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Overview

» Joint Work with Phyllis Chinn, Humboldt State University

> Interested in tilings with square tiles [ .

Trlr(\,n: # of tilings of size m-by-n with 1x1 and 2x2 tiles

Trlr(\,n = # of tilings of size m-by-n that contain exactly k
2x2 tiles

0 General Results for Tr: .
O T;n and T;n - Recursion and explicit results, patterns

O Tﬁn and T;n- Recursion and patterns
[0 Extensions to m > b 22?2?27
O Generating functions for Tr: - and Tm .

O Asymptotic results



Notation

Tm,n = total number of tilings

TX = # of tilings with k 2x2 tiles

mxn area ~ mrows and n columns

General Results

A0
1) Tm,n = Z) Trl;'(\,n Clnd Trl;'(\,n =0 for' k >BTH

2) Tr}m =(m-1)(n-1) for m=1, n>1

3) Trg o =1 for all values of m and n

Proof:

2) A single red square can have its lower left corner in any of
m-1 rows and n-1 columns

3) In this case the tiling consists of all white tiles.



Casem =2 and m = 3:

Recursive Formulas:

kK _Tk .Tk1 Kk _Tk o7kl
Tz,n‘Tz,n-1 Tg,n-Z and T3,n T3,n-1 2T§,n-2

for n=2, k=1

Explicit Results:

Proof:

For m = 2, there is a one-to-one correspondence to tiling with
1x1 and 1x2 rods

—

Brigham, Caron, Chinn & Grimaldi: "A Tiling Scheme for the Fibonacci Numbers”,
Journal of Recreational Mathematics, Vol 28, No 1.



For m = 3, we need to show:

k _Tk ,2Tk-! k _hkO ok
LEYE 2T§,n-2 and T | =0y B*

! ! !

Recursive formula:

,n-1
or with either a F or‘E :>2T3,n-2 tilings

Explicit formula:

Either the tiling starts with a E = Tg tilings

Line-up of white stacks and mixed stacks; if we have k red
tiles, then there must be k mixed stacks and n-2k white
stacks, i.e. n-k objects. Select the positions of the mixed

stacks
K

= E"k Epossible choices
ok ©

Once positions of mixed stacks have been determined, there
are two possibilities for each position
h-kC

= 2% possible tilings
M 9



Patterns for'Tan

S
-
x

0
0 1
1 1
2 1 |1
3 1 |2
4 1 13 |1
5 1 |4 |3
6 1 |5 |6
7 1 |6 |10
8 1 |7 |15 1
9 1 |8 |21 5
10 |1 |9 |28 15 |1
11 |1 |10 |36 6
12 |1 |11 |45 72121 |1

Patterns:
1 _np-
1) T2,n =n-1
2) Diagonals of slope -1 contain rows of Pascal's triangle

3) Values in I™

diagonal of slope -2 equal values in column for k

k _
Y T



Proof:
1) General Result (2) for m = 2.

Entries in the ™ diagonal of slope -r are given by TkI ok

2) For I=1 this means we look a’erI K Thus we need to line

up n-k = l+k-k = | objects . Select the positions for the k
red squares

Tl

K
) T3 ok T2 kel

Combinatorial Argument: Replace squares . by stacks B
and vice versa.

, o). T2 =3=T1
Example (I = 1, k = 2): T2,5 3 T2,4

__ = N
HEE W
il B

4) TIn this case we are placing k red tiles into an area of size
2x(2k) = 4k -> there is only one way to do this.




Patterns for Té‘
n

Ao (1|2 3 |4 5 6

0

1 |1

2 |1

3 |1 |4

4 |1 |6

5 |1 |8 | 12

6 |1 (10| 24

7 |1 |12| 40 @32

8 |1 (14| 60 80

9 |1 |16| 84 |160| 80

10 |1 |18 | 112 | 280 240

11 |1 |20 | 144 | 448| 560 | 192

12 |1 |22 | 180 | 672 1120 | 672
Patterns:

1) Tg . =2(n-1)
2) T?’Zn =2(n-2)(n-3) forn=4

k _ok
3) T3,2k'2 for k=1

4) T:;( l+2k =T;l~, 2|+k2k'| (k™ column & I™ diagonal of slope -2)



Proof:
1) General Result (2) for m = 3.

2)& 3) are special cases of the explicit formula for Té‘n.

4) Same argument as in the case m = 2, namely replacing white
stacks by mixed stacks and vice versa. However, there are
now two possibilities for the mixed stacks, thus an
adjustment factor of 2*!is needed.

