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Abstract

We nd generating functions for the number of compositions avoiding a single pattern or a pair of
patterns of length three on the alphabet {1,2} and determine which of them are Wilf-equivalent
on compositions. We also derive the number of permutations ba multiset which avoid these same
patterns and determine the Wilf-equivalence of these pattens on permutations of multisets.
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1. Introduction

Pattern avoidance was rst studied for Sy, the set of permutations of [n] = {1,2,...,n}, avoiding a
pattern T [33. Knuth [5] found that, for any T [CS3, the number of permutations of [n] avoiding
T is givien by the nth Catalan number. Later, Simion and Schmidt [8] determined |S,(T)|, the
number of permutations of [n] simultaneously avoiding any given set of patternsT [CSk. Burstein [1]

extended this to words of lengthn on the alphabet k] = {1, ..., k}, determining the number of words
that avoid a set of patterns T [CSk. Burstein and Mansour [2] considered forbidden patterns wth

repeated letters and we will use techniques similar to the oes used in their paper. Recently, pattern
avoidance has been studied for compositions. Heubach and Maour [4] counted the number of times
a pattern 1 of length 2 occurs in compositions, and determined the numbeof compositions avoiding
such a pattern. Most recently, Savage and Wilf [6] considerg pattern avoidance in compositions for
a single pattern T [33, and showed that the number of compositions ofn with parts in N avoiding

T [33 is independent oft.

Savage and Wilf posed some open questions, one of which askagbut pattern avoidance in composi-
tions where the patterns are not themselves permutations, .e., the pattern has repeated letters. We
will answer this question for all such patterns of length 3, and also consider pattern avoidance for
pairs of such patterns. We will derive generating functionsand determine which patterns or sets of
patterns are avoided equally often.
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2. Preliminaries

Let N be the set of all positive integers, and letA be any ordered nite (or in nite) set of positive
integers, sayA = {aj,az,...,a4}, Wherea; < a; <az < --- < aq. For ease of notation, \ordered set"
will always refer to a set whose elements are listed in incresing order.

A composition 0 = 0102...0y of n [N is an ordered collection of one or more positive integers
whose sum isn. The number of summandsor letters, namely m, is called the number ofparts of the
composition. For any ordered setA = {a;,ay,...,ax} [NJ] we denote the set of all compositions of
n with parts in A (with m parts in A) by C2 (Ci.,).

To de ne a pattern, we utilize the notion of words. Let [k]" denote the set of all words of lengthn
over the (totally ordered) alphabet [k] = {1,2,...,k}. We call these words k-ary words of lengthn.
A pattern T is a word in [T that contains each letter from [[J] possibly with repetitions. We say that
the composition ¢ QA (resp., o IZOﬁ;m) contains a pattern T, if 0 contains a subsequence whose
elements are order-isomorphic tot. Otherwise, we say thato avoids T and write ¢ QA (1) (resp.,

o Q4 (1)). Moreover, if T is a set of patterns on k]", then C2(T) (resp., C#.,(T)) denotes the
set all compositions inC/ (resp., o I:Cﬁ‘;m) that avoid all patterns from T simultaneously.

For a given set of patternsT and an ordered nite or in nite set A of positive integers, we de ne
|C,/$;O(T)| =1forall n=0 and |Cr’$;m (T)]=0for n<0orm < 0. We denote the generating function
of the number for T -avoiding compositions inC/., by C#(x; m); that is,
Crixm) = [Chn(T)IX".
n 0

Furthermore, we denote the ordinary generating(function fa CL(x;m) by C£(x,y); that is,
Cr(xy)=  Crixmy™.

m 0

For ease of notation, we denote the ordinary gs(nerating furtion C£ (x, 1) by C#(x); that is,

Cr(= ICR(MIX".
n 0

We say that two sets of patternsT; and T, belong to the samecardinality class or are Wilf-equivalent
if for all values of A, m and n, we have|C,’$;m(T1)| = |C,’$;m(T2)|. It is easy to see that for each
T [, the reversal mapdened by r : Ty B T i produces a pattern that is Wilf-equivalent to
T. For example, if T = 1232, then r(t) = 2321. We call {1, r(1)} the symmetry classof t. Hence,
to determine cardinality classes of patterns it is enough toconsider only one representative from each
symmetry class.

We also look at pattern avoidance onSpy,m,:m,, the set of permutations of the multiset S =
1mi2mM2 - kMk with m; > 0. Thus, Sm,m,:=m, IS the set of all words of lengthm = mj + - - -+ m that
contain the letter i exactly m; times. For a given set of patternsT, we denote the set of permutations
of the multiset S which avoid T by S m,:m . (T).

3. Patterns of length 2

Even though the main focus of the paper is on patterns of lendt 3, we will state results for compositions
and multisets restricted by patterns of length 2 for completeness. In this case, there are only two
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symmetry classes, with representatives 11 and 12. Avoidind1 simply means having no repeated
parts. Therefore, each parts occurs at most once, and the genating function is given by

Y
Chlxy)=  (1+x%).
a2A

A composition avoiding 12 is just a non-increasing string, e (see [4], Corollary 6.1)

1
CH(XY) = @—F——.
. aza 1~ X%y
For example, C),(x) = Q%,— = . oPnX", wherepy is the number of partitions of n.
j=

For multisets, the results also follow easily since avoidig 11 means that each letteri has to occur
exactly once (since, by de nition, m; > 0), and the k distinct letters can be arranged in k! ways. On
the other hand, avoiding 12 means that the letters have to be eranged in non-increasing order, i.e.,
in blocks of length m; for each letter i. There is exactly one way to do so.

