y@M� M>[� \@M � M>D� E@M� M>F� G@M � N

�
� �� /HW

, �
 �, > >E� �� F� �@�� �>X� Y@ > >[� \@��

%\ WKH GLVFXVVLRQ LQ WKH SUHYLRXV SDUDJUDSK� LW LV FOHDU WKDW ,
� LV DQ LQGHSHQGHQW VHW

ZLWK

M, �M � M,M�
N

�
� �� �

N

�
� �� ! M,M�

ZKLFK FRQWUDGLFWV RXU PD[LPDOLW\ DVVXPSWLRQ DERXW ,� 4�(�'�

&RUROODU\ � ,I N � � �� ��N� WKHQ *�Q� 6N�N�� LV VWDU�H[WUHPDO�

7KHRUHP �� 6XSSRVH *  *�Q� 6N�N�� ZLWK Q  T�N � N�� � U� � � U � N � N
� � ��

DQG

T !
�

N � N �
�

N
�

N � N�
�

NN
�

�N � N���N � N��
�

7KHQ * LV VWDU�H[WUHPDO� 0RUHRYHU� WKH YDOXHV RI ��*� DQG ��*� DUH WKH VDPH DV LQ

7KHRUHP ��

3URRI� /HW , EH D PD[LPXP LQGHSHQGHQW VHW RI *� 7KH ,�LQWHUYDOV DUH VLPLODUO\

GH�QHG DV LQ WKH SURRI RI 7KHRUHP �� $VVXPH WKDW WKH FKRVHQ VHW , KDV WKH PLQLPXP

QXPEHU RI ,�LQWHUYDOV DPRQJ DOO PD[LPXP LQGHSHQGHQW VHWV RI *� 7KHQ WKH JDS

EHWZHHQ DQ\ WZR FRQVHFXWLYH ,�LQWHUYDOV� DV VKRZQ LQ WKH SURRI RI 7KHRUHP �� LV

EHWZHHQ ��N�
� N� � � DQG N � ��

��



,Q WKH IROORZLQJ� ZH VKRZ WKDW IRU DQ\ L� M, ? >L� L � N � N� � �@M � �N � N�� /HW

D EH WKH OHDVW HOHPHQW RI , ? >L� L � N � N�
� �@ DQG OHW >D� E@ EH WKH �UVW QRQ�HPSW\

LQWHUVHFWLRQ RI DQ ,�LQWHUYDO ZLWK >L� L � N � N�
� �@� 1RWH WKDW ZKHQ D  L� >D� E@ PD\

EH D SDUW RI DQ ,�LQWHUYDO� 6LPLODUO\� OHW >F� G@ EH WKH ODVW QRQ�HPSW\ LQWHUVHFWLRQ RI

DQ ,�LQWHUYDO ZLWK >D� D� N@� %\ WKH SURRI RI 7KHRUHP �� >D� E@ DQG >F� G@ DUH WKH WZR

,�LQWHUYDOV LQFOXGHG LQ >D� D� N � �@� VR >D� E@ � >F� G@�

,Q DGGLWLRQ� LW LV WUXH WKDW , ? >F� �N�
�N�� F� �@  � VLQFH WKH JDS EHWZHHQ DQ\

WZR FRQVHFXWLYH ,�LQWHUYDOV LV DW OHDVW ��N�
� N� ! N�

� N� %HFDXVH , ? �>F� N� G� N�@>

>D� N� D� N�@�  �� WKH IROORZLQJ LV FOHDU�

, ? >L� L� N � N�
� �@ � , ? >D� D� N � N�

� �@  >F� G@ > �, ? �$ >%���

ZKHUH$  >D� F��N�
�N���@>>G��� D�N��@ DQG%  >D�N�� F�N��@>>G�N���� D�N�

N�
��@� )RU HDFK YHUWH[ [ � $� ZH KDYH [�N�

� %� 6R LI [ � ,?$� WKHQ [�N�
� %�,�

DQG YLFH YHUVD� 7KLV RQH�WR�RQH FRUUHVSRQGHQFH LPSOLHV WKDW M,?�$>%�M � M$M  M%M�

7KHUHIRUH� M, ? >L� L� N � N�
� �@M � M$M� M>F� G@M  N � �N� � N�  �N � N��

)RU HDFK � � L � Q� �� OHW QL  M, ? >L� L� N � N�
� �@M� 7KHQ

�N � N
��M,M  

Q��;

