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Abstract

To each connected component in the space of semisimple representations from the

orbifold fundamental group of the base orbifold of a Seifert fibered homology 3-sphere

into the Lie group U(2, 1), we associate a real number called the “orbifold Toledo

invariant.” Using the theory of Higgs bundles, we explicitly compute all values this

invariant takes on.

Readers: Richard Wentworth (Advisor) and Jack Morava.

ii



Acknowledgments

I would first like to express my deep gratitude to my advisor, Richard Wentworth,

for years of patient guidance.

I would also like to extend heartfelt thanks to the many graduate students and

faculty at Johns Hopkins who have assisted in large ways and small throughout this

process: H. Ren, R. Seyyedali, S. Zrebiec, G. Tinaglia, E. Falbel, and many others.

I dedicate this dissertation to my wife Kate, without whose unwavering love and

support it would never have been completed.

iii



Contents

Abstract ii

Acknowledgments iii

1 Introduction 1

2 Toledo invariants 6

2.1 The “abstract nonsense” of Toledo invariants . . . . . . . . . . . . . . 6

2.2 The U(2, 1) Toledo invariant . . . . . . . . . . . . . . . . . . . . . . . 13

3 PU(2,1) representations of fundamental groups of Seifert fibered

homology 3-spheres 15

3.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

3.2 A bijection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

4 Dolgachev surfaces 21

4.1 Construction and definitions . . . . . . . . . . . . . . . . . . . . . . . 21

4.2 Numerical invariants . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

4.3 Local description of cohomology groups of

vertical line bundles . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

4.4 An ample divisor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

iv



5 Toledo invariants on 2-orbifolds and Dolgachev surfaces 29

5.1 Orbifold Toledo invariants . . . . . . . . . . . . . . . . . . . . . . . . 29

5.2 Toledo invariants on X’s and O’s . . . . . . . . . . . . . . . . . . . . 31

6 U(2,1) Higgs bundles 34

6.1 Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

6.2 Higgs bundle Toledo invariants . . . . . . . . . . . . . . . . . . . . . . 35

7 Systems of Hodge bundles on Dolgachev surfaces 38

7.1 Binary and ternary Higgs bundles . . . . . . . . . . . . . . . . . . . . 38

7.2 The case of the stable ternary Higgs bundle . . . . . . . . . . . . . . 40

7.3 The case of the stable binary Higgs bundle with rank(im(θ))=1 . . . 51

7.4 The case of the stable binary Higgs bundle with rank(im(θ))=2 . . . 62

7.5 The case of the reducible ternary Higgs bundle . . . . . . . . . . . . . 63

7.6 The case of the reducible binary Higgs bundle . . . . . . . . . . . . . 65

8 Main Theorem and Examples 66

8.1 Main theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

8.2 An example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

Bibliography 71

Appendix: Some computations of orbifold Toledo invariants 76

Curriculum Vitae 98

v



Chapter 1

Introduction

In this dissertation, we investigate the space

R+
U(2,1)(O) =

Hom+(πorb
1 (O), U(2, 1))

U(2, 1)

of semisimple representations from the orbifold fundamental group of a certain 2-

orbifold O into the Lie group U(2, 1), modulo conjugation. To each connected com-

ponent in R+
U(2,1)(O), we associate a number that we call the “orbifold Toledo invari-

ant.” Our main result (Thm. 8.1.1) explicitly computes all values that the orbifold

Toledo invariant takes on. One thereby obtains (Cor. 8.1.2a) a lower bound for the

number of connected components in R+
U(2,1)(O). The orbifolds we consider are quo-

tients of certain 3-manifolds Y —namely, Seifert fibered homology 3-spheres—by the

action of S1. Our results also yield (Cor. 8.1.2b) a lower bound for the number of

connected components in R∗
PU(2,1)(Y ) = Hom∗(π1(Y ), PU(2,1))

PU(2,1)
, the space of irreducible

representations from the fundamental group of Y into PU(2, 1), modulo conjugation.

In [36], Toledo introduces an invariant τ for representations of the fundamental

group of an oriented 2-manifold M into PU(p, 1). This invariant can be viewed as a

map τ : Hom(π1(M), PU(p, 1)) → R. As discussed in Chapter 2, the construction of

the Toledo invariant is quite general: one may replace M by an arbitrary topological
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space and PU(p, 1) by any topological group G. Moreover, if conditions are favorable,

then representations which take on distinct Toledo invariants necessarily lie in distinct

components of the corresponding representation space. In the case where M is a

compact Riemann surface of genus g > 1, previously established results about the

spaceR+
G(M) = Hom+(π1(M ),G)

G
of semisimple representations of π1(M) into G, modulo

conjugation, include:

• The Toledo invariant gives a bijection between the set of all τ ∈ 2
3
Z with

|τ | ≤ 2g − 2 and the set of all connected components in R+
PU(2,1)(M) [16], [39].

• If τ is sufficiently large and c is any integer, then the subset of R+
PU(p,p)(M)

corresponding to representations with Toledo invariant τ and Chern class c is

connected [27].

• The Toledo invariant gives a bijection between the set of even integers τ with

|τ | ≤ 2(g − 1) and the set of connected components in R+
U(p,1)(M) [40].

• The subsetR(τ, c) ofR+
PU(p,q)(M) corresponding to representations with Toledo

invariant τ and Chern class c is non-empty if and only if

τ =
|qa− p(c− a)|

p + q
≤ (g − 1) ·min{p, q}

for some integer a. Moreover, if this inequality is satisfied and p + q and c are

coprime, then R(τ, c) is connected [6].

Other results concerning Toledo invariants can be found in [7], [15], [16], [19], [20],

[36], and [37].

To our orbifold O we associate a complex surface X, called a Dolgachev surface,

whose fundamental group is isomorphic to πorb
1 (O). The reason for doing so is that

for complex algebraic manifolds M , we have a correspondence between representa-

tions of π1(M) and certain algebro-geometric objects on M called Higgs bundles. (A
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Higgs bundle on M consists of a holomorphic vector bundle plus some extra data; see

Chapter 6 for the definition and basic properties.) The relationship between repre-

sentations of π1(M) and holomorphic vector bundles on M has been developed over

the last forty years by Narasimhan and Seshadri [28], Atiyah and Bott [1], Hitchin

[22], Donaldson [10], Corlette [8], Simpson [31], and others.

In Chapter 7, we obtain detailed information about those Higgs bundles on the

Dolgachev surface X that correspond to semisimple representations ρ : π1(X) →
U(2, 1). In [39], Xia computes the Toledo invariant of such a representation in terms

of the associated Higgs bundle. This computation, together with the results of Chap-

ter 7, enables us to determine all Toledo invariants that arise from semisimple repre-

sentations ρ. In Chapter 5, we define “orbifold Toledo invariants” for representations

of the orbifold fundamental group of the 2-orbifold O into PU(2, 1) and show that

these are in one-to-one correspondence with Toledo invariants on the Dolgachev sur-

face X. In Chapter 8, we put the pieces together, obtaining the following numerical

conditions which completely determine whether or not a real number τ represents an

orbifold Toledo invariant:

Main Theorem. Let O be the base orbifold of Seifert fibered homology 3-sphere Y

such that πorb
1 (O) is infinite. Let n equal the number of cone points that O has, and

let m1, . . . , mn denote the orders of these cone points. Let τ ∈ R. Then there exists

a semisimple representation ρ : πorb
1 (O) → U(2, 1) such that τ is the orbifold Toledo

invariant of ρ if and only if τ = ±(y +
∑ yk

mk
) for some integers (y, y1, . . . , yn) with

0 ≤ yk < mk such that at least one of the numerical conditions (i)–(iv) holds:

(i) There exist integers a, a1, . . . , an, b, b1, . . . , bn with 0 ≤ ak, bk < mk such that

b ≤ −2, and a+#{k | ak 6= 0} ≥ 2, and 2A < B, and A < 2B, and (?) below

holds.
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(ii) There exist integers a, a1, . . . , an, b, b1, . . . , bn with 0 ≤ ak, bk < mk such that

−B < A < 1
2
B, and d2 ≤ −2, and b ≤ −2, and (?) below holds, and

d1+1 ≤ min(−d2−1,−d3−1) for every (n+1)-tuple of integers (c, c1, . . . , cn)

such that 0 ≤ ck < mk for all k and d1 ≥ 0 and C ≥ 2
3
(A + B).

(iii) y +
∑ yk

mk
> 0, and 2y + #{yk ≥ mk

2
} ≤ −2.

(iv) y = yk = 0 for all k.

(?) 3y +
∑b3yk

mk
c = a + b, and 3yk − b3yk

mk
cmk = ak + bk for k = 1, . . . , n.

Here we have used the notations A = a +
∑ ak

mk
; B = b +

∑ bk

mk
; C = c +

∑ ck

mk
;

d1 = b− c−#{bk < ck}; d2 = a− b−#{ak < bk}; and d3 = a− c−#{ak < ck}.

As a corollary, we obtain a lower bound for the number of connected components

in R+
U(2,1)(O). In Chapter 3, we show that irreducible PU(2, 1) representations of

π1(Y ) are in one-to-one correspondence with irreducible PU(2, 1) representations of

πorb
1 (O). The main theorem therefore also furnishes a lower bound for the number of

connected components in R∗
PU(2,1)(Y ).

The space of irreducible SU(2) representations of π1(Y ) has been studied in detail

by Fintushel and Stern [11], Bauer and Okonek [4], Kirk and Klassen [25], Furuta

and Steer [14], Bauer [3], and Boden [5]. (The motivation of these authors was the

study of the SU(2) Casson’s invariant and Floer homology for such spaces Y .) In

many of these papers, the method is to associate to Y an auxiliary object whose

fundamental group is closely related to that of Y . In [14] and [5], the auxiliary object

is a 2-orbifold. In [4], the auxiliary object is a Dolgachev surface.
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One motivation for studying PU(2, 1) representations of the fundamental groups

of 3-manifolds comes from spherical CR geometry. A spherical CR structure on a 3-

manifold M is a system of coordinate charts into S3 so that the transition functions are

elements of PU(2, 1). (Here we regard PU(2, 1) as the isometry group of the complex

ball in C2 and the conformal group of its boundary S3.) The space Hom(π1(M),PU(2,1))
PU(2,1)

provides a local model for the deformation space of spherical CR structures on M

[23]. Moreover, for surface groups, certain values of the Toledo invariant are always

achieved by discrete faithful representations [16], [7]. One might hope to find a similar

result for a Seifert manifold Y and thereby find a uniformized spherical CR structure

on Y . This paper does not address these questions, but we hope to study the matter

further.

Our lower bound for the number of components in R∗
PU(2,1)(Y ) takes into account

only those PU(2, 1) representations which lift to U(2, 1) representations. Moreover,

for R+
U(2,1)(O), we conjecture that the number of components is in general strictly

greater than the number of orbifold Toledo invariants that occur. We plan to continue

investigating these representation spaces, with the goal of precisely determining the

number of components in them.
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Chapter 2

Toledo invariants

Given a manifold (or topological space) M and a topological group G, one may wish

to study the representation variety R = Hom(π1(M ),G)
G

. The goal of this chapter is to

define a family of invariants, called Toledo invariants, that can be used to distinguish

components of R. We then describe one such Toledo invariant more specifically in

the case where G = U(2, 1).

2.1 The “abstract nonsense” of Toledo invariants

Let B be a solid topological space [34]. (Euclidean space Rn is solid, for example.)

Let G be a topological group acting continuously on B on the left. Define Lg : B → B

by Lg(x) = g · x for g ∈ B. If ω represents a cohomology class in H∗(B,C), then we

say ω is G-invariant if L∗gω = ω for all g ∈ G. (If B is a manifold, we may regard ω

as a closed singular cochain or as a closed differential form, depending which is more

convenient.) We now take ω to be a fixed G-invariant representative of a cohomology
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class in H∗(B,C).