Example: k = 2

k-1
T?t(,l+2k - Tsl,,2|+k - 2
column diagonal adjustment
elements elements factor
L TS 13,212 2"!
0) 2 = 1 . 4
1 12 = 6 ) 2
2 24 = 24 ) 1
3 40 = 80 " 11/2
4 60 = 240 "1 1/4
5 84 = 672 "1 1/8




Case m = 4.

min{k+1,n}
< TK k-1 k-2 k-r+1 S
T4,n'T4,n-1+3T4,n-2+T4,n-2*2 Z T4,n-r' for k=2

Proof:
We look at the first column (from the left)

1) No red tile in the first column = k red squares have to
occur in a tiling of size 4x(n-1)
k o1
= T4,n-1 tilings
2) One red square in the first column, and no red tile whose
lower left corner is in the second column = k-1 red tiles ina
tiling of size 4x(n-2); 3 possible positions for the red tile in
column 1
k-l yili
= 3T4,n-2 tilings

3) Two red squares in the first column = k-2 red tiles ina

tiling of size 4x(n-2)

k-2 yili
= T4,n-2 tilings

10



4) One red square in the first column, and one red tile whose
lower left corner is in the second column = interlocking
pattern that can start two ways:

Assume interlocking pattern covers the first r columns

= r-1red tiles have been placed. The remaining k-(r-1) tiles
occur in a tiling of size 4x(n-r). Smallest pattern has 2 tiles
(r = 3), largest has k tiles (r = k+1)

min{k+1,n}

52 Z Tkl'rff':l) tilings

11



Table of Values for T:n

1) len =3(n-1)

2) TAT,n =1 for neven

21-1 _
3) T4,2| =(1+1%2-1 for 120

4)

2l
T4,2I+1

=(1+2)? for =1

12

Alol 1] o2 3 4 5 6 7 8 10
0 |1

1 |1

2 |1 1

3 |16 4

4 |19 | 16 1

5 |1]12 37 @ 34 9

6 |1/15| 67 @ 105 | 65 1

7 |1|18| 106 248 250 | 108 | 16

8 |1|21| 154 490 | 726 | 522 | 176 1

9 |1]24| 211 | 858 | 1736 | 1824 | 994 | 260 | 25

10 | 1|27 | 277 | 1379 | 3604 | 5148 | 4090 | 1770 | 385 1
Patterns:




Proof:
1) General Result (2) for m = 4.

2) Placing n red tiles in an area of 4xn can be done in exactly
one way - all tiles are red.

3) In this case one less than the maximal number of possible
red tiles is being placed = 4 white tiles are being placed in
the tiling. Due to the geometry of the red tiles, these white
tiles occur as two white stacks of two squares, which can be
placed either horizontally or vertically.

- If stacks are placed vertically they both have to be in

either the upper or lower half of the tiling. In that half

there are |-1 red squares, thus EHE possible locations

02 ¢
1

= ZEH E=|2
02 ¢

- If stacks are placed horizontally they both have to be in
the same two columns, and have to be separated by a red
tile (other cases already covered) = | additional tilings

+| possible tilings

= [2+l+] = (I+1)% - 1 tilings

4) 2l red tiles cover an area of 4x(2l). Since the number of
columns is odd, there must be a stack in each of the upper
and lower two rows. This stack can be placed in (I+1) ways for
each of the two stacks = (I+1)? possible tilings.



Case m = 5:

k+1
k -Tk + k-1 + k-2 + k-r+1
T5,n_T5,n-1 4T5,n-2 3T5,n-2 ZZF Ther for k=2

r+l1 5,n-r

F. = rth Fibonacci Number

Proof: (Similar to case m = 4)

1) - 3) For the cases where there is no interlocking pattern, the
argument is identical except that for 2) (one red tile) and
3) (two red tiles) the number of possible placements of
the tiles in the first column is adjusted.
k k-1 k-2 4l
= T5,n-1 + 4T5,n-2 + 3T5,n-2 tilings

3) There is a one-to-one correspondence to the total number
of tilings of a 1xr area with 1x1 and 1x2 rods, of which
there are F..1. Each such tiling "creates” 2 interlocking
tilings with red and white squares that cover the first r
columns, which is then combined with a tiling of size
5x(n-r) which has k-(r-1) tiles

k+1

k-r+1
> 2 Z I::r'+ 1T5,n-r‘

14




Interlocking pattern

Middle row

“Creation”

15



Table of Values for Tgn

Nelol L] o2 3 4 5 6 7 8

0 |1

1 |1

2 |1 4 3

3 /18] 12

4 |1|12]| 37 | 34 9

5 |1|16 78 | 140 | 79

6 |1|20| 135 382 454 | 194 | 27

7 |1]24|208 824 1566 | 1344 | 408

8 |1|28| 297 1530 4103 | 5670|3698 | 926 | 81
Patterns:

1) T, =40n-1)

2l _al
2) T512|_3 for 1=0

Proof:
1) General Result (2) for m = 5.

2) Since we are placing 2l tiles, they cannot be in an interlocking
pattern (r columns -> r-1 tiles). Thus each pair of two
consecutive columns contains exactly 2 red tiles, which can be

arranged in 3 ways within the two columns = 3' possibilities

16



Connections with Alternative Method of Counting

Tiling an m-by-n Area with Squares of Size up to k-by-k (m< 5), Congressus
Numerantium 140 (1999), 43 - 64.

+ For m =4 and m = 5, the interlocking patterns are exactly the
basic blocks of size m x r

k+1

k_ k1+2 k-r+1
Tk DT PETE - S B Th

h-2 520 m,r 'm,n-r

Extensions tom > 5

Combined formula looks promising - but there is a BIG problem

e
. - K Ik
First three terms generalize TOTm,n-l + Z o D2

BUT

+ Interlocking patterns cannot be generalized, because the
width of the pattern does no longer determine the number of
red tiles within the pattern!!