Theorem 3.1. The number of permutations of the multisetS = 1™M:2M2...k™Mk which avoid the
patterns 11 and 12, respectively, are

ki ifm =1 0O

ISmlmziiim k (11)| = 0 otherwise and |Sm1m2:::m Kk (12)| =1.

4. Single patterns of length 3

For single patterns of length 3, there are eight symmetry clases for which we will use the following
class representatives: 111, 112, 121, 221, 212, 123, 132d&13. We will derive results for the rst ve
symmetry classes, those where the patterrt is not a permutation on [3]. The remaining three sym-
metry classes were considered by Savage and Wilf [6], and wallguote their results for completeness.
Readers familiar with pattern avoidance for words will notice that there are more symmetry classes to
be considered for compositions than for words. This stems ém the fact that the complement map,
c(o) = c(ai, @i, ..., )= ad+1 i,ad+1 i, .--ad+1 i, does not give Wilf equivalence for words, as the
elements in the complement ofc do not sum to the same value as the elements af.

The pattern 111

Theorem 4.1. Let A= {ai,...,aq} be any ordered nite or in nite set of positive integers. Then
Chabimi = 1y Daay?
T ml 2
m 0 a2A
Proof. Let o be any composition in C,ﬁ\;m (111) and A°= {ay,...,aq}. Sinceo avoids 111, the number

of occurrences oél the lettera; in g is O, EI1 or 2, and the number of such compositions is given by
Cam(111), mCh o . 1(111)and ) CA 54 .;m 2(111), respectively. Hence, for alln,m =0,

m

Chm(111) = CAn (111 + MCR o 111D+

]
Cﬁ\ 2ai;;m 2(111)-
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Multiplying by %x” y™ and summing over alln,m = 0 we get that

. 1 PUNCRIN
Chip (X; m)m = 1+xMy+ §X2a1y2 Chip (X; m)m-
m 0 ) m 0 ’
P m
Since |, oCi%(x;m)L =1+ x1y+ ix2ay2 we get the desired result by induction ond. 1

For multisets, we get a result that is similar to the case for the pattern 11. Avoiding 111 means that
each letter i has to occur either once or twice (since, by de nition, m; > 0), and the m; + -+ my

ia(ma+ +my)!
letters can be arranged mW ways.

Theorem 4.2. The number of permutations of the multisetS = 1™M:2M2 ... k™M« which avoid the
pattern 111 is

(mi+ +my)! :

it *Me)  jfm <2 [0
Smimyum, (111)] = mal my! '
ISmim,m  (111)] o otherwise

The patterns 112 and 121

We start with the pattern 121. If a composition ¢ IZG,’i;m avoids the pattern 121, then it cannot
contain parts other than a; between any twoaj's, which means that if o contains two or more a;'s,
then they have to be consecutive. Deletion of alla;'s from ¢ leaves another compositiona® which
avoids 121 and contains noa;'s, so all ay's in ¢%, if any, are consecutive. In general, deletion of all
parts a; through a; leaves a (possibly empty) compositiono~on parts & +1 through ag in which all

parts a;j+1 , if any, occur consecutively.

On the other hand, if a composition o IZ(]r’]*;m avoids the pattern 112, then only the leftmost a; of

o can occur before a greater part. The rest of thea;'s must occur at the end ofo. In fact, just as

in the previous case, deletion of all partsa; through a; leaves a (possibly empty) compositiono on

parts & +1 through ay in which all occurrences ofa; +1 , except possibly the leftmost one, are at the
end of ). We will call all occurrences of a parta;, except the leftmost a;, excessa; 's.

The preceding analysis suggests a natural bijection
(4.1) p:Chm(121) - Chpy (112),

wherep is de ned by the following algorithm. Given a composition o EC\ﬁ;m (121), we de neo©@ = ¢

and apply the following transformation of d steps. Letol 1 be the composition that results from
applying the transformation step j — 1 times. Then de ne o) to be the composition that results by
cutting out the block of excessa;'s and inserting it immediately before the nal block of all smaller
excess parts inall Y| or at the end of ¢l D if there are no smaller excess parts.

For example, for o = 22433111, we have the following transformation:
22433111 22433111- 24331211 24313211 24313211 =p(22433111)
It is easy to see that at the end of the algorithm, we get a compsition o(® TP, (112).

The inverse map,p *: Ch . (112) - Ch,, (121) is given by a similar algorithm of d steps. Given a
composition o IZCﬁm (112) and keeping the same notation as above, the transfornieon step consists
of cutting out the block of excessa;'s at the end of ol D and inserting it immediately after the

leftmost a; in o0 .
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Clearly, we get o(® [GQ/(121) at the end of the algorithm and have therefore shown tha the
patterns 121 and 112 are Wilf-equivalent on compositions.

We will now derive the generating function C£},(x,y) = Cf,(X,y). Consider all compositionsc [1
C,ﬁ\;m (112) which contain at least one parta;. The generating function for these compositions is given

by
(4.2) HEL(6y) = CRa(x,y) = Chio(x,y),
where A= {ay,...,aq}. On the other hand, each sucho either ends ina; or not. If ¢ ends inay,

then deletion of this a; results in a composition ine- CQf , ., 1(112), since addition ofa; at the

right end to any composition in & QA a;:m 1(112) does not produce an occurrence of the pattern
112,