Remark. We have chosen C as our coefficient group for the sake of convenience;

one may choose other coefficient groups as well. ¤

Let M be a C∞ manifold. (More generally, we might take M to be any topo-

logical space with a universal cover.) We define a map τB,G,ω from Hom(π1(M), G)

to H∗(M,C) as follows. Let ρ ∈ Hom(π1(M), G). Let M̃ be the universal cover of

M . Note that π1(M) acts on M̃ × B by γ · (m,x) = (γ ·m, ρ(γ) · x). Let Eρ be the

flat B-bundle on M obtained by taking M̃ × B modulo the action of π1(M). Let

πB : M̃ × B → B be the projection map onto the second factor, and let ϕ be the

natural map from M̃ ×B to Eρ. Since π1(M) acts freely on M̃ and ω is G-invariant

and closed, the pullback π∗Bω descends to Eρ, where it represents a cohomology class

[ϕ∗π∗Bω] ∈ H∗(Eρ,C). Since the fibre B is solid, Eρ has a section; moreover, any two

sections are homotopic [34, Theorem 12.2]. Consequently, [s∗ϕ∗π∗Bω] is a well-defined

cohomology class in H
∗
(M,C).

Definition 2.1.1. The Toledo invariant τB,G,ω(ρ) is defined by

τB,G,ω(ρ) = [s∗ϕ∗π∗Bω]

for any section s of Eρ.

Remark. Let C be the category whose objects are pairs (M, m) with M a C∞

manifold and m ∈ M . Let G be the category of groups. Let π1 denote the covariant

functor from C to G that maps a manifold to its fundamental group with base point

m. (From now on, we omit mention of the base point m.) Let F0 be the contravariant

functor from G to G that maps H to Hom(H,G). Let F = F0 ◦ π1. Let H∗ be the

contravariant functor on C that maps a manifold M to H∗(M,C), its cohomology

ring with complex coefficients. We now show that the Toledo invariant τB,G,ω defines
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a natural transformation from F to H∗.

We must prove that for any C∞ map f : M1 → M2, the following square commutes,

where the vertical arrows are given by F (f) and H∗(f):

Hom(π1(M2), G)
τB,G,ω−→ H∗(M2,C)

↓ ↓
Hom(π1(M1), G)

τB,G,ω−→ H∗(M1,C)

Let ρ ∈ Hom(π1(M2), G). Then π1(M2) acts on M̃2 × B via ρ and π1(M1) acts

on M̃1 × B via f∗ ◦ ρ. The map f lifts to a map f̃ : M̃1 → M̃2. The lift f̃ induces a

map M̃1×B → M̃2×B which descends to a map M̃1×B
π1(M1)

→ M̃2×B
π1(M2)

; we denote both of

these induced maps again by f̃ . Moreover, the fibre bundle E1 = M̃1×B
π1(M1)

over M1 may

be regarded as the pullback via f of the fibre bundle E2 = M̃2×B
π1(M2)

. Consequently, a

section s2 of E2 pulls back to a section s1 of E1. In summary, the following diagram

commutes:

M2
M̃2×B
π1(M2)

M1
M̃1×B
π1(M1)

M̃2 ×B B

M̃1 ×B B

Q
Q

Q
Q

Q
Q

Q
Q

Qs

f

-s2

Q
Q

Q
Q

Q
Q

Q
QQs

f̃

-s1

?

ϕ1

?

ϕ2

HHHHHHHHjf̃

HHHHHHHHHj

id

-
πB

-
πB

Chasing this diagram, we find that:

τB,G,ω(f∗ ◦ ρ) = f ∗(τB,G,ω(ρ)).

In other words, our square commutes, making τB,G,ω a natural transformation of
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functors. ¤

Remark. Suppose there exists a point b ∈ B such that for all γ ∈ π1(M), we

have that ρ(γ) · b = b. (In other words, suppose that the image of ρ fixes a point in

B.) Then the point b defines a “constant” section of the bundle Eρ. It follows that

τB,G,ω(ρ) = 0 in this case. (We assume here that ω does not have degree 0.)

In particular, if the action of G fixes a point in B, then all Toledo invariants vanish.

This is the case, for example, if G is a subgroup of GL(n,C) acting on B = Cn via

linear transformations. ¤

Lemma 2.1.2. Let M be a C∞ manifold, let ρ ∈Hom(π1(M), G), let g ∈ G, and

define ρ′ : π1(M) → π1(M) by ρ′(γ) = gρ(γ)g−1. Then τB,G,ω(ρ) = τB,G,ω(ρ′). In

other words, the Toledo invariant is invariant under conjugation.

Proof. We define a map ψ : M̃×B → M̃×B by ψ(x, b) = (x, g ·b). Let Eρ = M̃×B
π1(M)

(where the action is induced by ρ), and let Eρ′ = M̃×B
π1(M)

(where the action is induced

by ρ′). Then ψ descends to a map from Eρ to Eρ′ ; we denote this new map by ψ as

well. If s is a section of Eρ, then s′ = ψ ◦ s is a section of Eρ′ . In summary, we have

that the following diagram commutes.
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M Eρ′

M Eρ

M̃ ×B B

M̃ ×B B

Q
Q

Q
Q

Q
Q

Q
Q

Qs

id

-s′

Q
Q

Q
Q

Q
Q

Q
Q

Qs

ψ

-s
?

ϕ

?

ϕ′

HHHHHHHHj
ψ

HHHHHHHHHj

id

-
πB

-
πB

The lemma follows from chasing this diagram. ¤

Question. Lemma 2.1.2 shows that the Toledo invariant is invariant under the

action of the group of inner automorphisms of G. Is the Toledo invariant invariant

under the action of the full automorphism group Aut(G)? In other words, does

τB,G,ω(ρ) = τB,G,ω(α ◦ ρ) for all α ∈ Aut(G)? ¤

Let G act on Hom(π1(M), G) by conjugation. Lemma 2.1.2 shows that τB,G,ω(ρ)

defines a map from Hom(π1(M), G)/G to H∗(M,C). Topologize Hom(π1(M), G)/G

by giving Hom(π1(M), G) by the point-open topology and giving Hom(π1(M), G)/G

the quotient topology.

Lemma 2.1.3. Suppose that B and M are C∞ manifolds, that M is compact, that G

is a Lie group, and that ω is a closed G-invariant k-form on B. Topologize Hk(M,C)

as a finite-dimensional vector space. Then τB,G,ω defines a continuous function from

Hom(π1(M),G)
G

to Hk(M,C).

Proof. It suffices to show that τB,G,ω is continuous on Hom(π1(M), G).

Let t1, . . . , tn be generators for π1(M). Note that Hom(π1(M), G) is homeomor-

phic to the closed subspace {(x1, . . . , xn) ∈ Gn | rα(x1, . . . , xn) = 1} of Gn, where the
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rα’s range over all relations between the t’s.

Let C = Hom(π1(M), G)× M̃ ×B. An action of π1(M) on C is given by

γ · (ρ,m, x) = (ρ, γ · m, ρ(γ) · x).

Then C
π1M

is a fibre bundle over Hom(π1(M), G)×M with fibre B. Since B is solid and

since Hom(π1(M), G) is a subspace of Gn, there exists a section s : Hom(π1(M), G)×
M → C

π1M
. Lift s to a map s̃ : Hom(π1(M), G) × M̃ → C. By Tietze extension and

by inclusion of C into Gn× M̃ ×B, we have that s̃ extends to a map s̃ from Gn× M̃

to Gn × M̃ ×B.

Let πB : Gn×M̃ ×B → B denote projection onto the third factor. Given ρ ∈ Gn,

define ιρ : M̃ → Gn ×M by ιρ(m) = (ρ,m).

Then ι∗ρs̃
∗π∗Bω defines a closed π1(M)-invariant singular k-cochain on M̃ , which

therefore defines a closed cochain τ0(ρ) on M . Let τ(ρ) be the associated cohomology

class in Hk(M,C). Note that s̃ ◦ ιρ defines a section of Eρ, the fibre bundle from the

definition of the Toledo invariant. Therefore, we have that τB,G,ω(ρ) = τ(ρ). We now

show that τ(ρ) varies continuously with ρ.

Let r be the dimension over C of Hk(M,C). Given open sets U1, . . . , Ur of C and

closed cochains σ1, . . . , σr ∈ Ck(M,C) such that the associated cohomology classes

[σ1], . . . , [σr] are linearly independent, let

IB(σ1, . . . , σr, U1, . . . , Ur) = {
∑

a`σ` | a` ∈ U`}.

Then τ is continuous if and only if τ−1
0 (IB(σ1, . . . , σr, U1, . . . , Ur)) is open for all

σ1, . . . , σr, U1, . . . , Ur.

Now fix r closed cochains σ1, . . . , σr ∈ Ck(M,C) such that the associated co-

homology classes [σ1], . . . , [σr] are linearly independent. Let C1, . . . Cr be singular
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k-simplices in M such that the map from φ : IB(σ1, . . . , σr, U1, . . . , Ur) → Cr defined

by

φ(σ) = (< σ,C1 >, . . . , < σ,Cr >)

is bijective. Define

φ` : IB(σ1, . . . , σr, U1, . . . , Ur) → C

by φ`(σ) =<σ,C` >. It now suffices to show that τ−1
0 (φ−1

` )(U`) is open for every open

set U` of C.

By subdividing C` into small enough pieces, we can assume that the image of C`

is a subset of an open set V of M such that V is homeomorphic, via the natural

covering map, to an open set Ṽ of M̃ . We may then regard C` as a map from the

standard k-simplex ∆k to M̃ .

Let ρ0 ∈ τ−1
0 (φ−1

` )(U`). Endow Gn with a Riemannian metric. We now show

that for sufficiently small δ, the ball of radius δ centered at ρ0 lies entirely within

τ−1
0 (φ−1

` )(U`); this will conclude our proof.

Let ρ1 ∈ Gn such that the distance from ρ0 to ρ1 is less than δ. Let c(t) be a

geodesic in Gn with c(0) = ρ0 and c(1) = ρ1. Let h = a ◦ ιc(t) ◦ b, where a and b are

piecewise smooth functions homotopic to πB ◦ s̃ and C` × id, respectively. Note that

φ`(τ(ρj)) =

∫

∆k×{j}
h∗ω

for j = 0, 1. Stokes’ Theorem then implies that φ`(τ(ρ1)) − φ`(τ(ρ0)) can be made

arbitrarily small by taking δ to be sufficiently small. ¤

Question. To what extent does Lemma 2.1.3 generalize?

Remark. If the image of τB,G,ω is totally disconnected (e.g., if it is homeomorphic

to a subset of the rational numbers), then Lemma 2.1.3 shows that τB,G,ω is constant

on connected components of Hom(π1(M),G)
G

. This is the case in the papers cited in the
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introduction, and it will be the case in our main theorem (Thm. 8.1.1); the number

of distinct values of τB,G,ω therefore provides, in these cases, a lower bound for the

number of connected components in Hom(π1(M),G)
G

.

Example. A simple example shows that τB,G,ω is not always constant on con-

nected components of Hom(π1(M), G). Let M be the unit circle S1, let G = B = R

(where G acts on B by translation), and let ω = dx. Let t be the standard generator

of π1(M), and identify Hom(π1(M), G) with R by ρ 7→ ρ(t). Since Hom(π1(M), G)

has a single connected component, it suffices to show that the Toledo invariant is not

a constant function. Identifying M̃ with R in the usual way, a ρ-equivariant section

of M̃ ×B is given by x 7→ (x, ρ(t)x). We can then compute that the Toledo invariant

τB,G,ω(ρ) is the cohomology class defined by ρ(t)dθ. ¤

2.2 The U(2, 1) Toledo invariant

We now turn our attention to the special case of this construction that will be the focus

of the remainder of this paper. Define g : C3 → C by g(z0, z1, z2) = |z0|2−|z1|2−|z2|2.
Let U(2, 1) = {A ∈ GL(3,C) | g(Az) = g(z) for all z ∈ C3}.

Let G = U(2, 1). Define B by:

B = H2
C = {(1, z1, z2) ∈ C3 : 1− |z1|2 − |z2|2 < 1}.

(B is the ball model of 2-dimensional complex hyperbolic space [15].) Note that B

is homeomorphic to R4, hence solid. G acts on B as follows. Let z ∈ B and A ∈ G.

