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Abstract

We consider control problems that arise in the context of the IRVS. Specifically,
we study the dynamics of systems of fully autonomous agents that are expected to
optimize a global potential function of which they have only partial knowledge. Our
ultimate goal is to characterize mathematically the global performance of agent-based
systems in which the inter-agent cooperation is based on local exchange of information.
First we introduce what we call the Opera Problem, a natural abstraction of a class
of motion problems arising commonly in systems of autonomous vehicles. We then
provide a centralized solution based on traditional control theory techniques. Finally,
we present and analyze a decentralized solution.

1 Introduction

The development of decentralized control systems may be interpreted as an attempt to create
systems of agents that somehow are able to perform reasonably well with respect to some
global criteria even though they possess only a limited visibility over the entire system [3]. The
suppression of the centralized “omniscient” authority, that typically characterizes classical
control systems, forces the autonomous agents to decide on the basis of what they can locally
perceive. We need to understand the interrelation between this global controller and what
can be inferred after a sequence of local interactions between the agents in order to explain
how and why the system will be globally well-behaved.

Similar questions about the general problem of understanding how locally exchanged in-
formation propagates through a system, have already been object of investigation in different
areas for decades. Two problems discussed in this previous work are to be particularly rele-
vant to our context: the theory of optimal convergence of load-balancing schemes for globally
sparse interconnection networks (see for example [4]) and the theory of rapidly mixing Markov
chains in connection with the Metropolis Algorithm [8].

The load balancing problem can be formulated as follows. Suppose we have a connected
distributed network of processors which are assigned a work load. The goal is to reassign tasks
so that each processor will perform an equitable share of the total work load. Moreover this
redistribution of duties would be realized through a diffusion scheme, i.e., a discrete sequence
of information exchanges between directly linked processors that, under proper conditions,
converges to global uniformity.

The Metropolis algorithm [6] is a procedure for sampling from a typically large set of
objects (2 according to a specified probability distribution 7. The algorithm requires the user
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to define a connected, aperiodic Markov chain K (z,y) on the set {2, with the only constraint
that K (z,y) > 0 implies K (y,z) > 0. The chain is then modified with auxiliary coin tossing
to a new chain M with stationary distribution 7.

The convergence of a load-balancing scheme is basically equivalent to the convergence of
a Markov chain that derives from the multiprocessor network, mutatis mutandis. This means
that the two traditions are complementary. Moreover, in both cases, it is vital, from the point
of view of the applications, that the diffusion process under consideration, (i.e., the iterative
exchange of work load between processors and the evolution of the Markov chain from a
random initial state) converges as fast as possible to its limit.

In the framework of load-balancing schemes we would be talking about optimal diffusion
[4] whereas in the framework of the Metropolis algorithms we would be talking about rapidly
mixing Markov chains [7]. Those two problems can be reformalized in graph theoretic terms
if we associate the nodes with the processors or the states of the Markov chain and the
edges with the connection links in the network or with the transition arcs in the Markov
chain. Several investigations, based on spectral analysis, reveal that the speed of convergence
is heavily affected by the graph connectivity structure. In particular, it turns out that this
velocity feature depends on the expansion properties of the graph.

We can view the convergence of such diffusion processes as the property that locally
exchanged information will eventually spread out. As a consequence the system will somehow
self-stabilize around a global optimum. The speed of convergence instead is more related
to how fast this information spreads. And in the context of agent-based systems this not
only implies efficiency issues but it might lead to unexpected misbehaviors due to temporal
constraints. This corresponds to situations in which “good behavior” is displayed when a
certain discrete process reaches its asymptotic stability. And this is required to happen in
time before the occurrence of some events.

For example we would like a set of vehicles proceeding along a short link with a certain
velocity to assume an ordered formation in a relatively short time. The study of formation
control is quite common in the area of robotics even though at the moment there are mainly
empirical results [1]. It would be interesting to provide mathematical grounds to several
schemas that might have several applications in the IRVS [3,9-11], considering that platooning
is just an elementary and quite limited vehicle formation.

In this paper we discuss several flavors of centralized and decentralized control for moving
agents such as the autonomous cars in the IRVS. In Section 2 we define the Opera Problem
and a stochastic process. In the opera problem, a collection of agents move towards a single
point, the exit from the opera house. The goal is to coordinate the exit of each agent through
the door. This problem is a useful abstraction for a class of motion problems that arise in
the IRVS. Several flavors of the general opera problem have direct impact on the IRVS. We
observe that by changing the formulation in the opera problem so that the agents converge
on a line direction rather than a point, we achieve the platooning behavior required by the
TIRVS. Additionally, by applying directly the Metropolis algorithm, we can encode the goal of
establishing a desired interplatoon distance for vehicles already aligned and platooned. The
idea is to set up a rapidly mixing Markov chain whose limit distribution represents the factions
of the final interplatoon distances. In Section 2.2 we provide a classical centralized solution
to the Opera problem, based on a global potential function to be optimized by the various
agents. In Section 2.3 we develop a decentralized algorithm that is basically a variation of the
classical solution and we prove its convergence. In Section 2.4 we show how the opera problem
is related to the agent taxonomy that we defined in [3] and we discuss criteria in order to
quantify the agents performance [5]. Finally, our discussion and future steps are presented in
Section 3.
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2 The Opera Problem

The Opera Problem can be defined as follows. Suppose n people wish to get out of a room
through a small door which allows only few or even just one person to pass at each time. We
would like to model the movements of the people in the process of approaching and crossing
the gate.