If o does not end inaz, then it has no excessa;'s occurring at the right end of o. Deletion of the
single a; produces a compositiono~[Q4} E'al;m 1(112). Since insertion of a singlea; into each such
6 Eqﬁmal;m 1(112) does not produce an occurrence of the pattern 112, we rgansert a singlea; in
m — 1 positions (all except the rightmost one) to get a compositon o |:q$;m (112) which contains a
single a; that is not at the end. Thus, we have an)z';llternative expressia forHZ, (x, y):
(4.3) Hip(xy) = xMyClip(xy)+ (M=DICH aym 1(L12)X"Y"

n a;;m 1

0 O
Xy Clia(x,y) + X y? - Clia(x,).
Combining (4.2) and (4.3), we get the following theorem.

Theorem 4.3. Let A = {ai,...,aq} be any ordered nite set of positive integers and letA®? =
{az,...,aq4}. Then the patterns 112 and 121 are Wilf-equivalent on compositions, and

o 0 o
(1 =xy)Chp(xY) = Chalx,y) + Xy? - Cl(x.),
or, forall m=1,

Cho (6 m) = CR, (6 m) + X7 Cfi,(x M = 1) + (M = 1)x® CH, (6 m — 1),
where Cf},(x;0) = 1 for any ordered setA.
For example, if A = {1,s}, then A= {s}, CA,(x) = (1L —x°) ! and Theorem 4.3 gives

1—x5+ x1*s
(1—x)(1 —x5)2°

In particular, if A= {1, 2} then C{},(x) = % i.e., the number of 112 avoiding compositions
is given by {1, 1, 2, 3, 4, 6, 7, 10, 11, 15, 16, 21, 22, 28, 29, 36, 37, 45, 46, 56} for n =0 ...20.
This sequence occurs in [7] as sequence A055802, whmél;zg(llzn = T(n+3,n—1). A closer look
at this sequence shows remarkable structure, for which we Wigive a combinatorial explanation and

an explicit formula for the odd and even terms.

C1A12(X) =

For ease of notation we de nea(n) = |Crf11;29(112)|. The sequence above suggests tha(2i) =
a(2i—1)+1 and a(2i +1) = a(2i) + i. Since compositions avoiding 112 have only the leftmost 1
occurring before a larger part, they either have to end in a 1,or, if they end in a 2, they can have
either no 1 or exactly one 1. Thus we can create the compositits of n > 1 avoiding 112 as follows:
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(1) Append a 1 to each composition ofn — 1.

(2) Create the compositions ofn ending in 2 as follows: Ifn = 2i, create the compaosition of all
2's (of which there is one). Ifn =2i+ 1, then create the compositions of all 2's with a single
1 by inserting the single 1 at any ofi positions (except the end), which creates an additional
i compositions.

Considering the sequences for odd and evem separately, we obtain from the previous argument that
fori=0,

Xi X1
ai+1)= Jr(i+D)=(i+1)(i+2)/2 and a(2i) = j+(i+1)=(i2+i+2)/2.
j=1 j=1

The sequence of odd terms equals the triangular numbers (A@217 in [7]). Among the many com-
binatorial objects counted by this sequence are the permutions of [n] which avoid 132 and have
exactly one descent. The sequence of even terms did not prextisly occur in [7]. Using the formulas
for odd and evenn, we can verify that a(n) = %(an +6n+11 —(2n—=5)(—1)").

The reasoning that led to formulas for a(n) for A = {1, 2} can be extended toA = {1,s}. If we let
b(n) denote the number of compositions onA = {1,s} avoiding 112, then fors = 4, {b(n)}2%, = {1,
1,1,1,2,3,3,3,4,6, 6, 6, 7,10, 10, 10, 11, 15, 15, 15}1and we see that the values form(2i + 1)
are repeated three (=s — 1) times. This is explained by extending the algorithm for creating the
compositions recursively. The compositions have the samdrsicture - they can end either in 1 orin s,
and if they end in s, either one or no 1 occurs in the composition. Thus, we creatéhe compositions
of n > 1 with parts in A = {1, s} avoiding 112 as follows:

(1) Append a 1 to each composition ofn — 1.

(2) Create the compositions ofn ending in s as follows: Ifn = s - i, create the composition of all
s's (of which there is one). If n = s-i+1, then create the compositions of alls's with a single
1 by inserting the single 1 at any ofi positions (except the end), which creates an additional
i compositions.

If n=s-i+ j, where 2< j < s — 1, then there are no compositions that end ins, as more than one
1 is necessary. Therefore,

bs-i)= ai)=(i2+i+2)/2 and b(s-i+j)=(i+1)(i+2)/2 forj=1,...,s—1.

We now derive the corresponding results for the permutatiors of multisets avoiding patterns 112 and
121. The algorithm that was used to establish the Wilf-equinalence of 112 and 121 on compositions also
applies to Sm,m,::m ., as the only action was a rearrangement of the parts of the coposition. There-
fore, |Sm,m,=m . (112)] = |Smim,=m, (121)]. To count the number of 112 avoiding permutations of
the multiset S, we consider the permutationg = 6;...0m (M= Mg+ -+ m)of S=1M212M2 ... KM«
and focus on the positions of the 1's ino. Sinceo avoids the pattern 112, all 1's but the leftmost one
have to occur as a block (of lengthm; — 1) at the end of . Let 6°= 01...0m+1 m,; then ¢ avoids
112 if and only if ¢ avoids 112. In addition, a® contains only one letter 1 (the smallest letter in ¢©),
which can occur in (mz + --- + my + 1) positions. Thus, the number of permutations ¢ [Slavoiding
112 is given by fny + - -+ my + 1) |Sm,:=m, (112)], and we obtain the following result.
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Theorem 4.4. The number of permutations of the multisetS = 1™M:2M2 ... k™M« which avoid the
patterns 112 and 121, respectively, is

¥
ISmimomm (112)] = |Smymum  ((121) = (M + -+ My +1).
j=2
The patterns 221 and 212

We will now consider the patterns 221 and 212 and establish thir Wilf-equivalence on compositions
and on permutations of multisets. We obtain results that are very similar in structure to the results
for the patterns 112 and 121.