Define the action of A on z by A · z = λ · (Az), where the Az on the right hand

side is given by ordinary matrix multiplication (regarding z as a column vector), and

λ is the unique complex number such that λ · (Az) ∈ B. (We know that λ exists

since U(2,1) preserves the indefinite form |z0|2 − |z1|2 − |z2|2.) Let ω = i
2π

∂∂ log g.
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Note that ω is invariant under multiplication by elements of U(2,1) (since g is) and is

invariant under multiplication by scalars. By the definition of the action of G on B,

then, the restriction of ω to B is G-invariant. The center Z(U(2, 1)) of U(2, 1) equals

{λI|λ ∈ U(1)}. Let PU(2, 1) = U(2,1)
Z (U(2,1))

. Then there is an action of PU(2, 1) on B,

inherited from the U(2, 1) action. It follows that ω is PU(2, 1)-invariant. From now

on, all Toledo invariants will have B and ω as in this paragraph and G = U(2, 1) or

G = PU(2, 1).

Remark. ω is the Kähler form associated to the Bergman metric of the Hermitian

symmetric space H2
C ∼= U(2,1)

U(2)×U(1)
.
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Chapter 3

PU(2,1) representations of

fundamental groups of Seifert

fibered homology 3-spheres

The goal of this chapter is to note the relationship between PU(2,1) representations

of the fundamental group of a Seifert fibered homology 3-sphere and PU(2,1) repre-

sentations of the fundamental group of a certain elliptic surface called a Dolgachev

surface.

3.1 Preliminaries

Let Y be a Seifert fibered homology 3-sphere. (For the definition of Seifert fibered

spaces and basic facts about them, we refer to [29].) A 2n + 1-tuple

(−b0; (m1, b1), . . . , (mn, bn))

of integers, with mk positive for all k, is associated to Y . (These integers are called

the Seifert invariants of Y ; we may think of mk as the degree of twisting of the kth
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singular fibre of Y .) To be a homology 3-sphere, we must have that gcd(mj,mk) = 1

whenever j 6= k [14]. The notations Y, n, and m1, . . . , mn will be fixed throughout

the rest of this paper.

The fundamental group of Y has the following presentation [29, §5.3]:

π1(Y ) = < t1, . . . , tn, h | tmk
k hbk = t1 . . . tnh

b0 = [h, tk] = 1 >

If G is any group, then let Z(G) denote its center. We have that Z(π1(Y )) is

generated by h [29, §5.3], so

π1(Y )

Z(π1(Y ))
= < t1, . . . , tn | tmk

k = t1 . . . tn = 1 > .

Throughout this paper, X will denote a Dolgachev surface whose invariants are

(m1, . . . , mn). (See Chapter 4 for a construction of X.)

Lemma 3.1.1. π1(X) = π1(Y )
Z(π1(Y ))

. If n ≤ 2, then π1(X) is trivial. If n = 3 and

{m1,m2,m3} = {2, 3, 5}, then π1(X) is the alternating group A5.

Proof. [9, Chapter II, §3] and [4, Prop. 1.2 and subsequent discussion] ¤

Because of Lemma 3.1.1, we will impose the restrictions that n ≥ 3 and that if

n = 3, then {m1,m2,m3} 6= {2, 3, 5}.

Remark. For Seifert fibered homology 3-spheres Y , the following are equivalent:

(i) Y is large [29].

(ii) n ≥ 3, and if n = 3, then {m1,m2,m3} 6= {2, 3, 5}.

(iii) πorb
1 (O) is infinite, where O is the base orbifold of Y and πorb

1 (O) is its orbifold

fundamental group.
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Definition 3.1.2. The Lie group PU(2,1) acts on its Lie algebra g via the adjoint

representation. Consequently, if H is a group and ρ : H → PU(2, 1) is a repre-

sentation, then ρ induces an action of H on g. We say that ρ is irreducible (resp.

reducible) if this induced action is irreducible (resp. reducible). (Recall that an action

on a vector space V is irreducible if no proper subspace of V is invariant under the

action, and that the action is reducible otherwise.) We denote the set of irreducible

representations ρ : H → PU(2, 1) by Hom∗(H, PU(2, 1)).

Lemma 3.1.3. Let H be a group, and let ρ ∈ Hom∗(H, PU(2, 1)). Then no points

and no complex geodesics in H2
C are invariant under the action of H on H2

C induced

by ρ.

Proof. First, suppose that there exists x ∈ H2
C such that ρ(h) ·x = x for all h ∈ H.

Let K = {φ ∈ PU(2, 1)|φ(x) = x}. Then K is a Lie subgroup of PU(2,1); in fact, K

is conjugate to P(U(2)×U(1)). Let g be the Lie algebra of PU(2,1), and let k be the

Lie subalgebra of g corresponding to K. Since ρ(H) ⊂ K, we have that k is invariant

under the action of H on g—but this is a contradiction, since ρ is irreducible.

Similarly, suppose that P is a complex geodesic in H2
C such that ρ(h) · x ∈ P for

all h ∈ H and x ∈ P . In this case, we take K to be the set of all elements in PU(2,1)

that preserve P . Again, K is a Lie subgroup of PU(2,1); this time, K is conjugate

to P(U(1)×U(1,1)). Again, we find that k is invariant under H, contradicting ρ’s

irreducibility. ¤

3.2 A bijection

Lemma 3.2.1. There exists a bijection

ϕ : Hom∗(π1(Y), PU(2, 1)) → Hom∗(π1(X), PU(2, 1)).
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Proof. Since π1(X) = π1(Y )
Z(π1(Y ))

, we have a surjection σ : π1(Y ) → π1(X), which in

turn induces an injection

ϕ : Hom(π1(X), PU(2, 1)) → Hom(π1(Y ), PU(2, 1)).

Now, ρ and ϕ(ρ) = σ ◦ρ have the same image, so ρ is irreducible if and only if ϕ(ρ) is

irreducible. Restricting ϕ to the irreducible representations then gives us an injection

ϕ from Hom∗(π1(X), PU(2, 1)) to Hom∗(π1(Y ), PU(2, 1)). We must now show that ϕ

surjects onto Hom∗(π1(Y ), PU(2, 1)).

Let ρ̃ : π1(Y ) → PU(2, 1) be an irreducible representation. We must find

ρ :
π1(Y )

Z(π1(Y ))
→ PU(2, 1)

such that ρ̃ = σ ◦ ρ. Recalling that the center of π1(Y ) is generated by the single

element h, we see that it suffices to prove that ρ̃ maps h to the identity element in

PU(2,1).

Regard PU(2,1) as the group of isometries of H2
C. Our first goal is to show that

ρ̃(h) has three linearly independent fixed points x1, x2, x3. [15, p. 203] shows that

ρ̃(h) has a fixed point x1 ∈ H2
C ∪ ∂H2

C. There must exist f ∈ ρ̃(π1(Y )) such that

x2 = f(x1) 6= x1, else ρ̃ would not be irreducible, by Lemma 3.1.3. Since h is central,

ρ̃(h) commutes with f . Thus:

ρ̃(h)(x2) = f(ρ̃(h)(x1)) = x2.

That is, x2 is another fixed point of ρ̃(h). Let P be the complex geodesic spanned by

x1 and x2. By linearity, P is invariant under ρ̃(h). So, there must exist g ∈ ρ̃(π1(Y ))

and x ∈ {x1, x2} such that x3 = g(x) /∈ P , else ρ̃ would not be irreducible, again by

Lemma 3.1.3. As before, we find that x3 is a fixed point of ρ̃(h). By construction,

x1, x2, and x3 are linearly independent.

Choose a lift of ρ̃(h) to U(2,1); denote the lift by h̃. The three linearly independent
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fixed points x1, x2, x3 yield three linearly independent eigenvectors of h̃. We now prove

by contradiction that h̃ has exactly one eigenvalue.

First, suppose that h̃ has 3 distinct eigenvalues. In this case, we have that

x1, x2, and x3 are exactly the three one-dimensional eigenspaces of h̃. For each

k ∈ {1, . . . , n}, lift ρ̃(tk) to U(2,1), and denote the lift by t̃k. Now, as before, we

find that ρ̃(tk) maps fixed points of ρ̃(h) to fixed points of ρ̃(h). In other words, t̃k

permutes x1, x2, and x3. Let ηk be this permutation, regarded as an element of the

symmetric group S3. The relation tmk
k hbk = 1 in π1(Y ) implies that ηmk

k = 1. Conse-

quently, the order ord(ηk) of ηk divides mk. Now, ord(ηk) ∈ {1, 2, 3}, and the mk’s are

pairwise coprime. Therefore, there are at most 2 k’s such that ord(ηk) 6= 1. Moreover,

ord(ηk) is relatively prime to ord(ηk′) whenever k 6= k′. The relation t1 . . . tnhb0 = 1

in π1(Y ) implies that η1 . . . ηn = 1. Therefore no ηk has order 2; for if one did, then

η1 . . . ηn would be an odd permutation. We must then have that ηk = 1 for each k, for

otherwise ord(η1 . . . ηn) = 3. However, ηk = 1 if and only if ρ̃(tk) fixes x1, x2, and x3.

So every element in the image of ρ̃ fixes, say, x1. By Lemma 3.1.3, this contradicts

irreducibility of ρ̃.

Suppose now that h̃ has exactly 2 distinct eigenvalues. Without loss of generality,

suppose that x1 and x2 belong to the same 2-dimensional eigenspace P and that x3 is

the 1-dimensional eigenspace of h̃. Let f be in the image of ρ̃, and let f̃ be a lift of f

to U(2,1). We claim that P is invariant under f . As before, f̃ maps eigenvectors of h̃

to eigenvectors of h̃. In particular, if P is not invariant under f̃ , then f̃ maps either

x1 or x2 to x3. Let e1, e2, and e3 be nonzero vectors in x1, x2, and x3, respectively.

Without loss of generality, assume that f̃(e1) ∈ x3. Since f̃ is nondegenerate, we

must then have that f̃(e2) ∈ P and f̃(e3) ∈ P . But then e2 + e3 is an eigenvector of h̃

which is neither in P nor in x3—a contradiction. So P is invariant under an arbitrary

19



element in the image of ρ̃, once again violating irreducibility.

So, h̃ has three linearly independent eigenvectors and exactly one eigenvalue.

Consequently, h̃ is of the form λI, which implies that ρ̃(h) is the identity in PU(2,1). ¤
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Chapter 4

Dolgachev surfaces

In this chapter, we collect facts about our Dolgachev surface X that will be useful

later.

4.1 Construction and definitions

We first show how to construct X. The following description of this construction is

taken from [4]. A generic cubic pencil in CP2 has nine base points. Blowing up at

these nine points, we obtain an algebraic surface X0 along with an elliptic fibration

π0 : X0 → CP1. Apply logarithmic transformations [17] along n disjoint nonsingular

fibres of X0 with multiplicities m1, . . . , mn. (Recall that n,m1, . . . , mn were fixed in

Chapter 3.) The result is an elliptic fibration π : X → CP1, where X is our Dolgachev

surface.

We choose our pencil of curves such that each singular fibre is a rational curve with

an ordinary double point. There are, then, 12 such singular fibres in this fibration

[12, p. 192]. Denote these 12 fibres by E1, . . . , E12. Denote the generic fibre of X by

F and the multiple fibres of X by F1, . . . , Fn, where Fk has multiplicity mk. For all
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j, k, we have that Ej is linearly equivalent to F is linearly equivalent to mkFk.

We say an irreducible curve C is vertical if it is set-theoretically equal to π−1(p)

for some point p ∈ CP1. (Note that a multiple fibre Fk is vertical, but it is not the

pullback of a divisor on CP1.) We say that an irreducible curve C is horizontal if it

is not vertical. We say that a divisor D is vertical (respectively horizontal) if it is

linearly equivalent to a linear combination of vertical (resp. horizontal) irreducible

curves, and we say that a line bundle L is vertical (resp. horizontal) if L ≈ OX(D) for

some vertical (resp. horizontal) divisor D. (Note: this definition of a vertical divisor

D is not equivalent to the condition D ·F = 0, contrary to what one sees occasionally

in the literature.) If V1 = OX(D1) and V2 = OX(D2) are vertical line bundles, then

c1(V1)c1(V2) = 0, since D1 ·D2 = 0. We have that M ·F > 0 for any effective nonzero

horizontal divisor M , since M intersects F transversely. Every divisor on X can be

written as G + M where G is vertical and M is horizontal. A divisor D is vertical if

and only if it is linearly equivalent to aF +
∑

akFk for some integers a, a1, . . . , an. If

we write a vertical divisor in this form, we will always assume that 0 ≤ aj < mj for

all j = 1, . . . , n, unless otherwise noted.

