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Finilef¥cod

④

theorems ftp.x-fpn - { o ) is

a cyclic group under multiplication .

-

theorem's For each divisor

m of n
, Rpn has a unique

Subfield of size pm .

Moreover ,
these are the only

subfields A Fp " '

Fss-Ex : Subfields Fsa

of Fss.

I

Fs=2s



13.6 - Cycle tonic polynomials P⑤

Recall if O is a real number

then eio = cos Lotti since )

:: ii÷t÷
free

"
= cos Itis in

.

Note that if Of a En - I
,

then

( si ) :( I at
'

= e' "

iacosfztaltiginfaia,
= I



So , 1,5N,
Si

, . . .

,
Si

"

p⑤
are

distinct and they each

solve X
"

- I = O

.Therefore ,

x.

=ci÷÷÷÷÷÷
=÷ix . sit

.

.

.

;⇐ .

These elements subdivide

the unit circle into_nsli
⇐ x'
t-fx.si/Cx-5iKx-572Ti/3z--e=fx-hCx-Ssllx

- 534am-#÷&
•

'

-
-

'



The field Chch ) is p④
the splitting field for X

"
- I

over Chg where fn = C
21 Til

.

The field CHCH is called

the cycle to mic field of n - th

rootsofvnitye.

-

Let

Mn = { ZEEIz "
- 1=0 }

={ Silos as n - I }

=L I
,

Sn
,

si
,

. . ,
Si

"

}

Un is a cyclic group
under

Mythilication
.

un is calledthe g

nthrootsofvnityove# .



The generators of  the cyclic P⑦
group Zn under addition are the elements

a- E Zn where god ( a
,

n ) =/
.

Since q : In → un given by

9 (E) = Snk is an isomorphism

of groups ( you
can

check this )

we have that the generators

of µ .

are
the elements

Sna =p ( I ) where
I Eas n -

I

and god ( a
,

n ) =L .

[ An isomorphism
of cyclic groups

maps generators
to generators .

]



Def: If 5 generates Un pg⑥
as a group under multiplication ,

then S is called a

primitiventhrootofunitz
.

-

So
,

the primitive nth roots of unity

are { Sna I gcdca ,
nkl

, leash - I }

#mmm
⇒ me { 1,52 } Ms -

- El
, 53,55}

• e'

⑨
,

ii.t÷.si/ci.oIi.esi
e.a

primitive roots : 52
"

primitive roots :S }
,
}



i
: My -

- { I

,
Sy

,
Sys

}=g
,

P④

ns..ee#i=ee

' i' Y' is

⇐

isKari
:#Erm ,

Iis.
'

÷:FrITfor:¥n¥primitive

To:b .

-¥=ei=- i

rprimitiuerootsi.nu#/NuzFqi,-i3eMyfy=i,5y3--

- i - I is a primitive
root for Mz

q=e%i=cosfEItisinfEµ

= Oti . I = i



n = 8

ns.T.i.s.ssissssi.si.si ,

P⑧

④⑧
• •

O •
⑧

is ••y⑧÷÷÷÷÷÷÷÷÷÷÷÷÷÷i÷

is 584 = - I

pri#otqµ

is58=1 .



Propositions µ , Eun iff d.In,P⑦
proof !

⇒ Suppose Md E Mn .

Note that Iµdl= d and funk n
.

So
,

by Lagrange 's thin
,

d In
.

↳ Suppose dln .

So
,

n=dk
,

where

Let 5 End .So
, ft ,

.

KEZ
.

Then ,gn=gdk=
1111 .

So
, f Eun . ④



.

Defy Define the nth cycle tonic

iaIncite
p④

Enlxk IT C x - 5) =

ITH
- Sil

SEM n
Kash

5 is primitive god Ca
,

n 1=1

Note that degree ( En ) =p ( n ) = # generators

✓
of Uh

Euler = 121ft
Phifunction

THI X
"

- I = In Each

Proo We have that x
"

- I -

-

TIX - 5 )

5 Eun

If we group the elements together based

on
their orders in the group we get

xn-i-ay-nsetufx.sk TEAMdln

5 is primitive
in Md