Theorem 4.5. Let A = {a1,...,a4} be any ordered nite set of positive integers and letA =
{a1,...,aq4 1}- Then the patterns 221 and 212 are Wilf-equivalent on compositions, and
0
(1 =XY)Chi (x,Y) = ChA(X,Y) + XY - CE ().

Proof. Wilf equivalence can be proved in two di erent ways. First, we exhibit a bijection between
Cim(221) and C/, (212) that relies on the bijection p * (see (4.1)) betweerCh.  (112) and C}.,, (121)
and on the notion of the complementof a composition. Leto = a;, &, ...ai, be any composition in
C,’j;m (221) such that the part a; occurs ino exactly r; times. Then the complement ofg with respect
to A, c(0) = ca(0) is de ned by

c(0) = ad+1 i1@d+1 iy ---Bd+l i -

Clearly, c(o) is a 112-avoiding composition ofn® with m parts in A such that the part a; occurs
exactly rq+1 ; times. Sincec is one-to-one,c tep locis a bijection between the setscﬁ;m (221) and
C,ﬁ\;m (212), showing Wilf-equivalence of the patterns 221 and 212

The second way to establish a bijection betweerﬂ:,’ﬁ;m (221) and Cﬁ;m (212) is to adapt the arguments
in the proof of Theorem 4.3 by replacinga; with ag (and in general, a with ag j+1 ), \smallest"
with \largest" and vice versa, and \112" with \221". This giv es us the structure of the compositions
avoiding 221 and 212 and a bijectionp® between the setsC/', (221) and CA.,(212), and the formula
for C4(X,y) holds. 1

For example, if A = {1,s}, then Theorem 4.5 givesC4,;(X) = % For s = 2, the number

of 221 avoiding compositions is given by{1, 1, 2, 3, 5, 7, 10, 13, 17, 21, 26, 31, 37, 43, 50, 57,
65, 73, 82, 91, 10} for n = 0...20, which occurs in [7] as sequence A033638, and has closethrfo
|ch129(221)] = 2(2n? + 7+ (—1)"). This sequence also counts the number of (3412,123)-avait
involutions in Sy, (see [3]) and exhibits a nice structure, namely the di eren@ between consecutive
pairs either remain the same or increase by one. This structie generalizes to set#A = {1, s} in that
blocks of s consecutive values all all have the same di erence, and thigli erence increases by one
from one block to the next. The only exception to this rule is the rst block of values, which consists
of s — 1 values. For example, fors = 4, {|Ci"*9(221)32%, = {1,1,1,1,2, 3, 4,5,7,9, 11, 13, 16, 19,
22, 25, 29, 33, 37, 41, 46

The combinatorial explanation and an explicit formula for a(n) = |C,f11;sg(221)| are based on the
structure of the 221 avoiding compositions. If a composition avoids 221, then any partsa; that occur
more than once have to be consecutive, except the leftmost @y which can occur before smaller parts.
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The blocks of excess; 's have to occur at the end, with the blocks in order of increasg parts from left
to right. For n <'s, there is exactly one composition consisting of all 1's. We eate the compositions
of n = s avoiding 221 as follows:

(1) Prepend a 1 to each composition oh — 1.
(2) Create the compositions ofn beginning in s and containing the part s j times as follows: Start
with s, followed by n —j - s 1's, then place the remainingj — 1 s's.

A composition of n can have at most [n/s[Cdopies ofs. Thus, a(i-s+ Dl—a((i-s+ [+ 1) =i for
[(Z0,...,s—1, and we derive that
X 1
an)=a(i-s+ DkF1+s j+([#F1)i=
i=1
Note that the derivation is valid for n =s, but that the formula also holds for0 = n <s.

2+ i(i—1)s+2i([#1)

f =0.
5 orn

We now derive the corresponding results for the permutatios of multisets avoiding the patterns 221
and 212, respectively. The algorithm that was used to estatith the Wilf-equivalence of 221 and 212
on compositions also applies tdSm,m,::m , » as the only action was a rearrangement of the parts of the
composition. Therefore,|Sm,m,:m, (221) = |Smim,:m . (212)]. To count the number of 221 avoiding
permutations of the multiset S, we consider the permutationg = 0;...0,m (M= My + -+ my) of
S =1m2M2... kM« and focus on the positions of thek's in . Sincec avoids the pattern 221, allk's but
the leftmost one have to occur as a block (of lengttmy — 1) at the end of 0. Let 6°= 01 ...0m+1 me s
then o avoids 221 if and only if ° avoids 221. In addition, 6° contains only one letter k (the maximal
letter in @), which can occur in (my + - -+ my 1 + 1) positions. Thus, the number of permutations
o [Slavoiding 221 is given by 1+ -+ mg 1 +1) [Smym,=m —, (221)], and we obtain the following
result.

Theorem 4.6. The number of permutations of the multisetS = 1™M:2Mz2 ... k™M« which avoid the
patterns 221 and 212, respectively, is
Ry 1
|Sm1mz:::m K (221)| = |Sm1mz:::m K (212)| = (ml + -+ my+ 1) .
j=1

The patterns 123 132 and 213

As noted earlier, results on these patterns forA = N were obtained by Savage and Wilf, and are stated
here for reference.