4.2 Numerical invariants

Lemma 4.2.1 (I. Dolgachev). The surface X has the following numerical invari-

ants: the topological Euler characteristic eX = 12; the irregularity q = 0; the geometric

genus pg = 0. Also, the canonical bundle KX = OX(−F +
∑

k(mk − 1)Fk).

Proof. As before, let X0 be the surface obtained by blowing up CP2 in nine points.

The topological Euler characteristic eX0 of X0 is

4∑

k=0

(−1)kdimR(Hk(X0,R)) = 1− 0 + 10− 0 + 1 = 12.
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Excision in a neighborhood of the union of the multiple fibres of an elliptic fibration

shows that logarithmic transformations do not change the topological Euler charac-

teristic; therefore, eX = eX0 = 12. Hence, we have that c2(X) = 12, where c2(X) is

the second Chern class of X. The canonical bundle formula [17, p. 572] implies that

the canonical bundle KX of X is vertical, so KX · KX = 0. By Nöther’s formula,

we find that χ(OX) = 1, where χ(OX) is the holomorphic Euler characteristic of X.

Again by the canonical bundle formula, we then have that:

KX = OX(−F +
∑

k

(mk − 1)Fk).

Since −F +
∑

k(mk−1)Fk is not linearly equivalent to an effective divisor, we conclude

that:

pg = dimC(H0(KX)) = 0.

Then

q = χ(OX) + pg − 1 = 0. ¤

Lemma 4.2.2 (I. Dolgachev). X is projective.

Proof. We have an exact sequence

H1(X,OX) → H1(X,O∗
X) → H2(X,Z) → H2(X,OX).

Since q = pg = 0 by Lemma 4.2.1, we find that

H1(X,O∗
X) ≈ H2(X,Z).

Dolgachev [9] shows that the first Betti number b1(X) = 0. Poincaré duality implies

that b3(X) = 0. Since b1(X) is even, we have that b+(X) = 1 [2, Theorem 2.6(ii)].

Kodaira’s ampleness criterion [2, Theorem 5.2] then implies that X is projective.

Remark. All of the cohomology groups (with integer coefficients) of X can be

computed by excising neighborhoods Uk of the multiple fibres Fk such that the Uk’s
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deformation retract onto the Fk’s. See [13] for more details on the topology of elliptic

surfaces.

4.3 Local description of cohomology groups of

vertical line bundles

Lemma 4.3.1.

(i) h0(OX(`F +
∑

`kFk)) = max(` + 1, 0), and

(ii) h1(OX(`F +
∑

`kFk)) = max(`,−`− 1).

Proof. [4, Lemma 1.1]

Lemma 4.3.2. If s is a global section of the locally free sheaf OX(aF +
∑

akFk),

then s is constant on fibres.

Proof Let z0 = π(F ) ∈ CP1. Choose a local coordinate z on CP1 centered at z0.

In order that H0(OX(aF +
∑

akFk)) 6= 0, we must have a ≥ 0, by Lemma 4.3.1. Let

fj = z−j, for j = 0, . . . , a. The fj’s are linearly independent, so {fj ◦ π} is a set of

a + 1 linearly independent elements in H0(OX(aF +
∑

akFk)) 6= 0. By Lemma 4.3.1,

s must be a linearly combination of fj ◦ π’s. Since each fj ◦ π is constant on fibres,

so is s. ¤

Lemma 4.3.3. If G1 +M1 is linearly equivalent to G2 +M2 with the G’s vertical and

the M ’s horizontal, then G1 is linearly equivalent to G2 and M1 is linearly equivalent

to M2.

Lemma 4.3.4. Let Fk be a multiple fibre. Then there exists a collection {Uα} of

open sets of X such that the Uα’s cover Fk; each Uα is a coordinate neighborhood on

X; each Uα is disjoint from the singular fibres and from the other multiple fibres;
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and, denoting the coordinates on Uα by (wα, zα) and those on Uβ by (wβ, zβ), we have

that wα = ζαβwβ and zα = zβ + tαβ on Uα ∩ Uβ for some complex numbers ζαβ with

ζmk
αβ = 1 and some holomorphic functions tαβ; the fibration map π locally takes the

form (wα, zα)
π7→ w = wmk

α , where w is the local coordinate on CP1; and {wα = 0} is

a set of local defining equations for the divisor Fk.

Proof. As before, let X0 be the surface obtained by blowing up CP2 in nine points,

and let π0 : X0 → CP1 be the map which expresses X0 as an elliptic fibration. Let V be

a small coordinate disc in CP1, with coordinate w centered at 0, such that π0(Ej) /∈ V

for j = 1, . . . , 12. Then we may cover π−1
0 (V ) with coordinate neighborhoods Uγ such

that there are coordinates (w, zγ) on Uγ; the map π0 is given by π0(w, zγ) = w on Uγ;

and the coordinate changes are given by

(w, zγ1) = (w, zγ2 + sγ1γ2)

for some sγ1γ2 . (Here addition is given by fixing a group structure on each fibre.)

We now perform a logarithmic transformation [17] on π−1
0 (V ) with multiplicity

mk. Let

Σ = {(u, r) ∈ V × π−1
0 (V ) | umk = w(r)}.

The map π(u, r) = w(r) = umk expresses Σ as an elliptic fibration over V . We have

that Z
mkZ acts on Σ by

` · (u, r) = (e
2πi`
mk u, r +

`

mk

),

where 1
mk

is an point of order mk with respect to the group structure on the fibre.

Let Σ0 equal Σ modulo the action of Z
mkZ . Then Σ0 is an open set in X. Moreover,

the map π : Σ → V is well-defined on Σ0, and it coincides with our earlier map

π : X → CP1.

Local coordinates on Σ are given by (u, zγ). If we restrict zγ to a small disc, we

obtain an open set Ũα ⊂ Σ such that no two points in Ũα are in the same Z
mkZ-orbit.
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The local coordinates (u, zγ) on Ũα therefore descend to local coordinates (wα, zα) on

an open set Uα ⊂ Σ0.

We see that these coordinates possess the properties stated in the lemma, as

follows. The coordinate change

(wα, zα) = (ζαβwβ, zβ + tαβ)

is inherited from the Z
mkZ action. The map π is given by (u, r) 7→ umk in Σ and so

descends to (wα, zα) 7→ wmk
α in Σ0. Finally, since Fk is the quotient of u−1(0) by Z

mkZ ,

we have that wα = u is a local defining function for Fk. ¤

Let V be as in the proof of Lemma 4.3.4. Without loss of generality, assume

that V contains the points 0,∞, and π(Fk) for each multiple fibre Fk; that π(Fk) /∈
{0,∞} for all k; and that F = π−1(0). As in the proof of Lemma 4.3.4, cover

π−1(V − ∞) − ⋃
Fk by coordinate neighborhoods Vγ so that there are coordinates

(wγ, zγ) on Vγ, and the map π is given by π(wγ, zγ) = w on Vγ, where w is the

coordinate on CP1 centered at 0. For each multiple fibre Fk, let {Uα,k} be a system

of coordinate neighborhoods covering Fk, where Uα,k has coordinates (wα,k, zα,k), as

in Lemma 4.3.4. Cover π−1(V − 0) − ⋃
α,k Uα,k by coordinate neighborhoods Wξ so

that there are coordinates (wξ, zξ) on Wξ, and the map π is given by π(wξ, zξ) = 1
w

on Wξ. (Note that 1
w

is the coordinate on CP1 centered at ∞.) The relationships

between the w’s are as follows:

On Uα1,k ∩ Uα2,k, we have wα1,k = ζ
α1α2,k

wα2,k for some mkth root of unity ζ
α1α2,k

.

On Uα,k ∩ Vγ, we have wγ = wmk
α,k + tα,k;γ for some tα,k;γ.

On Vγ ∩Wξ, we have wξ =
1

wγ

.

Let L = OX(aF +
∑

akFk) be a vertical line bundle. Local trivializations for L

are given by the maps f · w−ak
α,k 7→ f on Uα,k; f · w−a

γ 7→ f on Vγ; and f 7→ f on Wξ.
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From now on, the notations Uα,k, Vγ,Wξ, wα,k, wγ, wξ will be fixed. Moreover, sections

of a vertical line bundle L will be written locally on Uα,k, Vγ, and Wξ with respect to

these trivializations.

Lemma 4.3.5. Let L = OX(aF +
∑

akFk) be a vertical line bundle.

(i) Suppose a ≥ 0. If 0 ≤ j ≤ a, then there exists a section sj ∈ H0(L) such that

with respect to the local trivializations, sj is given by sξ = wa−j
ξ on Wξ; sγ = wj

γ on

Vγ; and sα,k = (wmk
α,k + tα,k;γ)

jwak
α,k on Uα,k. Moreover, {sj | 0 ≤ j ≤ a} is a basis for

H0(L).

(ii) Suppose a ≤ −2. If a < j < 0, then there exists a Čech 1-cocycle σj ∈ C1(L)

such that σj is given by σγξ = wj
γ on Vγ ∩ Wξ with respect to the trivialization on

Vγ, and σξ1ξ2 , σγ1γ2 , σα,k;γ, and σα1,k;α2,k vanish on Wξ1 ∩Wξ2 , Vγ1 ∩ Vγ2 , Uα,k ∩ Vγ, and

Uα1,k ∩Uα2,k, respectively. Moreover, identifying σj with its image in H1(L), we have

that {σj | a < j < 0} is a basis for H1(L).

Proof. Let fj ◦π be as in the proof of Lemma 4.3.2. Let sj = fj ◦π. From Lemma

4.3.2, we know that the {sj} is a basis for H0(L). In local coordinates, sj has the form

required in (i). The σj’s in (ii) are obtained by pulling back a basis for H1(OCP1(a))

via π. Lemma 4.3.1, together with the Leray spectral sequence, guarantees that the

σj’s form a basis for H1(L). ¤
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4.4 An ample divisor

Definition 4.4.1. Let H0 be a fixed ample divisor on X.

Let r = min{M · F | M is a nonzero effective horizontal divisor}.

Let s = min{M ·H0 | M is a nonzero effective horizontal divisor}.

Let t = max{H0 · (−2F +
∑

k(mk − 1)Fk), H0 · F}.

Let C be a constant such that H0 · D ≤ C for any divisor D such that

H0(OX(−D)⊗ Ω1
X) 6= 0. (See [12] for a proof that C exists.)

Let k be an integer such that k > max{0, (n+1)t−s
r

, t−2s
2r

, C
r
}.

Let H = H0 + kF .

Note that F is a fibre of a morphism, so it moves in a linear system without base

points; it follows that H is ample, by an exercise in [21]. Throughout this document,

the degree of a coherent sheaf—and all related concepts (e.g., stability)—will be with

respect to H.
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Chapter 5

Toledo invariants on 2-orbifolds

and Dolgachev surfaces

In this chapter, we associate to our Seifert fibered space Y a 2-orbifold O. The goal

of this chapter will be to show how Toledo invariants on the Dolgachev surface X

are related to “orbifold” Toledo invariants which arise from representations of the

orbifold fundamental group of O.

5.1 Orbifold Toledo invariants

Let O be the hyperbolic 2-orbifold such that the underlying space |O| of O is the

sphere S2 and O has n elliptic points p1, . . . , pn (also known as cone points) of orders

m1, . . . , mn, respectively. (We refer to [5], [14], [24], [30], and [35] for details of this

construction and for basic facts about orbifolds.) The orbifold fundamental group of

O has the following presentation:

πorb
1 (O) =< u1, . . . , un |umk

k = u1 . . . un = 1 >
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We may think of uj as a small loop that travels once around the cone point pj.