17



Generating Functions

Idea: Create a function (in series representation) whose
coefficients count the quantity of interest

Tm n° Total # of tilings of mxn board with 1x1 and 2x2 tiles

G, (x):ZTmlnx" generating function

Tl'|\(1,n= # of tilings of mxn board containing exactly k 2x2 tiles

Im(X.Y) = ; Z}Trlr(\ nX”yk generating function
NS0K= '

Note:
gn(X.1) = zo nglnx" - zox" ngln _ ';Tm,nxn -6,,(x)

generating function for T,

18



Generating Functions

- Multiply the recursion equation by x"y

- Sum over appropriate values of n and k for which the
recursion holds

- Use initial conditions to obtain equation in the generating
function and solve for it

Results

> g(x,y)=(1-x-x2y)1 and 6,(x)=(1-x-x2)1
> gy(x,y)=(1-x-2x2y)! and 6G,(x)=(1-x-2x2)1

1-xy
(1-xy)(1-x-3x%y-x2y?)-2x3y?

and

> g,(xy)=

_ 1-x
64(x) 1-2x-3x2+2x3

1-xy-x2y?

d
1-x-xy-3x2y-4x2y2-x3y2.3x3y3.3x4y4 an

> 95(X:Y):

_ 1-x-x2
G =
5(%) 1-2x-7x2+2x3+3x4

19



Example of Expansion for Tgn

IN[2]:= Hormal]
Series[{l—yx—yzxz} !
l{l—]nc—]r':lc—31”(2—aSl]r'Z:lcz—1r23c3+33!'3:lc3+3]r'4:lc4}F
{¥. 0,8}, {x, 0, 8}]1]
Outfl2l= la+x+x’i{l+4yv+3v 1 +x (l+B8y+12v7) +

x4(l+12y+3?y2+34y3+9y4j +
Sil+ley +78ve +140v7 + 79 v +

2
2% (1+20v +135yv” +382 v  +454v* + 194 v" +27v") +
%' (1+24v +208v" +824v° + 1566v* + 1344 v® + 408 v°) +
20 (1+28v +297 v~ +1530v° + 4103 v* +5670v" +
3698 v" + 9267 +81v™)
IN[3]:= Hormal[Series[(l-x-x"2)/(1l-2x-Tx*+2x°+3xY,
{x, 0, 8}]1

Outf3] l+x+8x"+21x" +93x* +314x" + 1213 5% + 4375 %" +
16334 =°

Ao 1] 2 3 4 5 6 7 | 8 sum
0 1

1 1

2 14 3 8
3 1|8 12 21
4 1 12| 37 | 34 9 93
5 116 78 | 140 | 79 314
6 120|135 382 | 454 | 194 | 27 1213
7 124|208 | 824 | 1566 | 1344 | 408 4375
8 128|297 | 1530 | 4103 | 5670 | 3698 | 926 | 81 16334

20



Asymptotics

f(z):quz” ; [2"] = coefficient of 2" = ay

Facts from Complex Analysis:

» If f(2) is analytic for |z] < R, then a, = O(%w)n

» If f(z) is meromorphic (only poles) and zg is a simple pole
of f(z), then

a .
f(z) :Z'-Zlo + ZC(J(Z'ZO)J

PP(f,'zo):: ;;Zlo Principal Part of f at zg

ZGJ.(Z-ZO)J analytic at zo

> Q_q = lenz'\ f(z)(z-20)
)

21



Casem = 4

64(z) has poles at

3 2
21=%—ﬁ|'%(305[% [EI—McCos[— ?F" ] ]:

0.355415726775845015458661270215716305916958032266 ...

! 3 2
22:%— %Cos[%ﬂrcﬂos[— )\F/:T]]:

-0.744644285905039381396468265227424620577283114717 ...

! 3./ 2
23:i+ 1005[£Hrc(305[ ? ]]:
2 3 3 7

1.889228559129194365937806994311708314660324947648.

" = [ > Ve . 5
[2)6,(2) = [z]§>P(G4,zl) PP(G4'22)§+O%5*EE

- 0.191012 0.301069
Zln+1 22n+1

L
U
n

22



Casem = 5

65(z) has poles at

Z1 =0.2709802057537904152008174679265051829599027662177912 ....
Z2 = -0.5361047619344666715566582613028149502998433349161892 ....
Z3 =1.3272430955725595250992701091153328870491888508624863 ...

Zy4 = -1.728785206058549935410095982405689786375914948830755 ...

[2']6,(2) [z“]é’P(G ;zl)+PP(G5;zz)§+O%%+g§

~ 0.128186 , 0.115759
Zln+1 22n+1

ot

23



Approximation

> For m = 4, approximation matches exact value until n at
least 2000 using the exact solutions

> For m = 5, approximation matches exact value until n = 85
(using a precision of 40 for numerical computations)

> Asymptotics can be used to compute values, but be
prepared for round-off errors when dealing with numerical
solutions

> Asymptotics can be used to compare growth rates for the
two cases

24