Theorem 4.7 (Theorems 1 and 3 [6]) For A = N, the patterns 123 132 and 213 are Wilf-equivalent
on compositions and on multisets. The generating function dr the number of compositions avoiding
a pattern T (33 is given by

1Y 1-x

X
CN(X)=i 11_Xij§i 1—x NL—x —x)

5. Pairs of patterns of length three

We now classify sets of two patterns of length three o{1, 2} and determine their equivalence classes
and generating functions. Note that if T; and 1, are two patterns, then any composition that avoids
{11, 12} will also avoid {r(t1), r(t2)}, where r is the reversal map de ned in Section 2. Using this
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argument, the 21 possible pairs formed from the seven patters of length 3 on{1, 2} are reduced to
13 symmetry classes:

{111,112}, {111, 1213, {111, 212}, {111, 221}, {112, 121}, {112, 122}, {112,211},
{112 212}, {112,221}, {121, 212}, {122,212}, {122, 221}, {122, 121}.

We will show that the rst and second pair of this list are Wilf -equivalent, and likewise, the third and
fourth pair. No other pairs are in the same equivalence class

The patterns {111,112}, {111, 121}, {111,212}, and {111, 221}.

Theorem 5.1. Let A= {a;,a,,...,a4} be any ordered nite set of positive integers. Then the pairs
{111,112} and {111, 121} are Wilf-equivalent on compositions, and for allm = 0,

A -m) = cA” . A™ . 2a; ~A T .
Cli1;112(6 M) = Cypaap(Xi M) + MX*Chyyg5p (M — 1) + (M — D)X oy 455(X M — 2),

where A°= {ay,...,aq}.

Proof. To prove equivalence, note that the bijectionp : Cr’?;m (121) - Cﬁ;m (112) of (4.1) preserves the
number of excess copies of each part and that avoiding the ptdrn 111 is the same as having at most
one excess part; for eachj =1,...,d. Thus, the restriction of p to compositions with at most one

excess part of each kind yields a bijectiorp;,,, : Ch, (111, 121) - Cf, (111, 112).

To derive the generating function we consider composition® IZCLA;m (111, 112) that contain i copies
of a;. Sinceo avoids 111,i {0, 1,2}. If there are two copies ofa;, then one of them has to be at
the end becauses avoids 112, and the othera; can occur at any ofm — 1 positions. Corresponding
to the three cases, the generating functions for the numberfosuch compositionso are Cflim (x; m),
mx2 Cf111,(x;m — 1) and (M — 1)x221CA 11, (x; m — 2), respectively, which gives the stated result
for Cfiy110(x; m). L1

Replacing a; by ag in the arguments in the proof of Theorem 5.1, we obtain a bijetion between the
setsC/\ 1, (111,221) and C/, (111, 212), and we obtain the following result.

Theorem 5.2. Let A= {a;,a2,...,a4} be any ordered nite set of positive integers. Then the pairs
{111,212} and {111, 221} are Wilf-equivalent on compositions, and for allm = 0,

Ci1.212(Xi M) = Cfi1.01o(X; M) + MX3 CY1005(X; M — 1) + (M — 1)X*% CF1 5p5(X; M — 2),

where A= {ai,...,aq 1}-

We now derive the results for multisets.

Theorem 5.3. The number of permutations of the multisetS = 1™M:2M2 ... k™M« which avoid the
patterns {111,112}, {111,121}, {111,212}, and {111,221} are

[Smim,:m, (111,112) = [Smym,om, (111,121)
g if there existsi such thatm; = 3

}‘:2 (mj +---+ m +1) otherwise.
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and

|Sm1mz:::m K (111! 212)' |Sm1;m 2:m g (1111 221)'
8 if there existsi such thatm; = 3

J!‘:11(m1 + .-+ m; +1) otherwise.

Proof. As in the case of the respective (non-111) single patternshi bijection p;,,, : Cﬁ;m (111,121) -
Cim(111,112) (and the corresponding bijection betweenC/, (111,212) and Cp\,, (111, 221)) also
applies to multisets and proves Wilf-equivalence. Avoidirg 111 restricts the multisets to those where
m; < 2 for all i. On these multisets, avoiding 112 (221, respectively) is th only restriction, and
Theorems 4.4 and 4.6 give the stated results. 1

We will now look at the remaining patterns. Even though none d these are Wilf-equivalent, they
are grouped together in pairs because of the similarity in the structure of their respective generating
functions.

The patterns {112 121} and {122,217}.

Theorem 5.4. Let A = {a;,a2,...,a4} be any ordered nite set of positive integers. Then for any
m = 0,

X
] ] B ] -
Cliz:121(X;M) = Clizip (Xim) + MXMClipp(xim—1)+ X2 Clipip (Xx;m =)
j=2
and

xn
A Cy — A ) A ) jag ~A } .
Ci:212(XM) = Clop01,(X; M) + MX* Cloppp,(X;m — 1) + X34 Clo001, (M — ),
j=2

where A°= {ay,...,ag} and A= {a,...,aq 1}.

Proof. Let o IZCLA;m (112,121) be a composition that containsj parts a;. Sincec avoids 112 and 121,
we have that for j > 1, all j copies of parta; appear in ¢ in positions m — j + 1 through m. When
Jj =1, the single a; may appear in any position. Therefore,

xn
A . _ ~AU . AT . j A . -
Cliza1(X;m) = Cip.qp (Xim) + MX* Clipqp (X;m — 1) + X1 Clp.01 (X; M — ),
=2

as claimed. Replacinga; with ag in the above arguments gives the result forC{},.,1,(x; m). —1

The results for multisets are given by the following theorem

Theorem 5.5. The number of permutation of the multisetS = 1™m:2M2 ... k™« which avoid{112 121}
and {122 212}, respectively, are
(V]
[Smim,um, (112,121) = b, whereb; =
j=1

(mj + -+ my) if m =1
1 otherwise

and
(my+ -+ my) ifm =1

A&
ISmim,=m, (122,212)) = ¢, wherec = 1 otherwise

j=2
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Proof. Let us consider the case€Sm,m,::m, (112,121). As in the proof of Theorem 5.4, ifm; = 1, then
the single 1 can occur in any of them, + -+ my +1 = my + .-+ mg positions, and we get that
[Simim,om (112,121) = (Mg + ma + -+ -+ M)|Sm,m, (112, 121). If my = 2, then all the 1's have
to occur at the right end, and therefore |Sm,m,=m, (112, 121) = [Sm,m,(112,121). Using that
[Sm, (112,121) = 1, we obtain the desired result by induction on k. A similar argument works for
the permutations on S avoiding {122 212}, except that we now start the argument with the largest
part k. 1

The patterns {112 211} and {122, 221}.