In our elliptic fibration π : X → CP1, we identify CP1 with |O|, and we assume

that pj = π(Fj) for each multiple fibre Fj. Let X̃ be the universal cover of our

Dolgachev surface X. The orbifold universal cover Õ of O is the upper half-plane

H2 [35]. Fix a base point x0 in X and a base point y0 in O such that y0 = π(x0)

and x0 /∈ {E1, . . . , E12, F1, . . . , Fn}. We may regard the elements of X̃ (resp. Õ) as

equivalences classes of paths in X (resp. O) beginning at x0 (resp. y0). (Caution:

One must be careful as to what is meant by a path in O. See [14, §2].) Pushing

forward paths in X to paths in O, we obtain a map π̃ : X̃ → Õ that covers π. If γ

is an element of π1(X), then denote the action of γ on X̃ by Lγ. (Similarly for Õ.)

Recall that t1, . . . , tn are the generators of π1(X). Then π̃ ◦ Ltj = Luj
◦ π̃. It follows

that π∗(tj) = uj, and so π∗ is an isomorphism from π1(X) to πorb
1 (O).

Lemma 5.1.1. Let ρ ∈ Hom(π1(X), PU(2, 1)), and let Eρ = (X̃ ×H2
C)/π1(X). Let

q : X̃ ×H2
C → H2

C be projection onto the second factor. Then there exists a section

s0 of the fibre bundle Eρ (as in Definition 2.1.1) and a lift s̃0 : X̃ → X̃ ×H2
C of s0

such that for each point x ∈ Õ, we have that q ◦ s̃0 is constant on π̃−1(x).

Definition 5.1.2. Let ρ ∈ Hom(πorb
1 (O), PU(2, 1)). We say that a map

s : Õ → Õ ×H2
C

is ρ-equivariant if s(γ · x) = ρ(γ) · s(x) for all γ ∈ πorb
1 (O) and x ∈ Õ. (Here

PU(2, 1) acts on Õ × H2
C by acting on its second factor.) If s1 and s2 are two

ρ-equivariant maps, then we say that s1 and s2 are ρ-equivariantly homotopic if there

exists a homotopy F : [0, 1] × Õ → [0, 1] × Õ ×H2
C from s1 to s2 such that F (t, ·) is

ρ-equivariant for all t ∈ [0, 1].

Lemma 5.1.3. Let ρ ∈ Hom(πorb
1 (O), PU(2, 1)). Then there exists a ρ-equivariant
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map s : Õ → Õ ×H2
C. Moreover, if s1 and s2 are any two such equivariant maps,

then s1 and s2 are ρ-equivariantly homotopic.

Proof. To construct such a map s, push forward s̃0 from Lemma 5.1.1. Similarly,

to demonstrate that any two such maps are ρ-equivariantly homotopic, push forward

a homotopy. ¤

Definition 5.1.4. Let ρ ∈ Hom(πorb
1 (O), PU(2, 1)). Let Σ be a fundamental domain

for the action of πorb
1 (O) on Õ. Take q and s as in Lemma 5.1.3. Then we define the

orbifold Toledo invariant τorb(ρ) by

τorb(ρ) =

∫

Σ

s∗q∗ω

where s : Õ → Õ ×H2
C is any ρ-equivariant map.

Lemma 5.1.3 implies that τorb(ρ) is defined and that it is independent of the choice

of s. The ρ-equivariance of s implies that τorb(ρ) is independent of the choice of Σ.

We now fix s̃0 as in Lemma 5.1.1, and let s be its ρ-equivariant push-forward, as in

Lemma 5.1.2.

5.2 Toledo invariants on X’s and O’s

Let H2
orb(O,Z) be the orbifold second cohomology group of O with integer coefficients

[14]. (Note that [14] uses the notation “V ” in place of “orb,” since they use the older

terminology “V-manifold” in place of “orbifold.”) Let H1
vert(X,O∗

X) be the subset of

H1(X,O∗
X) consisting of vertical line bundles on X. Let

H2
vert(X,Z) = c1(H

1
vert(X,O∗

X))

be the set of first Chern classes of vertical line bundles on X.

Lemma 5.2.1. The map π induces an isomorphism π∗ : H2
orb(O,Z) → H2

vert(X,Z).
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Let Pict
orb(O) be the set of topological isomorphism classes of orbifold line bundles

on O. We have that Pict
orb(O) is a group, where the group law is given by the tensor

product.

Lemma 5.2.2. Pict
orb(O) ∼= H2

orb(O,Z)

Proof. [14, Theorem 2.2(ii)] ¤

The following lemma spells out the relationship between Toledo invariants on a

Dolgachev surface X and those on its underlying orbifold O.

Lemma 5.2.3. Let ρ ∈ Hom(πorb
1 (O), PU(2, 1)). If

τ(ρ ◦ π∗) = c1(OX(aF +
∑

akFk)),

then τorb(ρ) = a +
∑ ak

mk
.

Proof. Let p ∈ |O|\{p1, . . . , pn}. Let Lp be the holomorphic point bundle de-

termined by p. Lp is an orbifold line bundle on O with c1(Lp) = 1 [14]. Let

σk : Z
mkZ → U(1) be the standard representation. Let Lpk

be the orbifold line bundle

on O with first Chern class c1(Lpk
) = 1

mk
and trivial isotropy except at pk, where it

is σk. Then π∗Lp = OX(F ) and π∗Lpk
= OX(Fk). Let L = L⊗a

p ⊗ (⊗
k L⊗ak

pk

)
. The

following diagrams commute:

X̃
s̃0−→ X̃ ×H2

C
qX−→ H2

C

π̃ ↓ ↓ ↓

Õ
s−→ Õ ×H2

C
qO−→ H2

C

and

X̃
π̃−→ Õ

ϕX ↓ ↓ ϕO

X
π−→ O
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and

X̃
s̃0−→ X̃ ×H2

C

ϕX ↓ ↓ ϕ

X
s0−→ Eρ◦π∗

From these diagrams, we find that

π̃∗c1(ϕ
∗
OL) = c1(π̃

∗ϕ∗OL)

= c1(ϕ
∗
Xπ∗L)

= ϕ∗Xc1(OX(aF +
∑

akFk))

= ϕ∗Xτ(ρ ◦ π∗)

= ϕ∗Xs∗0ϕ∗q
∗
Xω

= s̃∗0q
∗
Xω

= π̃∗s∗q∗Oω

Let us identify H2
orb(O,Z) with the set of all πorb

1 (O)-invariant elements of H2(Õ,Z).

The equation above then implies that π∗c1(ϕ
∗
OL) = π∗s∗q∗Oω. By Lemma 5.2.1, then,

we have that

τorb(ρ) =

∫

Σ

s∗q∗Oω =

∫

Σ

c1(ϕ
∗
OL) = c1(L) = a +

∑ ak

mk

as desired. ¤
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Chapter 6

U(2,1) Higgs bundles

Hitchin, Simpson, et al. ([22], [31], [33]) have shown that representations of the

fundamental group of a Kähler manifold are closely related to holomorphic objects

called Higgs bundles. The goal of this chapter is to describe the Higgs bundles that

arise from U(2,1) representations of the fundamental group of a Dolgachev surface

(actually, any compact Kähler manifold), then describe the Toledo invariant of such

a representation in terms of the Chern classes of the associated Higgs bundle.

6.1 Definitions

Definition 6.1.1. Let M be a complex algebraic manifold, and let H be a fixed ample

line bundle on M . A Higgs bundle on M is a pair (V, θ), where:

• V is a holomorphic vector bundle on M , and

• θ∈ H0(End(V )⊗ Ω1
M), and

• θ ∧ θ = 0.

(Here End(V ) is the endomorphism bundle of V, and Ω1
M is the locally free sheaf

of holomorphic 1-forms on M . Note that we blur the distinction between a vector
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bundle and a locally free sheaf, if no confusion is likely.)

θ is called the Higgs field.

A subsheaf S of V is said to be θ-invariant if θ(S) ⊂ S ⊗ Ω1
M .

The slope µ(S) of a coherent sheaf S on M with rank(S) > 0 is defined by

µ(S) = deg(S)
rank(S)

, where deg(S) is the degree of S with respect to H.

A Higgs bundle (V, θ) is stable if µ(S) < µ(V ) for all coherent θ-invariant sub-

sheaves S of V with rank(S) > 0.

A Higgs bundle (V, θ) is polystable if it is a direct sum of stable Higgs bundles,

each with the same slope. (One forms the direct sum in the obvious way.)

A Higgs bundle (V, θ) is reducible if it is a direct sum of Higgs bundles and is

irreducible otherwise.

We say that a Higgs bundle (V, θ) is a U(2,1)-Higgs bundle if:

• V = VP⊕VQ (where VP and VQ are vector bundles of rank 2 and 1, respectively),

and

• θ maps VP to VQ ⊗ Ω1
M , and

• θ maps VQ to VP ⊗ Ω1
M .

6.2 Higgs bundle Toledo invariants

If H is any group, then let Hom+(H, U(2, 1)) denote the space of semisimple repre-

sentations from H into U(2, 1).
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Lemma 6.2.1. There exists a surjective function φ : H → Hom+(π1(X), U(2, 1)),

where H is the set of all polystable U(2,1) Higgs bundles (V, θ) on X whose summands

have vanishing Chern classes.

Proof. Let H′ be the set of all polystable rank 3 Higgs bundles (V, θ) on X whose

summands have vanishing Chern classes. By Lemma 4.2.2, X is algebraic, hence

compact Kähler. In [31], Simpson shows that there is a surjective function

φ : H′ → Hom+(π1(X), GL(3,C)).

In [39, Proposition 3.1], Xia shows that

H = φ−1(Hom+(π1(X), U(2, 1))).

(Xia’s proof is for Riemann surfaces, but it goes through for any compact Kähler

manifold.) ¤

Lemma 6.2.2 (Xia). Let H and φ be as in Lemma 6.2.1, and let (V, θ) ∈ H. Write

V = VP ⊕ VQ as in Def. 6.1.1. Then τ(φ(V, θ)) = c1(VP ).

Sketch of proof. We briefly describe here how to make this computation. Let

P be the natural principal U(2) × U(1) bundle over H2
C ∼= U(2,1)

U(2)×U(1)
. The Cartan

decomposition of U(2, 1) gives us P a natural connection D, which splits into a

“U(2)” part and a “U(1)” part. The trace of the curvature of the “U(2)” part of this

connection, times i
2π

, is precisely ω. Pulling P back via πB, then pushing it forward

via ϕ, then pulling it back via s (as in the definition of the Toledo invariant) gives

us a principal U(2)×U(1) bundle over X. The associated vector bundle splits into a

rank 2 bundle and a rank 1 bundle—these are precisely VP and VQ. The first Chern

class c1(VP ) is given by i
2π

times the trace of the curvature of any connection on

VP . To obtain a connection on VP , pull D back via πB, then push it forward via ϕ,
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then pull it back via s. We then find that i
2π

times the trace of the curvature of this

connection is s∗ϕ∗π∗Bω = τ(φ(V, θ)). ¤

Remark: Lemmas 6.2.1 and 6.2.2 serve as a bridge from the world of semisimple

representations and Toledo invariants to the world of polystable Higgs bundles and

Chern classes. Consequently, while the definition of the Toledo invariant is topological

in nature, these two lemmas enable us to employ algebro-geometric techniques in order

to compute which Toledo invariants actually occur.

Definition 6.2.3. If (V, θ) = (VP ⊕VQ, θ) is a U(2, 1) Higgs bundle as in Def. 6.1.1,

then we define the Higgs bundle Toledo invariant τ(V,θ) by τ(V,θ) = 1
3
(c1(VP )−2c1(VQ)).

Note that if (V, θ) ∈ H, then V is flat, in which case Def. 6.2.3 is consistent with

Lemma 6.2.2.

Remark: Consider a semisimple representation ρ : π1(X) → PU(2, 1). The

corresponding principal PU(2, 1) bundle lifts to a principal U(2, 1) bundle with an

associated vector bundle V = VP⊕VQ. One can show that τ(ρ) = 1
3
(c1(VP )−2c1(VQ));

the proof is similar to that of Lemma 6.2.2. This is the motivation for Def. 6.2.3.

Lemma 6.2.4. Let (V, θ) ∈ H, and let L be a line bundle. Then:

(i) (V ⊗ L, θ ⊗ 1) is a polystable U(2, 1) Higgs bundle with τ(V⊗L,θ⊗1) = τ(V,θ).

