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① (at Hz) = 13 E - 32-4+1

is a polynomial , so by class, is

analytic on all of a .
So
, f is entire .

f- ' Iz ) = 13.72-6-3.42-3
= 91 z6 - 12-23 for all Zee

-

①( b ) flzl = 3f is a rational
function so is analytic

where the

denominator is not zero
.

Z - Z = 0 when 2- = 2 .

So
,
f is analytic on A -- G - { 2}
6712-2-1 -GE.

f-
'
Hk

=

12 Z - 6-22+32-2- I →Et Izz - I¥a=¥a, teeA



④d HH =

From HW 2
,
sin ( z ) -- O iff z=nt

Let A = ¢ - { in INEZ } ,
NEZ

.

From class, since )
and cos Cz ) are

analytic on all of Q .

Thus ,

Elzie 57.1¥ is analyte Whetstine , to .

So, Htt
is analytic on

A
.

n.
fyzy=kosHh%intu-w

"

= ,
nighty

sink -21 -

=

- sink)sinks - cos Ctl
Costel

=

- (sink ) Hostel
- sine

sin'm
=
-sit, Tze A



①Cd ) f- Cz ) = (¥)
"

( z - y
' ' "

(et g (El
= Z

'" and htzI=¥ .

Then f- ( z ) = ( goh ) (z ) - g ( hcz , ) .

gfzl is entire ,
it is analytic on

all of Q .

htt) is analytic on
A -- E - { 13

The composition
f- ( Z1 is analytic

on A .

with f4z1=
- too (Z - IT

' "

= ¥o÷o , forza# A

÷¥÷÷÷÷¥÷i÷
f-



Let f- (2-7=5
2-
= e

-2109 's' using the

principal branch of the logarithm .④E)
From class , f- ( Z ) is entire and

fat -- logo )
- SZ

. 8#¥#.szI↳
①Cf1Fromclass,theprinci#
branch of

the logarithm log (w )

is analytic
on

A -- E - { xtiylxeo,
y -- o }

When is
ztl EIA ?

Let z=XtiY .

Then ztl # A

Then Ztl
= ( xtiltiy .

iff Xt ISO, y
'

- O iff X E
- I
, y
-

- O .

Let B=Q
- Extiyl Xs

- I , y
-

-
o}

.

Then f- (2- I - log (z ti
) is analytic

on B .

""

I



and fKzl= ( log ( z till
'

=¥1 . I = ¥,
FZEB

-

① (g) Let ffzkz
'ti= e' ' ti ' 'Y'"where

log Ctl is

defined as
Let A=EExtiH*%=oj¥Is
From class

,
f is analytic on A

and f'( z ) = ( Iti ) z
" titi

= ( Iti ) Zi FZEA



① (h) f- (E) = ( Z - 2)
"E- hcglzh

Let hfz ) = z
" '

= e
"- 109 ( Z ) defined

using the brincipal branch
of the

logarithm and g Lz )
= Z - 2

.

Let A= Cl
- { xtiy I XEO, y

-

- o }

Then , hcz
) is arraign

on A ,

get )=z - 2 is analytic on all of ¢ .

Let 2- = xtiy .

Then Z - 2€ A

Iff Ex - 2) tiy f-
A iff x - 2 so,y=o

Iff X E 2 , y
= 0 .

Set 13=6
- Extiy I XE 2,2=0

} .

Then, f- ( z) - hcg Cz
) ) is

analytic on B .

A
B¥¥¥¥¥¥÷.

And f
'

# = Izfz - zj
""



② (a) f-( z ) = IZ I

f- ( xtiyI=Txfy ti E
- vlxisr )
Ulx ,y l

Cauchy - Riemann
time :

x

⇐ ix.g) = I Cx 't y
' )

- "
t
. 2x = TEI

y

2-4 =-
Cauchy Riemann equations

:

ay ¥5 z÷=Ey9Ey=
-¥

LV = 0 these becometI" '
*" ¥F°

27 ×=o , y to y=o, XFO

(K ) is solved when 4=0
& y
to .

(Kk) is solved when y=o
& x to.

There are no common
solutions to Lt )

and #

Thus , f- ( z 1=12-1 is analytic nowhere .