Theorem 5.6. Let A = {aj,ay,...,a4} be any ordered nite set of positive integers. Then for all
m = 0,

] (] (]
C1A12;211(Xi m) = C1A12;211(X§ m)+ m Xa1C1A12;211(Xi m— 1)+ x* C1A12;211(X; m—2)+ x4
and
Clop:221(X; M) = Cihpipp1 (X M) + MX Chy.ppy (X; M — 1) + 3?3 Clpppg (XM — 2) + XM 29,
where A°= {a,,...,ag} and A= {ai,...,aq4 1}.
Proof. Let o IZG,’?;m(llz, 211) be a composition that containsj parts a;. Since ¢ avoids 112 and
211,j =0,1,2,m. When j = 2, the two a;'s must be at the beginning and at the end. Hence, it
is easy to see that forj = 0, 1, 2, m the generating function for such compositions areCﬁEm(x; m),
M X2 {5001 (X; M — 1), X221 Cf,5.014 (X; M — 2) and x™21, respectively. Therefore, for allm = 0,
[} [} ]
CPi2:211(X; M) = Cipp11 (G M) + MXM Ciip1 (XM — 1) + X2 Clppp, (XM — 2) + XML,

as claimed. Replacinga; with aq in the above argument gives the result forCf; 5,1 (X; m). 1

Again, the results for multisets follow easily along the lires of the proof for compositions.

Theorem 5.7. The number of permutation of the multisetS = 1™m:2M2 ... k™« which avoid{112 211}

and {122 221}, respectively, are 8

K 1 < (mj+---+mk) ifmj=1
[Smim,mm, (112,211) = bj, whereb = 1 if mj =2
j=1 0 if m; = 2
and 8
K < (mg+---+m) ifm =1
[Smim,mm, (122,221) = ¢, whereci = 1 if mj =2
j=2 0 if m; = 2

Proof. As stated in the proof of Theorem 5.5, if the permutation avods {112, 211}, then m; [{1, 2}.
The single 1 can occur in any of them; + .- + my positions and two 1's have to occur at the
beginning and the end. Thus,|Sm,m,:m, (112, 121) = b1|Sm,::m, (112, 121)]. Induction on k proves
the desired result since|Sy| = 1 for any m. A similar argument works for the permutations on S
avoiding {122, 221}, except that the argument starts with the largest part k. 1
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The patterns {112 212} and {122, 121}.

Theorem 5.8. Let A = {a;,az,...,a4} be any ordered nite set of positive integers. Then the

generating function C%},.,1,(X,Y) is given by
2 (@) 13

u . v .
T xay 1 xay. 1 xay (Criz212(6y)  1(Ciiz212(xy)  1AS
j=1 i=1 i=1 ut v=AH-

Yi+xay X4 xay 14xay 1

and the generating functionC%,,.,,,(X,y) is given by
2 ' O 13

(CfZZ,lzl(X;y) 1)(CY22,121(X;Y) 1)A5;
Ut V=A;

WhereAiO: {a+1,...,a¢h, A ={as,...,a 1} CT? (x,y)=1, and U V1= D denotes the collection
of setsU and V such thatU [VI=DandUnV = [

Yi+xdy X4 xay ¥ 1+x%y @

1 x3y 1 xay 1 x%y

j=1 i=1 j=i+1

Proof. Let A= A = {a,,...,as} and 0 A%, (112 212) have exactlyj parts a;. If j = 0, the
generating function for such compositions isCflg';m(x, y). If j = 1, then we focus on the positions
where the part a; occurs. Sincec avoids 112, all but the leftmost a; have to occur as a block at
the right end, thus, o = o'aj02a; ...a;, wherea' and the block of a;'s may be empty. Furthermore,
since o avoids 212, the parts ing? have to be distinct from the parts that occur in 2. Therefore, o
(with parts in A) avoids {112 212} if and only if o and o2 are {112 212}-avoiding on setsU and V
respectively, such thatU [V1= A° To compute the generating function for j = 1, we have to consider
three cases:o! = 02 = [ kxactly one ofo? and o2 is the empty set, and neithera® nor 62 is empty.
Therefore, it is easy to see that

(]
C1A12;212 (x,y) = Cf12;212(xa y)
Xty
1—x2y

#
O X

1+2 (C1A12;212(X1 y)—1)+ (C¥12;212(X’ y) — 1)(C¥12;212(X, y)—1) .