We believe that this “Opera Problem” provides the mathematical foundation for a class of
distributed algorithms that have an important role in the design of Planning and Information
Agents for the IRVS. Planning Agents will synthesize an action that can be translated into
a moving direction for the vehicle. We wish to control a set of vehicles towards platooning in
a decentralized fashion. Specifically, the control will use only locally retrievable information
gathered by Information Agents through a limited range interaction with neighboring vehicles
or with the local link layer agents. Information Agents are required to be accurate enough in
order for the planning algorithm to achieve a meaningful result.

In this section we begin with a classical formalization of the opera problem that leads
to minimizing a global potential function with a gradient descent method. Then we derive a
decentralized algorithm that allows each individual in the room to compute a descent direction
for the potential using only local information. Finally we prove that this method converges.

2.1 Preliminaries

We want to formalize the Opera Problem as a nonlinear optimization problem of the type:

min{f(z) |z € R"}

where R"™ denotes the n-dimensional Euclidean space and f : R™ — R is a continuously
differentiable function verifying the Lipschitz condition, i.e.,

AL > 0Vz,y € R™ ||V f(x) = V)|l < Lllz - yl.

One typical way to determine a solution is through an iterative procedure that starts
from a initial point in the space and follows a descent direction until a local minimum. If we
consider the sequence {z;} defined as:

{:L'O =Y € Rn:
Ti4+1 = Tg — VYt - Vf(.’l}'t)

Then, under mild conditions on {7:}, it is possible to prove that either f(z;) - 7 € R and
Vf(z:) = 0or f(x;) = —oo. We can assume only approximate knowledge of the gradient. In
this case, the formulation is changed by replacing the term V f(z;) in the equation with the
term s; + w; where s; is an estimate of the gradient on z; and w, is a perturbation vector.
This leads to the class of algorithms called gradient methods with errors, which have been
studied by [2].

In [2], the following result is proven:

Theorem 1 (Bertekas and Tsitsiklis [2]). Let z; be the sequence generated by the method
Top1 = Tp + Ye(se + wy),

where
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a) the steps v are long enough to guarantee a significant advance at each time even though

as t = oo they nullify:
oo oo
Y=o, D i < oo
=0 =0

b) the descent direction s; is in norm proportional to the gradient and it is not “too far”
from it, i.e., there exist c1,ca > 0 such that for all t:

llsell < ex(X+ IV £ ()3

—Vf(@) - s 2 el V()%

c) the perturbation wy is proportional in norm to the gradient, i.e.:

Ip,¢>0 Vit |lwell < velp + gl VF(@)))-

Then either f(z;) — —oo or there exists § € R such that f(z;) = 7§ and V f(x¢) — 0.

2.2 A descent method for the Opera Problem

Consider an instantiation of the Opera Problem. Suppose n people P, = (z1,y1), P =
(22,92), -+, Pn(®n,yn), scattered inside a bound environment, start moving altogether to
approach the unique small exit door. We would like each person to walk toward the door and
at the same time avoid impolite collisions with other people.

A suitable potential function E : R?2" — R might be the following (other artificial potential
functions are being considered, but at this stage we can take just one demonstrative example):

n n
1
E(x1, @2, .., Tn, Y1525 -5 Yn) = Z||P,~—O|| +25'Zm,
i=1 i<j 177 J

where O = (0,0) corresponds to the exit door and ¢ > 0 causes the second term to remain
bounded. The first summation clearly gets smaller as the points approach the origin whereas
the second summation represents a penalty to ensure that people are not going to collide
during the motion.

The classical gradient descent method for E would be given by

P(t+1) = P(t) — wVE(P(t))

where P(t) = (21(t), z2(t), ..., 2n(t),y1(t),y2(t), ..., yn(t)) is the state of the system at time
t. We can immediately observe that, since

OF z - IP:— Byl
@) = s —af Y (i) J
om Y= a4 (1P = P+

and
2 _ |Pi — Py|*2

n
Yi }:
_(g,y)_i—aﬂ (y_y)
Y R A P L P R

then the single agent A; associated with person P;, that at time ¢ has to compute its new
position z;(t + 1),y;(t + 1), with
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it +1) = :(6) = - g 0,50,

it + 1) = () = 7+ 5 (20,500,

would need global knowledge about the positions of all the other people in order to evaluate
its part of VE(z,y).

2.3 A decentralized approach

The key point in decentralizing the gradient descent method described above is that the
agent A; associated with person P; needs to estimate (8E (z,9), 2 B E (z,y)) using only local
information.