L �

QL � Q��N � N
���

1RZ LI � � U � N
�� WKHQ E\ /HPPDV � DQG �� LW VX�FHV WR VKRZ WKDW ��*�  M,M � TN�

$VVXPH WR WKH FRQWUDU\ WKDW M,M � TN � �� 6LQFH Q � T�N � N�� � N
�� ZH KDYH

�N � N
���TN � �� � �T�N � N�� � N����N � N ���

$ FRQWUDGLFWLRQ HPHUJHV DIWHU VLPSOLI\LQJ WKLV LQHTXDOLW\�

,I N� � U � N � N
� � �� ,W VX��FHV WR VKRZ WKDW M,M � TN � U � N�� ,I M,M �

TN � U � N� � �� WKHQ

�N � N���TN � U � N� � �� � �T�N � N�� � U���N � N���

7KLV LQHTXDOLW\ OHDGV WR D FRQWUDGLFWLRQ� WRR� 4�(�'�

��



� &LUFXODQW JUDSKV DQG GLVWDQFH JUDSKV

&LUFXODQW JUDSKV DQG GLVWDQFH JUDSKV DUH FORVHO\ UHODWHG� *LYHQ D �QLWH VHW 6 RI

SRVLWLYH LQWHJHUV� WKH GLVWDQFH JUDSK*�=�6� FDQ EH YLHZHG DV WKH OLPLW RI WKH VHTXHQFH

RI FLUFXODQW JUDSKV *�Q� 6� DV Q DSSURDFKHV LQ�QLW\� 7KHUHIRUH� IRU D JLYHQ 6� LI

*�Q�6� LV VWDU�H[WUHPDO IRU DOO Q� WKHQ *�=�6� LV VWDU�H[WUHPDO� +RZHYHU� WKH UHYHUVH

RI WKLV LPSOLFDWLRQ LV QRW DOZD\V WUXH� 7DNH 6  I�� ���� �J� ,W LV NQRZQ >�@ WKDW

*�=�6� LV VWDU�H[WUHPDO� ZKLOH LW ZDV SURYHG >��@ WKDW ¤I ���� 6�  � � ¤F���� 6�  ��

6R *���� 6� LV QRW VWDU�H[WUHPDO�

,Q WKLV VHFWLRQ� ZH SURYH WKDW� IRU D JLYHQ 6� LI WKH GLVWDQFH JUDSK *�=�6�

LV VWDU�H[WUHPDO� WKHQ WKHUH H[LVW LQ�QLWHO\ PDQ\ Q VXFK WKDW WKH FLUFXODQW JUDSKV

*�Q�6� DUH VWDU�H[WUHPDO�

7KH IUDFWLRQDO FKURPDWLF QXPEHU ¤I �=�6� IRU D GLVWDQFH JUDSK *�=�6� KDV

YHU\ FORVH FRQQHFWLRQV ZLWK 7 �FRORULQJ >��@ DQG DQ HDUOLHU QXPEHU WKHRU\ SUREOHP

DERXW WKH GHQVLW\ RI VHTXHQFHV ZLWK PLVVLQJ GL�HUHQFHV� )RU UHIHUHQFHV DERXW WKHVH

FRQQHFWLRQV� ZH UHIHU WKH UHDGHU WR >�� ��� ��@� $PRQJ WKH UHVXOWV LQ >�@� LW LV SURYHG

WKDW ¤I �=�6� DOZD\V H[LVWV DQG LV D UDWLRQDO QXPEHU IRU DQ\ �QLWH 6�

$ KRPRPRUSKLVP �RU HGJH�SUHVHUYLQJ PDS� IURP D JUDSK * WR DQRWKHU JUDSK

+ LV D PDSSLQJ I � 9 �*�� 9 �+� VXFK WKDW I�X�I�Y� � (�+� LI XY � (�*�� ,I VXFK

D KRPRPRUSKLVP H[LVWV� ZH VD\ WKDW * DGPLWV D KRPRPRUSKLVP WR + DQG GHQRWH