(ii) (V
∗
, θ) ∈ H, and τ(V ∗ ,θ) = −τ(V,θ).
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Chapter 7

Systems of Hodge bundles on

Dolgachev surfaces

The results of Chapter 6 imply that to compute Toledo invariants of semisimple

U(2,1) representations of the fundamental group of a Dolgachev surface, it suffices to

compute Chern classes of the summands of certain polystable U(2,1) Higgs bundles.

The goal of this chapter is to show that we may restrict our attention to a special

class of these Higgs bundles, namely systems of Hodge bundles. The method is due

to Simpson. (See [31] and [32]). Following Xia [39], we then divide these systems of

Hodge bundles into two types, binary and ternary.

7.1 Binary and ternary Higgs bundles

Definition 7.1.1 ([32]). Let M be a complex algebraic manifold. A system of Hodge

bundles on M is a Higgs bundle (V, θ) such that V =
⊕

V r,s and

θ : V r,s → V r−1,s+1 ⊗ Ω1
M .

Lemma 7.1.2. (a) There exists a quasiprojective varietyMDol whose points parametrize

38



direct sums of stable Higgs bundles with vanishing Chern classes.

(b) Let f be the map from MDol to the space of polynomials with coefficients in

symmetric powers of the cotangent bundle which takes (V, θ) to the characteristic

polynomial of θ. Then f is proper.

(c) Let MDol(U(2, 1)) denote the subspace of MDol whose points parametrize

polystable U(2,1) bundles. Then every connected component of MDol(U(2, 1)) con-

tains a system of Hodge bundles.

Proof. (a) [32, Prop. 1.4]

(b) [32, Prop. 1.4]

(c) In [32, Theorem 3], Simpson proves that every component of MDol contains a

system of Hodge bundles, as follows. Let C∗ act on MDol by

t · (V, θ) = (V, tθ).

As t → 0, we have f(t · (V, θ)) → 0. Since f is proper, t · (V, θ) converges to a limit

Higgs bundle (V0, θ0). Since MDol is Hausdorff, the limit is unique. Consequently,

(V0, θ0) is fixed under the action of C∗ and is therefore a system of Hodge bundles

[32, Lemma 4.1].

Since U(2,1) is closed in GL(3,C), we have that MDol(U(2, 1)) is closed in MDol.

Therefore, f restricted to MDol(U(2, 1)) is still proper, and the above proof goes

through unchanged. ¤

Definition 7.1.3 ([39]). We say a Higgs bundle (V, θ) is binary if:

(i) V = VP ⊕VQ where VP and VQ are vector bundles of rank 2 and 1, respectively,
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and

(ii) θ maps VP to VQ ⊗ Ω1
X and VQ to 0.

In this situation, denote (V, θ) by VP
θ⊕−→ VQ (omitting θ if it’s clear from the

context).

We say a Higgs bundle (V, θ) is ternary if:

(i) V = V2 ⊕ V3 ⊕ V1 where V1, V2, and V3 are line bundles, and

(ii) θ maps V2 to V3 ⊗ Ω1
X , maps V3 to V1 ⊗ Ω1

X , and maps V1 to 0.

In this situation, denote (V, θ) by V2
⊕→ V3

⊕→ V1.

It follows from Def. 7.1.3 and 6.2.4 that if a polystable U(2,1) Higgs bundle

is a system of Hodge bundles, then it is either ternary, binary, or dual to a binary

bundle. Also, every polystable Higgs bundle is either stable or reducible. We therefore

investigate the following four types of polystable U(2,1) Higgs bundles: (1) stable

ternary, (2) stable binary, (3) reducible ternary, and (4) reducible binary.

7.2 The case of the stable ternary Higgs bundle

Proposition 7.2.1. Let V2 = OX(bF +
∑

bkFk) and V1 = OX(aF +
∑

akFk). Then

there exists a Higgs field θ such that (V, θ) = V2
⊕→ OX

⊕→ V1 is a stable ternary Higgs
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bundle if and only if:

(i) b ≤ −2, and

(ii) a + #{k | ak 6= 0} ≥ 2, and

(iii) 2A < B, and

(iv) A < 2B.

Here we have used the notations A = a +
∑ ak

mk
and B = b +

∑ bk

mk
.

Before proving this proposition, we will first prove several preparatory lemmas.

Lemma 7.2.2. There exists a short exact sequence

0 → OX(−2F +
∑

k

(mk − 1)Fk) → Ω1
X → IZ ⊗OX(F ) → 0

where Z is the reduced subscheme associated to the set of singular points of singular

fibres of X, and IZ is its ideal sheaf.

Proof. Pullback of holomorphic 1-forms via π gives rise to an injection of sheaves

0 → π∗Ω1
CP1 → Ω1

X

[2, p. 98]. Let Ω1
X/CP1 denote the sheaf of relative differentials (i.e., the cokernel of this

map). We know that Ω1
CP1 = OCP1(−2), and so we have that π∗Ω1

CP1 = OX(−2F ).

From the short exact sequence

0 → OX(−2F ) → Ω1
X → Ω1

X/CP1 → 0,

we have that

OX(−F +
∑

k

(mk − 1)Fk) = KX = det(Ω1
X) = OX(−2F )⊗ det

(
Ω1

X/CP1

)
;

tensoring with OX(2F ) shows that

det
(
Ω1

X/CP1

)
= OX(F +

∑
(mk − 1)Fk).
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Let T = Tor
(
Ω1

X/CP1

)
, where Tor(S) denotes the torsion part of a sheaf S. We

claim that T is isomorphic to

n⊕

k=1

O(mk−1)Fk
((mk − 1)Fk),

where O(mk−1)Fk
((mk − 1)Fk) is the cokernel of the natural inclusion

OX → OX((mk − 1)Fk).

To prove this claim, we first observe that the support of T is contained in the union

of the multiple fibres of X [2, p. 98]. Let Fk be a multiple fibre, and let {Uα} be

a collection of coordinate neighborhoods as in Lemma 4.3.4. It suffices to show that

T |∪Uα is isomorphic to O(mk−1)Fk
((mk − 1)Fk).

Let V be an open subset of ∪Uα. A section s of Ω1
X/CP1(V ) is given by a collection

{(Vα, sα)} where ∪Vα = V , sα ∈ Ω1
X(Vα), and sβ − sα ∈ π∗Ω1

CP1(Vα ∩ Vβ). Without

loss of generality, we assume that Vα ⊂ Uα for each α. For coordinates on Vα, we

take the coordinates (wα, zα) from Uα, as in Lemma 4.3.4. Now, Ω1
X(Vα) is free; its

generators are dwα and dzα. Also, π∗Ω1
CP1(Vα) is free, with generator

π∗(du) = d(wmk
α ) = (mk − 1)wmk−1

α dwα,

where u is the local coordinate on CP1. We see then that locally, Ω1
X/CP1 has two

generators, dwα and dzα, subject to the relation wmk−1
α dwα = 0. Therefore, T is given

locally by the one generator dwα subject to the relation wmk−1
α dwα = 0.

Similarly, we find that O(mk−1)Fk
((mk − 1)Fk) is given locally by one generator,

w1−mk
α , subject to the rather odd-looking relation wmk−1

α · w1−mk
α = 0. Consequently,

the map from T to O(mk−1)Fk
((mk − 1)Fk) that sends dwα to w1−mk

α is a well-defined

42



isomorphism of sheaves.

From the short exact sequence

0 → OX → OX(
∑

k

(mk − 1)Fk) → T → 0

we find that det(T ) = OX(
∑

(mk − 1)Fk). Let Q =
Ω1

X/CP1
T

. From the short exact

sequence

0 → T → Ω1
X/CP1 → Q → 0

we calculate that

det(Q) = det(T )∗ ⊗ det
(
Ω1

X/CP1

)
= OX(F ).

We have a natural map Ω1
X → Q, which is surjective. Let N be the kernel of this

map. We then have a short exact sequence

(7.1) 0 → N → Ω1
X → Q → 0.

Because Ω1
X is reflexive and Q is torsion-free, we conclude that N is reflexive [26],

hence locally free (since dim(X) = 2). In fact, N is a line bundle, since

rank(N) = rank
(
Ω1

X

)− rank(Q) = 2− 1 = 1.

From (7.1) above we compute that

N = OX(−2F +
∑

(mk − 1)Fk).

Since Q is torsion-free, we have that

Q = IZ ⊗ det(Q) = IZ ⊗OX(F )

for some codimension 2 subscheme Z [12, p. 33]. The total space of Z is the set of

points where Q is not locally free. Now, Ω1
X/CP1 fails to be locally free precisely where
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π is singular. Since T is supported on the union of the multiple fibres, Q =
Ω1

X/CP1
T

will fail to be locally free at every singular point of π outside of the multiple fibres.

In particular, Z contains the set of singular points of the 12 singular fibres. From

(7.1) and the equation [12, p. 29]

c2

(
Ω1

X

)
= c1(N) · c1 (OX(F )) + `(Z)

(where `(Z) is the length of Z), we find that

`(Z) = c2

(
Ω1

X

)
= 12.

We conclude that Z is the subscheme of X associated to the set of singular points of

the singular fibres, each point taken with multiplicity one. The exact sequence (7.1)

then has the desired form. ¤

Remark. It will follow from the results of this chapter that Lemma 7.2.2 computes

the Harder-Narasimhan filtration of Ω1
X . ¤

Throughout this chapter, let N,Q, and Z be as in Lemma 7.2.2.

Lemma 7.2.3. Let A = aF +
∑

akFk be a vertical divisor. If

H0(OX(−A)⊗Q) 6= 0,

then H0(OX(−A)⊗N) 6= 0 and deg(OX(A)) < 0.

Proof. A nonzero global section s of OX(−A) ⊗ Q is a nonzero global section of

OX(−A + F ) that vanishes on the total space of Z. Since −A + F is vertical, s is

constant on fibres, by Lemma 4.3.2. Thus s vanishes identically on each singular fibre

of X, and hence can be regarded as a nonzero global section of

OX(−A + F −
12∑

j=1

(Ej)).
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Now, −A + F −∑12
j=1(Ej) is linearly equivalent to

(−11− a−#{k|ak 6= 0})F +
∑

ak 6=0

(mk − ak)Fk,

so by Lemma 4.3.1,

a ≤ −11−#{k|ak 6= 0} ≤ −2.

Again by Lemma 4.3.1,

h0(OX(−A)⊗N) = (−2− a) + 1 > 0,

as desired. Moreover,

deg(OX(A)) =

(
a +

∑ ak

mk

)
deg(F )

≤ (
a + #{k|ak 6= 0}) deg(F ) ≤ −11 deg(F ) < 0. ¤

Lemma 7.2.4. Let M be a horizontal divisor. Let A = OX(bF +
∑

bkFk + M). If

H0(A∗ ⊗ Ω1
X) 6= 0, then −M is linearly equivalent to an effective divisor and b ≤ 1.

Proof. Tensoring the exact sequence (7.1) from Lemma 7.2.2 with A∗ yields an

exact sequence

(7.2) 0 → A∗ ⊗N → A∗ ⊗ Ω1
X → A∗ ⊗Q → 0.

From the long exact sequence associated to (7.2), we see that H0(A∗ ⊗ N) 6= 0 or

H0(A∗ ⊗Q) 6= 0. Let B = bF +
∑

bkFk.

If H0(A∗ ⊗N) 6= 0, then −B −M − 2F +
∑

(mk − 1)Fk is linearly equivalent to

an effective divisor, which implies that b ≤ −2 and −M is linearly equivalent to an

effective divisor.

If H0(A∗ ⊗ Q) 6= 0, then the inclusion 0 → A∗ ⊗ Q → A∗ ⊗ OX(F ) shows

that H0(A∗ ⊗ OX(F )) 6= 0. Therefore −B − M + F is linearly equivalent to an

effective divisor, which implies that b ≤ 1 and −M is linearly equivalent to an effective

divisor. ¤

45



Lemma 7.2.5. Let B = bF +
∑

bkFk. Then H0(OX(−B)⊗ Ω1
X) 6= 0 if and only if

b ≤ −2.

Proof. We first assume that b ≤ −2 and show that H0(OX(−B) ⊗ Ω1
X) 6= 0.