Suppose that each agent A; can detect the position of all the people that are within a
certain range, say p. This means that the computation of (2Z(z,y), 2 B E (z,y)) will be limited
only to the points that are within distance p from P; and thls will be the core of our method.

In this section we discuss analytical techniques that might be applied to study the per-
formance of our decentralized algorithm and we sketch an initial prove of convergence that
applies for particular values of the parameters o and 3.

First we may observe that our modified gradient descent method is indeed a gradient
descent method with errors. So, results like theorem 1, mentioned in the preliminaries, might
provide the kind of mathematical tools we need to achieve the strongest results, i.e., conver-
gence for the largest possible range of the parameters.

Formally, each agent A;, for i = 1,2,...,n, computes its new position as

I PO L 10 B 1]

sl =l = @I I1P:(8) = ()| <p (1P:(t) = Pi(®)l|* + ¢)?

. — () — yit) ) 1) = Pi(®)l|*~
yz(t + 1) - yz(t) "t ||H(t)” /3 ”Pi(t)_gj(t)llsp(yz(t) y](t)) (“-Pz(t) _ Pj(t)”a + C)2

This can be rewritten as

(e +1) = 0) = (G 0, 00) — £, 20.5(0) )

0+ 1) = 35(0) =1 (G 2l0):9(0) - 420, 5(0)).

where

1Pi(t) = P;(®)]|*~
(1P:(8) = B @)% + ¢)?

Eai(a(),y®) =aB D (wilt) —x;(D))
[|P;—Pj||>p
|1Ps(t) = P(8)[|*~2

| Pi—Pj||>p (O +¢)?
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A second step would be to proceed and try to prove that the error that is introduced after
the transformation that has turned the initial gradient descent algorithm into its decentralized
version can still be dominated. The idea behind this is that, although it is true that each agent
uses only local information to learn about the global state and so update its new destination,
we may argue that as the system evolves such an error would ultimately vanish.

Let us now observe the following.

Lemma 1. Let a > 1 and ¢ > 0. Then for all p > 0 and for all times t, the error vector is
always bounded in norm.

Proof. We are going to show that the perturbation vector is in norm bounded by a constant
a=1
term independent on the norm of the gradient. Let f(x) = (‘;fT)g and

>0 >0 | (2@ + ¢)?

M(a) = max{f(z)} = max {Lﬂ} .

Notice that the value M is attained by zo = (¢(a —1)/(a + 1))= and we assume p > zo. By
the properties of the moduli we can derive the following chain of inequalities:

| &ailzy) |<B Y fUIR=P)

|1 Pi—F;|l>p

<g Y min{M(a),f(p)}

|1 P:=P;|>p

<B(n—1)- Ala,p).
It is immediate to see that also | &y, (z,y) |< B(n — 1)A(a, p). Thus it follows that

n

1€(2(®), y @)l = chc (), y(8)* + D & (2(t),5(1)* < BV2n(n — 1) A(a, p)-

=1
Now, we can introduce our result:

Theorem 2. Lety; =1 for allt > 0. Then there exists Bo = Bo(a,n) such that all the agents
reach the gate within o finite interval of time.

Sketch The idea is the following. Since

oax {f(2)} < M(a),

we may easily establish a threshold fy such that for smaller values of 3 the vector determined
by the main goal term: P;/||P;||, having unitary norm, will always prevail over the penalty
term having norm upper bounded by 8(n — 1)M (). This will cause each agent to reduce, at
each step, its distance from the gate of a nonnegligible value.

The intuition behind the above result is that the global information each person needs
pertains to only the penalty term in the potential function and this can always be dominated
by the main goal term for particular values of 3. Moreover, people far from each other do
not contribute significantly to the respective penalty term in the gradient of the potential,
because the chances that they will cause a collision in the short-term future are quite slim.
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2.4 Planning and Information Agents

From the previous analysis we were able to conclude that our decentralized method converges
for all possible positive values of the parameter p. We have not said anything about how the
extent of the perturbation affects the motion of the people so far. It is clear that for very
large values of p such a perturbation would be very small suggesting an efficient convergence
process. On the other hand if we have too small values for p, the people will mass very quickly
in front of the gate and eventually they would get stuck because of lack of maneuvering space.

Clearly, the perturbation £ depends in general on both the range capacity p of the sensors
and their precision, say €. So measuring £, through for example the parameters p and e, will
determine the quality of the Information Agents involved in the detection of the position
of the person in question and its neighbors. This will, in turn, allow a quantification of the
performance of the Planning Agent.

3 Future Work

Here is a list of steps that we believe are important for our deeper understanding of the opera
problem and its connection to the IRVS.

— We are developing simulations of the decentralized algorithms in order to provide exper-
imental evidence of their performance.

— We plan to study other interesting abstractions of motion problems. In particular we will
investigate generalizations of the Opera Problem, in which vehicle alignment issues and
non trivial formations are considered.

— We would like to investigate how to discretize the continuous Opera-like formulation of
the motion problems for the vehicles.
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