WKLV E\ * � +� ,I * � +� WKHQ ZH KDYH ¤I �*� � ¤I �+� DQG ¤F�*� � ¤F�+� E\

FRPSRVLWLRQ RI IXQFWLRQV�

/HPPD �� )RU D JLYHQ 6� *�=�6� � *�Q� 6� IRU DOO Q � �PD[6� ZKHUH PD[6

GHQRWHV WKH ODUJHVW PHPEHU RI WKH VHW 6�

3URRI� 'H�QH D PDSSLQJ I � = � >�� Q� �@ E\ I �[�  [ PRG Q� ,W LV HDV\ WR YHULI\

WKDW I LV D KRPRPRUSKLVP IURP *�=�6� WR *�Q� 6�� 4�(�'�

��



&RUROODU\ �� )RU D JLYHQ 6� ¤
F
�=�6� � ¤

F
�Q� 6� DQG ¤I �=�6� � ¤I �Q� 6� IRU DOO

Q � �PD[6�

7KHRUHP �� ,I *�=�6� LV VWDU�H[WUHPDO IRU D JLYHQ 6� WKHQ WKHUH H[LVWV D SRVLWLYH

LQWHJHU P VXFK WKDW *�NP�6� LV VWDU�H[WUHPDO IRU DQ\ SRVLWLYH LQWHJHU N�

3URRI� %\ D UHVXOW LQ >�@� ZH PD\ DVVXPH ¤F�=�6�  ¤I�=�6�  S T IRU VRPH

UDWLRQDO QXPEHU S T� /HW G  PD[6� $FFRUGLQJ WR &RUROODU\ ��� LW LV HQRXJK WR VKRZ

WKDW� IRU VRPH P � �G� WKHUH H[LVWV D �S� T��FRORULQJ IRU DQ\ *�NP�6� EHFDXVH ZH

ZRXOG WKHQ KDYH

S T  ¤I �=�6� � ¤I�PN�6� � ¤F�PN�6� � S T�

6LQFH ¤F�=�6�  S T� E\ D UHVXOW LQ >��@� WKHUH H[LVWV D �S� T��FRORULQJ I � = �

>�� S� �@ RI *�=�6�� 3DUWLWLRQ QRQ�QHJDWLYH LQWHJHUV LQWR EORFNV VXFK WKDW HDFK EORFN

FRQVLVWV RI SG FRQVHFXWLYH YHUWLFHV� &RQVLGHU WKH UHVWULFWLRQ RI I WR WKHVH EORFNV� %\ WKH

SLJHRQKROH SULQFLSOH� WKHUH H[LVW WZR EORFNV ZLWK WKH VDPH FRORU VHTXHQFH� /HW [ DQG \

EH WKH OHDGLQJ YHUWLFHV RI WKHVH WZR EORFNV VXFK WKDW [ � \� 7KHQ I �[� L�  I �\� L�

IRU � � L � SG � �� /HW P  \ � [� 'H�QH WKH PDSSLQJ I ��M�  I�[ � M� IRU

� � M � P� �� ,W LV FOHDU WKDW I � LV D �S� T��FRORULQJ IRU *�P�6��

)RU N � �� GH�QH D PDSSLQJ I �� � >�� NP � �@� >�� S� �@ E\ I ���Y�  I ��Y PRG

P�� ,W LV FOHDU WKDW I �� LV D �S� T��FRORULQJ IRU *�NP�6�� 4�(�'�

� ,QGHSHQGHQFH UDWLR

,Q WKLV VHFWLRQ� ZH GLVFXVV UHODWLRQV EHWZHHQ WKH LQGHSHQGHQFH UDWLR DQG WKH IUDFWLRQDO

FKURPDWLF QXPEHU RI FLUFXODQW JUDSKV DQG GLVWDQFH JUDSKV� %DVHG RQ WKHVH UHODWLRQV�

ZH JLYH FRXQWHU�H[DPSOHV WR WZR FRQMHFWXUHV RI &ROOLQV >�@�

��
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