Ut V=AD

Collecting terms and simplifying gives that C%},.,1,(X,y) is given by
" ’ #

X
1- (Criz212(X,Y) = 1)(Cyio01(X,y) — 1) .
UtV=AD

xaty

1+ XalycAD
1—xay

T—xary 112:212 (X Y) —

Since Cifzg;m(x, y) = 1/(1 — x®y), the result follows by induction on d. Replacinga; with ag and A?
with A; in the above proof gives the result forCf,.1,; (X, Y). —1

As an example, we consider the seA = {1,s}. Then Theorem 5.8 gives

1+x 1+x8 X 1+x8 xS 1+ xSt

1-x 1-x5 1-x 1-x5 1—-x5 (@1—-x)1—x5)

For s = 2, the sequence for the number of compositions avoiding112, 212} is given by {1, 1, 2, 3, 4, 5,
6,7,8,9,10,11,12,13, 14,15, 16,17,18,19,20rn=0,...,20, and fors = 4, the corresponding
sequence is given by{1, 1, 1,1, 2, 3, 3,3,4,5,5,5,6,7,7, 7,8,9,9, 9, L0The pattern that is
suggested by these two examples is that the number of compdiins increases by 1 ifn = k- s and
n=k-s+1 (for k= 1), and that the number of compositions equals 1 fom <'s. This pattern can
be explained combinatorially as follows. Since all 1's but e leftmost one have to occur in a block at
the end of the composition, and the parts to the left and right of that leftmost 1 have to be di erent,

C1A12;212(X) =
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then the compositions either end in 1, or if they end ins, then they have to consist of alls's or of a
1 followed by all s's. Thus we create the compositions recursively as follows:

(1) Append a 1 to the end of the compositions ofn — 1.
(2) If n= ks, create the compositionss...ss. If n= k-s+1, create the composition 1ss...ss.

This algorithm gives an explicit formula for the number of compositions avoiding 112 and 212 simul-
taneously:

8
21 forn=0,...,s—1;
|Cfts9(112,212) = J 2k forn=k-s,k=1;
" 2k+1 forn=k-s+1,...,(k+1) -s—1,k=1.

We now state the results for multisets which follow using thearguments in the proof of Theorem 5.8.

Theorem 5.9. The number of permutation of the multisetS = 1™m:2M2 ... k™« which avoid{112 212}
and {122 121}, respectively, are

|Sm1m2:::m K (1121 212)| = |Sm g1 M g (1121 212)”Smp1:::m PK—s—1 (112, 212)'
Qt P=f2;:k g
and X
[Smim,um, (122,121) = |qu1 S g (122, 121)”Smp1:::m PK—s—1 (122,121},
Qt P=f1;:5k  1g
whereQ = {q1,...,0s}, P = {p1,...,Pk 1 s}, and the number of permutations of the empty multiset

are de ned to be 1.

The patterns {121,212} and {112, 221}.

Even though the structure of the generating functions lookssimilar, the arguments in the proof for
{112,221} go beyond replacinga; with aq in the proof for {121, 212} because these pairs of patterns
are not Wilf-equivalent for words, unlike the other pairs that were grouped together in this section.

Theorem 5.10. Let A be any ordered set of positive integers. Then |
Y o oxby

X
Cf21;212(xi y)=1+ B! T— xby

?76B A b2 B
and the number of permutations of the multisetS = 1™:2M2 ... kM« which avoid {121,212} is given
by

|Sm1m2:;;m K (121, 212)' = k.

Proof. Let o :o,ﬁ\;m(121, 212) contain exactly j distinct parts. Then all copies of each part a;,
through a;; must be consecutive, ora would contain an occurrence of either 121 or 212. Iljenc&n; is

a concatenation ofj constant strings. Suppose thei-th string has length m; > 0, then m = {:1 m;.
Therefore, to obtain any o IZ(]ﬁ;m(lzl, 212), we can choose a subsd® of A with j parts such that
the composition o contains j strings of the form bb...b whereb [CBl. Each such selection of a subset
B results in j! = |B|! compositions, which yields the desired formula for the geerating function. The
result for multisets follows from the arguments above sincehere are k distinct parts in each of the
permutations. 1
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Theorem 5.11. Let A= {a;,az,...,a4} be any ordered nite set of positiv? integers. Then
o221 (%.Y) VAP L
Clizom (X y) =1+ B! Xy — 5
?76B A b2 B b2 B 1-x0y

and the number of permutations of the multisetS = 1™12M2 ... k™« which avoid {112,221} is given
by

[Smumacm, 112,221y = O 1f there existij such that my,m, =2,

Proof. Let o :o,ﬁ\;m(nz, 221) and let j = m be the largest index such thatoy,02,...,0; are all
distinct. If j <m, then oj+1 repeats one of the preceding parts, and the parts to the rightof gj .1 ,

if any, have to be equal tooj+; since o avoids 112 and 221. Therefore, the compositions avoiding
{112,221} can be created as follows: Select a nonempty s& [CAl Thep the elements inB can be
arranged in |B|! ways, and each such arrangement contributes the term™ , x°y to the generating
function. The composition can be extended withj = 0 copies of a speci ch® [B, which accounts
for the inner sum. The result for multisets follows easily fom the preceding discussion since avoiding
{112,221} means that only one of the parts 1 throughk can occur more than once. 1

The pattern {112 122}.
Unfortunately, the case of the pair (112,122) remains unsafed.

6. Some patterns of arbitrary length

We consider two types of patterns of arbitrary length. The r st one is the generalization of the pattern
111, and the second one generalizes 121. We denote the patieconsisting of [1's by [II-] and the
pattern with s 1's (respectively, t 1's) to the left (respectively, right) of the single 2 by v .

The pattern  11...1

The results for the pattern 11...1 are straightforward generalizations of Theorems 4.1 and 2. Avoid-
ing IJmeans that each parta; can occur at most[=1 times in the composition, and if a part occursj
times among them parts of the composition, then there are 'J“ possible compositions. For multisets,
avoidance of [(Il-Imeans that each part can occur at most[ 3 1 times.

Theorem 6.1. For any [Z= 1 and any nite ordered setoof positivelintegersA,

m Y _X1gay

Chi (X m)y—| @ %A
m 0 m: a2A =0 J:

and the number of permutations of the multisetS = 1™M12M2 ... k™« which avoid [(II-1is given by

(m1+  +my)! H

—r X fm=s31 Ol
S (O] = matmy! o
[Smim,:m, (L] 0 ' otherwise.

