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Testy - Next weds .

P①
Next Weds , no class

.

You 'll have a time window ( 724 hrs)
and in that window you choose

the 2 hr period you want to

take the

test
.

Window -

Weds morning - Thurs
. night

I'll email you
the test

and post on website .

You take it and scan
and

Email back to me .



theorem Let F either be P⑤
a field of characteristic O ( such as

a ) or a finale field
.

Every irreducible Polynomial over

F is separable .

A polynomial in F Cx ) is

separable iff it is the

product
of distinct irreducible polynomials

from
FCXT .

Ecowas
,
?YfI%?7)



Theory: Let F be a field pg③
of character ice p where p is a

prime .

If a ,
b E F

,
then

( at b) P= apt BP

And ( ab )
P

=
AP BP

Thus ,
the mapping g : F -2 F

given by q ( x ) = XP is a

field
homomorphism .

Moreover , of
is injective ( one

- to - one)

( If F is finite ,
9 is onto .)

⇐*¥is¥sn÷¥¥i÷:



proof: Let a
,

b EF
. pg

Then since F

is
commutative ,

( at b) that (7) at
- I

b t ( E) AP
-

2b 't . . .

ooo t ( p? , ) a BP
- '

t
BP

.

Note that (E) E 21 for O Ei Ep ,

So here we are
thinking

of

where 1 is the

( Pi ) as 1tttoo.tt# I element

( I. ) times of F
.

Claim pl ( Pi ) if IEIEP -

lip
,

why?_ Note that (E) = I ,

and the numbers C p - i ) ! and i !

only involve factors less than p

( since I sis p
- I )

.

Hence the denominator

cannot cancel the p in the numerator .

He are using that p is prime here .]



Since p I ( E ) for Isis p -
I p③

and F has characteristic p

we get that (E) =0 for Isis p - I
.

So
, ( atb )P=aPtbP .

Since F is commutative ( ab ) 'Ea%!

So 9 : F  → F given by

qCxI=xP is a field homomorphism .

Let 's show q
is one -

to - one
.

We know Keitel is an
ideal

of F
.

Since F is a field ,

her (g) ={03 or
kulak F

.

But pl 1) = I - I ¥0 .

So
,

I Et her (9) .
So ,

her (9) FF
.

Thus ,
kerfql

-

- { o } and

a
is I - I

. #



The function 9 : F  -3 F pg①
given by q (

XI
= XP

is c Hea
' the Frobenius

a -

endomorphisms .

( "TECH =p )

#
Thmi Let p

be a prime
and

NEZ ,
n > I

.

There exists

a finite field Ifpn of size p ?

proofj: Let Epn be a splitting

field for XP
"

- ×
over

Xp .

Last time we
saw

that this

polynomial
isseparable and

hence
has no

multiple roots

in Epn .

So
, XP"

- ×
has

precisely

p
" roots in Fpn

.



Let S={ teenIam-2=0 } . pg⑦
So

,
1st =P

"

. Fen

Note that Zp ES
.

Why ? If XEZp× ,

then XP
- It = O

.

:÷÷÷÷÷÷÷÷
.

or

XP
= X .

This is
also true for

x=O .

Thus ,XIxforallxczp.IM
us

,
XP ! x

" P ".PL#PjY.../P=X,Vxefp
.

So
,

XP
"

- X = O tf X E Zp .

Thus , 2ps SE Epn .



Let 's show S = Epn .

Let 413 ES
.

ThenLPIL
P⑦

and BP "=B '

=2

So
,

C- pent -

- thrash - pot

① OPIO
,

111
,

so OES , IES .

② ( a - B) PI NIC -

BYE
a - B

Ipeatedvsecffrobenivsavtomorphi.sn
\ ( at b) P= art BPElated

So
,

L - p E S

③ Cap )M=LPnpP xp .

So
,

APES .

④ ( a- yr Carry
- '

=L ! So
,

I' ES
.

By 10,20 ,
⑦ ⑨ we have that

S is a subfield of ffpn .



So
,

S is a field containing pg①
all the roots of XP "- X = o.

So ,
S itself is a splitting field

of XP
"

- × .

So , Epn = S
.

And I Fpn I =p
"

.

-

theorem If F is a finite

field then IF I =p
"

where p

is prime .
All other finite fields

of size p
"

are
isomorphic

to F
.

proof's Let F be a
finite field

of characteristic p where p
is

prime .

Consider the prime
subfield

{ 0,1 ,
It 't

,
It 11-1 ,

. . .

,Ita . .tt )
-

Xp I p - I times



So
,

F is an extension of Zp ,

pg1@sg.moseceizet-n.o-

c÷÷÷÷¥

F  ={ a
, pitapat . . . tanpn / ai E

where { pi ,
. .

, Pn } is a basis for F

over#

Thus
.

H
?÷÷÷E¥P

?

Since FI F - { o } is a group
under

multiplication of size p
"

-
I

,
we get that

LP
"

- 1=1 f LE F ? So
,

XP ! 2=0

for all LE F ? Also
,

Or
"

- 0=0
.

so
,

2^-2=0for all LE F
.



Since IFI =p
"

and ⑧
In - 2=0 to E F

we get that F is a

splitting field for XPIX
.

So
,

F  I Epn since splitting

fields are isomorphic .


