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Recall : K is an extension of F
.

Aut C KAI = { r :ktkirsgisof.fi:'m! }

-

Proper Let K be an
extension

of a field F
.

Then

Aut CK )={ r :
k-skis.is?rpn7sldm )

is a group under function composition .

And Aut ( KIF ) is a subgroup .

The identity element is i : K -2k

where i ( x ) = x for all XEK ,

The inverse of re Aut C K ) is the function o

'

!



Theorems. Let KIF be a field pg@
extension and let LEK be algebraic

Over F
. [ That is

,
there exists some

polynomial in FC x ] with L as a root
. ]

Let TEAut C KIF ) .

Then ok ) is a root of min

#
Cx )

.

proo Suppose that L Satisfies

It an . ,

L
"

't . .  . ta
,

Lt Ceo = O

Where a .
,

a
,

. . . , an . ,
E F

.

Since

TE Aut C KIF )
,

r fixes F
.

Thus

globo.ae/dhomomorphismT0=r(o)=rfLntamLF...ta,ataD
=

rkttrfan.hr/aYIo..trCa.1rCxltrCao
)

P
=

okita - i ?!!
'

ta:Iata .

g4I3Y7f¥TnY P
so

,
if a is a

root oft.fi/xntan-,xn-'tooota,Xtao
then so is TCH

.



EI . Consider
pgi@k-aCz43l-Eatb2htcXHY9b.ca

.gg
Lets determine

Aut ( Kla 7-
Autklk

'%yLet re Aut C Kla )
.

Then ,

t(atb2" 3
to @

"74

=r( a) to (b) r(2" 3) trklo( 2
"
3)

'

= at bo ( Z' B) to of 211312

PfiY]¥%%'
' godeterminedby what

By the last
thru

,
r ( 2113 )

is a
root of mines

,
@

C x ) = X
'

-2
,

The roots are 2
"
3 243W ,

2 "3w2

Where w=eZ" " 3
=

- Iztrzi and

w
'

=
- I - Ez i

.

So ,

4213 ) E { 243,243W ,

2kW ' }
.



Since r : Chez
' " ) → acz

' 's ) find

④
we can 't have H2

' ' 3) = 2kW Cf Ch ( zits ,

and r( 2%7=2 "3wZ Et On ( z
" s )

-

in IR

minehinzThus
,

r ( 2431=2
' ? Thus

,

rlatbz
' "

to
243)

= at b 2
'

Btc 243

So
,

r is the identity

fvnction.taib.CIThus ,
Aut Call 's ) la ) ={ i }

where i is the identity function .I
⇐ Let 's calculate Aut ( Qcrzlke )

.

Recall ACE ) -

- { atbr I a. be a } .

Let re Aut C ACE ) la )
.

Then ,
r( atbr ) =

rcaltrcblrlrzlrf.es=at
b off )

.

⑥By# previous
theorem HE )

is a root of Mrz
,

a
( x ) = XZ - 2

.



So
,

r (E) EE T2
,

- E } pg①
-

roots of Mrz
,

@
( X ) = X

? 2

Both of these roots are in ICEL .

So we have two possible functions :

T
, (

atbrl-atbrzrzcai.br/=a-brz-idaenII?Ii--rI

You can
check that both of these

are isomorphisms .

[ Or better yet

the next them will guarantee it
. ]

So
,

Autlacrlla )={ i
,

or
}

where i is the identity function

and re: central → ACE , isrzcatbr
) = a - bra .



Theory : Let K be the pg④
splitting field over F of the

Polynomial f ( x ) E F [ x )
.

Then I Aut C KIMI E Ck : FT

with equality if f C x ) is operable over F
.

-
Def : Let KIF be a finite extension

.

Then K is said to be Galois over F

and KIF is aGaloisextensioif
I Aut ( KIF )l=[ Ko :F ] .

If KIF is Galois then AUHKIH

is
called the Galoisof KIF

l/F)frAutklH
.

Deff If f Cx ) is a
separable polynomial

over
F

,
then the faloisgrffx )

overt is Gal ( KIF ) where K is

a splitting field for fat

over F
.



Qtr ) is the splitting pg①
field of the separable polynomial

XE2 over Ch.

celrzl Aut Carella ) -

- { I
,

a }

12 So
,

I Aut Cathal1=2
=

a
= [ acres : a ] .

So ,
this is a

Galois extension

and Gal fairya) = { I
, ra }

.

#We don't need to check that q

is an
isomorphism

because
since

ICE ) is the splitting
field of

XZ -
2 over

A and XZ - 2 is separable

we
must

have I Autcchcrlkht
= [ acre ) : a) =z

and we only
computed two possibilities

So both r
,

in the last example .

and E. are

in Aut ( Chhfzlkh)
.



⇐ The splitting field of pg@

x'
- 2 over

Q is

K=QCz" 32
" '

w
,

2"w4=Qk"3w )

where w = £
" it I - I try ; .

I C z
"
} w ) -

K- mg:" II' txt

and OI
,

C × ) is irreducible

over Chez
's ) EIR since its roots

:
a

✓

So
, [ Ch ( 2

"
; w ) : a ] = 6

continuednext-time.co