The pattern 11...121...11

We derive the generating function for the number of compositons avoiding vs; and show that all
patterns vs.: of the same length 6 + t+ 1) are Wilf-equivalent.
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Theorem 6.2. Let A= {a;,...,a4} be any nite ordered set of positive integers. Then for allm = 1,
skt 1
A (o AL ~A  [ue ) — ja, M ~aAD,.. .
Ch, xm+1) —=x*CoL (x;m) = X2 Gl (i m+ 1 — ).
j=0

Proof. Let o IZCﬁ;m (vs:t) contain exactly j parts a;. If j <s+ t—1, then the a;'s cannot be part of
an occurrence ofvg; in a. Therefore, thesea;'s can be in anyj positions, so the generating function
for number of such compositions isxi21 rJ” C(,*S;‘D(x; m—j), where A°= {a,,...,aq}. If j =s+t, then
the s-th through (j —t+1)-st (= t-th from the right) a;'s must be consecutive parts ino. (If s =0,
then the block of j —t+1 a;'s must occur on the left end, and ift = 0, then the s-th through the j-th
ai's must occur at the right end.) Hence, the generating functon for number of such compositions is

xias m jrstt 1oAY e m ) thus, forall m=1,

s+t 1 Vsit
S 1 -
(6.1) CJ, (x;m)= x xiai M C\’,f(x;m —j)+ X xai M ;:tsj: 1 C\’,*s:tm(x;m -,
j=0 j=s+t
or, equivalently,
st 1 ; m =
Cor, (X;m+1) —x3Cl (x;m) = X L Cl i (m+ 1 —j),

j=0
where the last equation follows from substituting (6.1) into the left-hand side, re-indexing the sums
that occur in x& C\’,*S;l (x; m), combining like terms and simplifying. 1

Since the expression fo(:\’,*s;I (x; m) depends only ons+ t, we obtain Wilf-equivalence as an immediate
corollary.

Corollary 6.3. Let s+ t = 1. Then for any ordered nite set A of positive integers and for all
mn=0

ICAm (Vsi)| = [Ch\m (Vs 1.0).
In other words, all patterns vs; with the sames + t are Wilf-equivalent.

Note that for s+ t = 2 we obtain that the patterns 112, 121, and 211 are Wilf-equvalent. 112 and 211
are in the same symmetry class, and the Wilf-equivalence of 12 and 121 was proved in Theorem 4.3
using the bijection p de ned in (4.1). We can give an alternative proof of the corolary by generalizing
the bijection p: Let 0@ = o [T\, (vs;) with t 80 and let 6() be the composition that results after

applying Step i to o' V. Suppose thatal! ) contains j parts a;.
Step i:
If j <s+ t—1, do nothing. If j = s+ t, then remove the (s + 1)-st through (j —t+ 1)-st a; (the

excessa;'s - all but the leftmost a; in the block) and insert them immediately before the nal blo ck
of all smaller excess parts, or at the end if there are no smal excess parts .

Since there are only §—1)+1+( t—1) = s+ t—1a's that can occur before a larger part,o() avoids
Vs+ ;0. Clearly, this map is reversible, andg®l TR (Vs+ t;0) -

For example, let 0 = 413211233, which avoids 1121, i.es = 2,t = 1. Then application of the steps
described above yields this sequence of transformations:

413211332~ 413213321~ 413213321~ 4132123231 4132123231
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We now derive the corresponding results for the permutatiors of multisets avoiding the pattern v .
The algorithm that was used to establish the Wilf-equivalence of vs; and vs:+. o On compositions
also applies t0Sm,m,:xm,, as the only action was a rearrangement of the parts of the coosition.
Therefore, |Smim,=m (Vst)| = 1Smim,om, (Vs+t:0)]. To count the number of vs. .o avoiding per-
mutations of the multiset S, we consider the permutationc = 0;...0m (M = Mg + -+ my) of
S=1m2mz2...kMk and focus on the positions of the 1's ino. Sinceo avoids the pattern vs. +. o, then
we have to distinguish between the two casesn; < s+t—landm;=s+t Ifm =s+t—1,
then the m; 1's can occur in any of them positions and the number of permutationso avoiding
Vs+t0 IS given by m”ml*mk |Sm,m (Vs+t0)]. If mp = s+t then my —(s+ t—1) 1's have to
occur as a block at the end ofo. Let 6°= 01...0m m, s t+1,; then o avoids vs. 1o if and only if o°
avoids vs: 0. In addition, o contains only s+ t—1 1's (the smallest letter in g%, which can occur in
my+ -+ mg + s+ t—1 positions and the number of permutationso [Slavoiding Vs« ¢ iS given by

ma+ +mg+s+t 1 ; ;
ot [Sm,m (Vs+t0)]- Therefore, we obtain the following result.

Theorem 6.4. The number of permutations of the multisetS = 1m:2Mz2 ... k™M™« which avoid Vs .o
is given by

_ _ Mj+1 + ...+ me+min{m;,s+ t—1}
|Sm1mz:::mk(vs+t;0)| - |Sm1mz:::mk(vs;t)| - min{mj S+ t— 1}

j=1
7. Summary

We have provided a complete analysis for the number of compdt#ons and permutations on multisets
restricted by a single pattern or by a pair of patterns of lengh 3 on the alphabet {1, 2}, with the
exception of the pattern {112 122}. Furthermore, we have given results for generalizations tesingle
patterns of arbitrary length consisting of all 1's or those mntaining a single 2.
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