Tensoring the exact sequence (7.1) from Lemma 7.2.2 with OX(−B), we get a short

exact sequence

(7.3) 0 → OX(−B)⊗N → OX(−B)⊗ Ω1
X → OX(−B)⊗Q → 0

Consequently, it suffices to show that H0(OX(−B) ⊗ N) 6= 0. The nonvanishing of

H0(OX(−B)⊗N) follows from the effectiveness of

−B + (−2F +
∑

k

(mk − 1)Fk) = (−2− b)F +
∑

(mk − 1− bk)Fk.

(Recall the convention that bk < mk for all k.)

We now assume that H0(OX(−B) ⊗ Ω1
X) 6= 0 and show that b ≤ −2. From the

exact sequence (7.3) above, we see that

H0(OX(−B) ⊗ Q) 6= 0

or

H0(OX(−B) ⊗ N) 6= 0.

Either way, H0(OX(−B) ⊗ N) 6= 0, by Lemma 7.2.3. But then

(−2− b)F +
∑

(mk − 1− bk)Fk

is linearly equivalent to an effective divisor. Therefore b ≤ −2. ¤

Remark: By taking B to be 0 in Lemma 7.2.5, we recover the fact that the

irregularity q = H0(Ω1
X) of X vanishes.

Remark: Lemma 7.2.5 says that for a vertical line bundle L, the vector space

Hom(L, Ω1
X) of maps from L to Ω1

X is nontrivial if and only if Hom(L, N) is nontriv-

ial. In fact, there is an isomorphism Hom(L, N) ∼= Hom(L, Ω1
X). To see that this
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isomorphism exists, consider the exact sequence

0 → π∗(L∗ ⊗N) → π∗(L∗ ⊗ Ω1
X) → π∗(L∗ ⊗Q).

Then compute that π∗(L∗⊗N) is a line bundle on CP1, that π∗(L∗⊗Ω1
X) is a coherent

sheaf of rank 1 on CP1, and that π∗(L∗ ⊗Q) is torsion-free. It follows that

h0(L∗ ⊗N) = h0(π∗(L∗ ⊗N)) = h0(π∗(L∗ ⊗ Ω1
X)) = h0(L∗ ⊗ Ω1

X).

The exact sequence associated to the global Hom functor then yields the desired

isomorphism.

Lemma 7.2.6. Let (V, θ) = V2
⊕→ OX

⊕→ V1 be a ternary Higgs bundle. Then (V, θ)

is stable if and only if:

(ST1) Neither θ|V2 nor θ|OX
is the zero map (here | denotes restriction), and

(ST2) deg (V1) < 1
3
· (deg (V1) + deg (V2)), and

(ST3) 1
2
· deg (V1) < 1

3
· (deg (V1) + deg (V2))

Remark: “ST” stands for “stable ternary.”

Proof. We first assume that (V, θ) is stable, and show that (ST1)–(ST3) hold. If

θ|V2 is the zero map, then both V2 and OX⊕V1 are θ-invariant. Stability then implies

that

deg(V2) = µ(V2) < µ(V) =
1

3
· (deg (V1) + deg (V2))

and

1

2
· deg (V1) = µ(V1) < µ(V ) =

1

3
· (deg (V1) + deg (V2)) .

Multiplying the second of these inequalities by 2 and then adding it to the first, we

find that

deg (V1) + deg (V2) < deg (V1) + deg (V2) ,
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a contradiction. One obtains a similar contradiction if θ|OX
. Consequently, (ST1)

holds.

The Higgs field θ maps V1 to 0. Consequently, V1 is θ-invariant. Stability then

implies that

deg (V1) <
1

3
· (deg (V1) + deg (V2)) .

This proves (ST2). Similarly, the inequality (ST3) follows from the θ-invariance of

OX ⊕ V1.

We now assume (ST1)–(ST3), and show that (V, θ) is stable. Let S be a θ-invariant

subsheaf of V with 0 < rank(S) < 3. We must show that µ(S) < µ(V ).

We have that rank(S) = 1 or rank(S) = 2. Let us first take the case where S has

rank 2. Observe that S is torsion-free, since it is a subsheaf of the torsion-free sheaf

V . We claim that we have an inclusion of S into OX ⊕ V1. If this claim holds, then

we have an injection from det(S) into det(OX ⊕ V1) = V1 [26], which implies that

µ(S) =
1

2
· deg(S) ≤ 1

2
· deg(V1) <

1

3
· (deg(V1) + deg(V2)) = µ(V ),

with the next-to-last inequality coming from (ST3). Hence, it suffices to prove our

claim.

If L is a summand in the direct sum decomposition V = V2 ⊕ OX ⊕ V1, then let

πL : V → V denote projection onto L. It is enough to show that πV2(S) = 0. Suppose

to the contrary that there is an open set U and s1 ∈ S(U) such that πV2(s1) 6= 0.

We observe that θ|V2 is injective. To prove this statement, suppose that

R1 = ker(θ|V2) 6= 0.

Now, V2 is torsion-free, so R1 is also torsion-free. It follows that R1 has rank 1; for if

R1 has rank 0, then R1 is torsion (as well as torsion-free) and therefore vanishes. But
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if R1 has rank 1, then R2 = im(θ|V2) has rank 0. So by the same argument, R2 = 0,

contradicting (ST1).

The injectivity of θ|V2 implies that θ(πV2(s1)) 6= 0. Since S is θ-invariant, we have

that

θ(s1) = θ(πV2(s1)) + θ(πOX
(s1)) + θ(πV1(s1))

= θ(πV2(s1)) + θ(πOX
(s1)) ∈ S ⊗ Ω1

X(U).

We also have that

θ(πV2(s1)) + θ(πOX
(s1)) ∈ (OX ⊕ V1)⊗ Ω1

X(U).

Consequently, there exists s2 ∈ S(U) ∩ (OX ⊕ V1)(U) such that πOX
(s1) 6= 0. (One

may need to shrink the open set U in order to guarantee s2’s existence.)

Similarly, we find that there exists a nonzero element s3 ∈ S(U) ∩ V1(U). But

s1, s2, and s3 are linearly independent over OX(U), contradicting the fact that S has

rank 2. Therefore πV2(S) = 0, as desired.

The case where S has rank 1 is quite similar. In this case we find (using the same

sort of argument) that there is an inclusion of S into V1. The inequality in (ST3)

then shows that µ(S) < µ(V ), as desired. ¤

Lemma 7.2.7. Suppose that (V, θ) = V2
⊕→ OX

⊕→ V1 is a stable ternary Higgs

bundle. Then V2 and V1 are vertical.

Proof. Let G1, G2, M1, and M2 be divisors such that G1 and G2 are vertical, M1

and M2 are horizontal, V1 = OX(G1 + M1), and V2 = OX(G2 + M2). We wish to

show that M1 = M2 = 0. First we show that M1 vanishes; suppose to the contrary

that M1 6= 0.

Lemma 7.2.6 implies that there are nonzero maps

V2 → OX ⊗ Ω1
X
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and

OX → V1 ⊗ Ω1
X .

That is, H0(V ∗
2 ⊗ Ω1

X) 6= 0 and H0(V1 ⊗ Ω1
X) 6= 0. It follows from Lemma 7.2.4 that

−M2 and M1 are linearly equivalent to effective divisors. Consequently, we have that

−M2 · F ≥ 0 and M1 · F ≥ r. We also have that −M2 · H0 ≥ 0 and M1 · H0 ≥ s.

(Here r, s, and H0 are as in the Definition 4.4.1, as is t below.)

From the long exact sequence in cohomology associated to the short exact sequence

of sheaves obtained by tensoring the exact sequence from Lemma 7.2.2 with V ∗
2 , we

find that either −G2 − 2F +
∑

(mk − 1)Fk or −G2 + F is linearly equivalent to

an effective divisor. Similarly (this time tensoring with V1), we have that either

G1 − 2F +
∑

(mk − 1)Fk or G1 + F is linearly equivalent to an effective divisor.

Consequently G2 ·H ≤ t and −G1 ·H ≤ t.

From condition (ST3) in Lemma 7.2.6, we have that deg(V1) < 2 deg(V2). On

the other hand,

deg(V1)= H · (G1 + M1)

≥ −t + s + kr

≥ 2t (Here we use that k ≥ 3t−s
r

by our choice of k.)

≥ 2H ·G2

≥ 2H · (G2 + M2)

= 2 deg(V2),

yielding the desired contradiction. A similar argument shows that M2 = 0. ¤

Proof of Prop. 7.2.1. For all k, we have that F = mkF . Consequently,

deg(V1) =

(
a +

∑ ak

mk

)
(H · F )
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and

deg(V2) =

(
b +

∑ bk

mk

)
(H · F ).

It follows that (iii) is equivalent to (ST2) from Lemma 7.2.6 and (iv) is equivalent to

(ST3) from Lemma 7.2.6.

If (V, θ) is stable, then (ST1) from Lemma 7.2.6 implies that H0(V ∗
2 ⊗ Ω1

X) 6= 0

and H0(V1 ⊗ Ω1
X) 6= 0. Now,

V ∗
1 = OX

(
(−a−#{k | ak 6= 0})F +

∑

ak 6=0

(mk − ak)Fk

)
.

Lemma 7.2.5 then implies that (i) is equivalent to the nonvanishing of H0(V ∗
2 ⊗Ω1

X)

and (ii) is equivalent to the nonvanishing of H0(V1 ⊗ Ω1
X).

On the other hand, if (i) and (ii) hold, then let θ′2 be a nonzero global map from

V
∗
2 to N and θ′1 a nonzero global map from V1 to N . (The proof of Lemma 7.2.5

shows that θ′2 and θ′1 exist.) Let ι be the inclusion N ↪→ Ω1
X as in Lemma 7.2.2. Let

θ1 = ι ◦ θ′1 and θ2 = ι ◦ θ′2. Let (wγ, zγ) be coordinates on Vγ, as in the discussion

following Lemma 4.3.4. On Vγ, then, θ1 has the form g1dwγ for some meromorphic

function g1. Likewise, θ2 = g2dwγ on Vγ for some meromorphic g2. Define θ by

θ|V2 = θ2, θ|OX = θ1, and θ|V1 = 0. Then θ ∧ θ = θ1 ∧ θ2 = 0 on Vγ. Similarly,

we find that θ ∧ θ vanishes outside the union of the singular fibres and the multiple

fibres. Hence θ ∧ θ = 0 everywhere, making (V, θ) a U(2, 1) Higgs bundle such that

(ST1) from Lemma 7.2.6 holds. ¤

7.3 The case of the stable binary Higgs bundle

with rank(im(θ))=1

Let (V, θ) = VP
⊕−→ OX be a stable projectively flat binary Higgs bundle. When

restricted to VP , the Higgs field θ|VP is a map from VP to Ω1
X . The image im(θ|VP )
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of this map is a subsheaf of Ω1
X . Arguing as in (ST1) of Lemma 7.2.6, one sees that

θ|VP cannot be the zero map. It follows that im(θ|VP ) has rank 1 or rank 2. We shall

take these cases separately, beginning with the rank 1 case.

Proposition 7.3.1. If (V, θ) = VP
⊕−→ OX is a stable projectively flat binary Higgs

bundle with rank(im(θ|VP )) = 1, then VP can be written as an extension of the form

(7.4) 0 → V1 → VP
β→ V2 → 0,

where V1 = OX(aF +
∑

akFk) and V2 = OX(bF +
∑

bkFk) with the a’s and b’s subject

to the following numerical conditions:

(i) −B < A < 1
2
B, and

(ii) d2 ≤ −2, and

(iii) b ≤ −2, and

(iv) If (c, c1, . . . , cn) is an (n + 1)-tuple of integers such that 0 ≤ ck < mk for all

k and d1 ≥ 0 and C ≥ 2
3
(A + B), then d1 + 1 ≤ min(−d2 − 1,−d3 − 1).

Here we have used the notations A = a +
∑ ak

mk
; B = b +

∑ bk

mk
; C = c +

∑ ck

mk
;

d1 = b− c−#{bk < ck}; d2 = a− b−#{ak < bk}; and d3 = a− c−#{ak < ck}.

Conversely, given a’s and b’s satisfying (i)–(iv), let V1 = OX(aF +
∑

akFk) and

V2 = OX(bF +
∑

bkFk). Then there exists a stable projectively flat binary Higgs

bundle VP
⊕−→ OX with VP given as an extension of the form (7.4).

