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Def If K is an algebraic

extension of F and is the

splitting field over f for a

collection of polynomials in FCXJ
,

then K is called a normale

extension of F
.



EI .

F  

= a p⑤
K= Chlrz )

K is the splitting field of XI 2

over F
,

so K is a normal

extension of F .

-

E Consider x 't 4 over Q
.

Note that

I't4 = ( x 't 2x t 2) ( X
'

- 2×+2 )
-

-

→
roots of these polys Eisenstein

are I I Ii
,

ie with p
-

- 2

shows these
Iti

,
I - i

,
- Iti ,

- I - i .

one irreducible

Let k=QCi )
over a



K -

- Chl :) is the splitting field pg①
of ×4t4 over A

.

K -

- Ali )

!2mmini,axI=

Ali ) = { at bi / a ,bEQ }



Theorem ( Them 27 in the book ) p
-

Let of : F  → F
'

be an isomorphism of

fields .

Let f C x ) E F Ex ] be a

polynomial and let f
' ( XIE F

'
Cx ) be

the polynomial obtained by applying

q to the coefficients of f- ( X )
,

n-ffkt-E.oanxki-ftxl-f.ie

Can)xk]

ftp.yfedorfxl
over F and let E

'
be a splitting

field for fkx ) over F !

Then the isomorphism q
extends to

an isomorphism T : E  → E
' where

Tle =p [ ie rlx ) =p Cx ) FXEF ]

q:fT79 : F - F
'



Let F = F
'

, Hxkfyx ,!P④
of = identity function in the

previous them
, we get  

:

-

Corollary : Any two splitting

fields for a polynomial

f-CHEFover F

are
isomorphic .

I|c⑧mmentay#K= FEW , ,
E FCO )

⑦ is

| a root

pit'y=fc× ,

F- of f



-

sYeenip④
Defy Let F be a field

and let f Cx ) E F Ex ]
.

Let E be a splitting field for

f- ( x )
.

In E we can
factor

f- into

fan = C ( x - a. Y' ( x - ad? . . ( x - an )
"

Where
Li

,
22 ,

. . . ,
Lk are distinct

elements from E
,

and CE F ,

and ni 71 for all i .

We say that di is a

multipleroot of f if ni z 2
,

otherwiseI
is called a simpler if ni =/

.

ni is called the multiplicityof hi



Def: Let f I x ) EF Cx )
. p⑦

We say
that f is

separablyif it has no multiple roots in a

splitting field ,ie i

all its roots.aesimple
.

Otherwise we call f

E XZ - 2 is separable

over
Ch since

xZ2= ( x -
f) ( Xtra )

-
E Xt -4×2+4

is inseparable

over Ch since

×4 -4×44= ( x
's 2) ( x

'

- 2 )

= ( x - f) Zcxtr )
'



Def : Givenpg8@flxt-anxntan.iX

"
'

't . . . ta
,

Xt Ao

with f C x ) E F Cx )
,

define

the derivative of f to be

Dxffxknanxn
- '

t In - Han ,

XI . . .

+ Zaz X ta
,

-

Note Dxfcxl E F Cx ]

Also
,

here the coefficients from the

powers
are positive integers So

can
be embedded into the

field .

Ex : 5=1 t It It Itt

where I is the

identity of F



D× will satisfy the usual pg①
properties like

Dxcflxltglxl ) =  Dxfcxltbxglx )

Dx gCXD=D×fCx)
.GG/tDx9Cx1.fCx1

-

Propositions
Let F be a

field
and f- C x ) C- FCX )

,

Let
E be a splitting field

for f C x ) over
F

.

Then

f- C x ) has a
multiple root L

iff a
is also a

root

of D×f ( x )
,

So ,
fix ) is separable iff

f ( x ) and Dxfcx ) share no

Common
roots .



proot: p④
( =p ) Suppose a is a

multiple
root of f- C x )

.

Then
,

f C x ) = ( x - 2)"
g Cx )

Where gcx ) EE [ x ) and n
32

.

Then
a-

D×fCx)=n( x - x , gcx )

t c x -
x )

n Dxgcx )

D×fCa1= n C L - a)
" '

g Ca )

+ C a -

a)
n 13×961=0

So ,
a is a

root of D×fCx )
,

(G) Suppose L is a
root

of f- ( x ) and Dxfcxl .



Then ,
f- I x ) = ( x - d) hlxl p④

where hlxl E E C x )
.

Thus ,

D*Hxl=
h C x ) t ( x - a) Dxhlxl .

We know 17×4*1=0 .

So ,

O = heal tCa-a)D×h#
O

Thus ,

h (4) = O
.

So ,

hcxl = C x - a) h
,

Cx )

where h
,

l x ) E E ( x ]
.

Thus , f- ( × ) = ( x -

a) hcxl

= ( x - ath ,

C x )
.

So
,

a is a multiple root of f
.

④



EI : Let p be a prime . p④

Consider XP
"

- X over Zp .

Ex:xEx=#ZD
Then ,

-

D×[xEx]= pix't '

- I

= On XP
"

-

T

- # I in Zp .

=
- I

Since D×[xKx ] has no
roots

,

it has no common
roots with

XP
'

- x in a splitting
field

.

S9XExisseparableouer2#



Idealatek

pg①

Zp

Then E will be a

finite
field

of size pn

-

xEx=x[ xp
"

- D