② lb ) flzl =eE
Let 2- = Xtiy .

Then f- G- I = e
E
=
ex

-it
, exeit

- y )

= e×[cost - y ) tis int
- yl)

Tg Tsing)

=
excoscyltifexsincyl)

ucx.yt-excoslyltvcx.cz#xyvCx,y1---e*sinlylcauchy-Riemann: If = Ey and ¥y=
-¥

0£, =
Eco sty) }%,fI×=Ey iff e'cody

) = - excosly)

iff 2 ex cos ly
I=

Ozzy=
- PCOS ( Y) iff cosCy

) -- O

Iff y C- {IIz ,
I3¥ , Ist ,

ooo }
XElR#
¥y=

- E's inly ) ** , ya =
-¥
,

iff - e's inly)
-
- Eiht'd

-

=
- thinly if I

'II at, .oo3
= Is inly ) x EIR

-
There are no

common
solutions to Gt ) and

(*Hl so flzl
is not analytic anywhere



I

③ ( a) f- ( xtiy ) = xztiy
in

uCx,yl=X2TCx,y1=y#
-
⇐ = 2x

H
2X } }=¥y iff 2x - 22I = 2L Tff x -- y
#

Ctx)

÷÷:*.

-¥f¥÷÷..for all xsy .

-

The common solutions
to ( t ) and 1kt )

is the set A={ xtiy I x=y
}

= { atia la
EIR } .

Note that ucx,yl=x2
and vcx,yI=yZ

are
continuous for

all Cx,y )
with x=y .

Thus, f- CxtiH=x2tiy
'

is

A with derivative
on A. To be

differentiable ON aanpatshfyaot
f-
'

Cxtiy ) = 2X
ti O = 2X stabeopdeinttgegntiabk

TEX Flax copying
.

that



⑤ ( b) f- ( z ) = Z . Im ( Z )

ffxtig) = (xtiy
) - y = x y ti y

'

uTx,yk×y Tex,yky2
-

21 = y Ig
(* I ¥×= Ey iff y =2y iff yyzq

2X

=2y

-
yay = x g.

**lazy = - Ex iff Xy*
-I = 0
ox

Citta
Xtiy = Otto

= 0 .

So,
f is differentiable

only at 2-
= o

II.
""''

"Imfthat f- is not analytic

at 0 since
f is not differentiable where f has

in a neighborhood of O
] a derivative



④ f
'
lo ) if it existed would

be equal
to

f- Cz )
- f ( O l

= him
Iim€ ⇒ o

Z - O

z→ O
Z

= tins. (El
-

- tint I
'

Xtiy-so

If the limit exists ,
then it wouldn't

matter

what direction we approached O from , we
would

get the same answer .

Suppose xtiy → otio along the
x - axis .

Ie suppose y=o ,
and X to .

Then,

Exit ¥i•¥•E
So
,
approaching

0 along the

X- axis we
get l .



Now let 's approach O n

along the line y=x .

Suppose ly -- X and y -1-9×1=0, then
ix

i:÷÷÷÷¥÷÷¥¥:*
"

So as xtiy → 0 along the line y=x

we get - I
.

Since we get 1 approaching 0 On the

X-axis and - I approaching
0 on

the

f- LE) - f- Co )

line y=x , the limit lim ¥
Z-70

does not exist . Hence , flo)

does not
exist .



⑤ Let g :
A → d be analytic

on A where A Ed is an open set .

Let B = { ZEA l g (Z )
to } .

( il Let 's
show that B

is open .

Let Zo
EB

.

lets show that
to is an interior

point of B .

Since g
is analytic on A , g

is continuous

on A [class Them] .

Thus , g is
continuous on

the open
set A

containing Zo
and g (Zo ) FO .

Therefore, by HW
4 ,
there exists r >

0 so

that ghetto for
all ZED ( Zo; r )

with Dftoir )
EA '

yfngxagte )
-



Since gczl to
FEED ( Zo ; r ) , and

Dfzojrl EA , we
have that

Dftgr ) EB .
So, Zo is an

interior point of B .

Thus
,
B is open .

-
(ii) Since 1 is analytic on B

and gcz ) is analytic
on B , an

'd

get to
on B
, by thin

from class getz, is analytic

on
B

.

I