Before proving this proposition, we will first prove several preparatory lemmas.

Lemma 7.3.2. Let (V, θ) = VP
⊕−→ OX be a binary Higgs bundle such that im(θ|VP )
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has rank 1. Let V1 = ker(θ|VP ). Then (V, θ) is stable if and only if:

(SB1) deg(V1) < 1
3
deg(VP ), and

(SB2) deg(S) < 2
3
deg(VP ) for every rank 1 subsheaf S of VP , and

(SB3) deg(VP ) > 0.

Proof. Let us first assume that (V, θ) is stable. Then (SB1)–(SB3) follow directly

from the fact that the θ-invariant subsheaves V1,S ⊕ OX , and OX , respectively, do

not destabilize V .

Let us now assume that (SB1)–(SB3) hold, and show that (V, θ) is stable. Let S ′

be a proper θ-invariant subsheaf of V . We must show that S ′ is not destabilizing.

Arguing as in the proof of Lemma 7.2.6, we find that one of the following three

possibilities must hold:

(i) S ′ is a rank 1 subsheaf of V1, or

(ii) S ′ = S ⊕OX , where S is a rank 1 subsheaf of VP , or

(iii) S ′ is a rank 1 subsheaf of OX .

The inequalities in (SB1)–(SB3) then imply that S ′ is not destabilizing. ¤

Lemma 7.3.3. Let (V, θ) = VP
⊕−→ OX be a binary Higgs bundle. Then V is

projectively flat if and only if c2
1(VP ) = 3c2(VP ).

Proof. [26]

Lemma 7.3.4. Let (V, θ) = VP
⊕−→ OX be a stable projectively flat binary Higgs

bundle such that im(θ|VP ) has rank 1. Let V1 = ker(θ|VP ) and V2 = im(θ|VP ). Then

V1 and V2 are vertical line bundles.

Proof. We have an exact sequence 0 → V1 → VP → V2 → 0. Now, V2 is a subsheaf

of Ω1
X , hence torsion-free. VP is a vector bundle, hence reflexive. It follows that V1
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is reflexive [26], hence locally free (since dim X=2). Therefore there exist vertical

divisors G1 and G2, horizontal divisors M1 and M2, and a dimension 0 subscheme Z̃

such that V1 = OX(G1 + M1) and V2 = IZ̃ ⊗ OX(G2 + M2), where IZ̃ is the ideal

sheaf associated to Z̃ [12]. Let `(Z̃) denote the length of Z̃. Then there is a natural

inclusion

0 → OX(−`(Z̃)F + G2 + M2) → V2.

Since V2 is the image of θ|VP , which maps to Ω1
X , we have that

h0(OX(`(Z̃)F −G2 −M2)⊗ Ω1
X) ≥ h0(V ∗

2 ⊗ Ω1
X) > 0.

So by Lemma 7.2.4, −M2 is effective.

We claim that M2 = 0. Suppose to the contrary that M2 is nonzero. Then

deg (V2) = H · (G2 + M2) = H0 · (G2 + M2) + kF ·M2 ≤ C − kr < 0.

(Here H0, k, C, and r are as in Definition 4.4.1.) Now since

deg(VP ) = deg(V1) + deg(V2),

we have that (SB1) from Lemma 7.3.2 is equivalent to the inequality

deg(V1) <
1

2
deg(V2).

Consequently, deg(V1) < 0. But then deg(VP ) < 0, which contradicts (SB3) from

Lemma 7.3.2.

We now prove that V1 is vertical. Write G2 as OX(bF +
∑

bkFk). Lemma 7.2.5

implies that b ≤ −2. Conditions (SB1) and (SB3) from Lemma 7.3.2, together with

Def. 4.4.1, show that (G1 + M1) · F = 0. From the exact sequence

0 → OX(G1 + M1) → VP → IZ̃ ⊗OX(G2) → 0,
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we find that

c2(VP ) = M1 ·G2 + `(Z̃)

and

c2
1(VP ) = M1 ·G1 + M1 ·G2 + M2

1 .

By Lemma 7.3.3, we have

(G1 −M1)
2 = 3`(Z̃) ≥ 0.

The Hodge index theorem, applied to

(H · F )(G1 −M1)− [H · (G1 −M1)]F,

then shows that G1 −M1 is vertical. Therefore, M1 = 0, so V1 is vertical.

From the equation

0 = c2
1(VP ) = 3c2(VP ) = 3M1 ·G2 + 3`(Z̃) = 3`(Z̃),

we then find that V2 is a vertical line bundle, as desired. ¤

Lemma 7.3.5. Let V1 = OX(aF +
∑

akFk) and V2 = OX(bF +
∑

bkFk) be vertical

line bundles such that d2 ≤ −2, where d2 = a− b−#{ak < bk}.

If there is a nonsplit extension of the form

(7.5) 0 → V1 → VP
β→ V2 → 0,

and L = OX(cF +
∑

ckFk) is a vertical line bundle with d1 ≥ 0 and d3 ≤ −2, where

d1 = b − c −#{bk < ck} and d3 = a − c −#{ak < ck}, such that H0(L∗ ⊗ VP ) = 0,

then d1 + 1 ≤ min(−d2 − 1,−d3 − 1).

Conversely, there exists a nonsplit extension (7.5) such that if

L = OX(cF +
∑

ckFk)
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is any vertical line bundle with d1 ≥ 0 and d3 ≤ −2 such that

d1 + 1 ≤ min(−d2 − 1,−d3 − 1),

then H0(L∗ ⊗ VP ) = 0.

Proof. First, we show that if VP and L are subject to the given conditions, then

d1 + 1 ≤ min(−d2 − 1,−d3 − 1).

Observe that L∗⊗V1 = OX(d3F +
∑

rkFk) for some rk with rk ≥ 0. The condition

d3 ≤ −2 then implies that H0(L∗⊗ V1) = 0. Similarly, L∗⊗ V2 = OX(d1F +
∑

rkFk)

for some rk with rk ≥ 0, so the condition d1 ≥ 0 implies that H0(L∗ ⊗ V2) 6= 0.

Consider the short exact sequence

(7.6) 0 → L∗ ⊗ V1 → L∗ ⊗ VP → L∗ ⊗ V2 → 0.

The associated long exact sequence in cohomology then implies that the coboundary

map δ : H0(L∗ ⊗ V2) → H1(L∗ ⊗ V1) is injective. Consequently,

h0(L∗ ⊗ V2) ≤ h1(L∗ ⊗ V1),

and so by Lemma 4.3.1, we have that d1 + 1 ≤ −d3 − 1.

We now show that d1 + 1 ≤ −d2 − 1. Suppose that d1 + 1 > −d2 − 1. Let σ

be an element of H1(V ∗
2 ⊗ V1) which defines the extension (7.5), as in [18]. Note

that V ∗
2 ⊗ V1 = OX(d2F +

∑
rkFk) for some rk with rk ≥ 0. Taking notation from

Lemma 4.3.5(ii), we have that σ equals σ−1w
−1
γ + · · · + σ

d2+1
wd2+1

γ on Vγ ∩Wξ and 0

elsewhere for some σ−1 , . . . , σd2+1
. Let {φ′αβ} be a system of transition functions for

the line bundle L∗⊗V1, and let {φ′′αβ} be a system of transition functions for the line

bundle L∗⊗V2. We may regard σ as the extension class of (7.6). Transition matrices

for L∗ ⊗ VP are then given by




φ′αβ φ′′αβσαβ

0 φ′′αβ


. If s ∈ H0(L∗ ⊗ V2), one can then
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compute that δ(s) equals sγσγξ on Vγ ∩Wξ and 0 elsewhere.

Let s ∈ H0(L∗ ⊗ V2) be the nonzero section such that with respect to the trivial-

ization on Vγ, we have sγ = wd1
γ , as in Lemma 4.3.5(i). Then

δ(s) = σ−1w
d1−1
γ + · · ·+ σ

d2+1
wd1+d2+1

γ

on Vγ∩Wξ and equals 0 elsewhere. So, by Lemma 4.3.5(ii) and the inequality d1+1 >

−d2− 1, we have that δ(s) = 0 ∈ H1(L∗⊗V1). But since δ is injective, this yields the

desired contradiction.

We now show that there exists a nonsplit extension (7.5) such that if

L = OX(cF +
∑

ckFk)

is any vertical line bundle with d1 ≥ 0 and d3 ≤ −2 such that

d1 + 1 ≤ min(−d2 − 1,−d3 − 1),

then H0(L∗ ⊗ VP ) = 0. Let (σ−1 , σ−2 , . . . , σd2+1
) be a (−d2 − 2)-tuple of complex

numbers such that for any `1, `3 with `1 ≥ 0 and `3 ≤ −2 such that

`1 + 1 ≤ min(−d2 − 1,−`3 − 1),

the matrix

Θ`1,`3 =




σ̀
3+1

σ̀
3

. . . σ
d2+1

0 0 . . . 0

σ̀
3+2

σ̀
3+1

. . . σ
d2+2

σ
d2+1

0 . . . 0

...
. . .

...

σ̀
3+d2+1

σ̀
3+d2

. . . . . . . . . σ
d2+1

...
...

σ−1 σ−2 . . . . . . . . . σ−`1−1




has maximal rank. (One may construct such a sequence of σ’s by induction on −d2−1;

given σ−1 , σ−2 , . . . , σd2+2
, choose σ

d2+1
so that every square matrix of the above form
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has nonzero determinant. This is possible because there are only finitely many such

matrices, and for each such matrix, the determinant is zero for only finitely many

values of σ
d2+1

.)

Let σ be the element in H1(V ∗
2 ⊗ V1) represented by a 1-cocycle which equals

σ−1w
−1
γ + · · ·+ σ

d2+1
wd2+1

γ on Vγ ∩Wξ and 0 elsewhere. Let VP be the rank 2 bundle

given as an extension as in (7.5) whose extension class is determined by σ. Since σ

is nonzero, (7.5) does not split. Let L = OX(cF +
∑

ckFk) be a vertical line bundle

with d1 ≥ 0 and d3 ≤ −2 such that d1 + 1 ≤ min(−d2 − 1,−d3 − 1). We must show

that H0(L∗ ⊗ VP ) = 0.

The condition d3 ≤ −2 guarantees that H0(L∗ ⊗ V1) = 0. It therefore suffices to

show that the coboundary map δ : H0(L∗ ⊗ V2) → H1(L∗ ⊗ V1) is injective. We now

show that if δ(s) = 0, then s = 0.

Let s ∈ H0(L∗ ⊗ V2). From Lemma 4.3.5(i), we know that on Vγ, the section s

is of the form sγ = s0 + s1wγ + · · · + sd1w
d1
γ with respect to the trivialization on Vγ.

From Lemma 4.3.5(ii), we know that if c is the 1-cocycle given by wj on Vγ ∩Wξ and

0 elsewhere, then [c] = 0 ∈ H1(L∗ ⊗ V1) if and only if j ≥ 0 or j ≤ −d3. Recall that

δ(s) equals sγσγξ on Vγ ∩Wξ and 0 elsewhere. Therefore, δ(s) = 0 if and only if the

following equalities hold:

σ
d3+1

s0 + σ
d3

s1 + · · ·+ σ
d2+1

s
d3−d2

= 0

σ
d3+2

s0 + σ
d3+1

s1 + · · ·+ σ
d2+1

s
d3−d2+1

= 0

. . .

σ
d3+d2+1

s0 + σ
d3+d2

s1 + · · ·+ σ
d2+1

s
d1

= 0

. . .

σ−1s0 + σ−2s1 + · · ·+ σ−d1−1
s

d1
= 0
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Since Θd1,d3 has maximal rank and d1 +1 ≤ −d3−1 (which is to say, regarding the

s’s as variables, that there are at least as many equations as variables), we conclude

that s = 0. ¤

Proof of Prop. 7.3.1. We first show that if (V, θ) = VP
⊕−→ OX is a stable pro-

jectively flat binary Higgs bundle with rank(im(θ|VP)) = 1, then VP has the stated

form.

Lemma 7.3.4 implies that V1 = ker(θ|VP) and V2 = im(θ|VP) are vertical line

bundles; we therefore obtain the extension (7.4). The inequality −B < A then

follows from (SB3) of Lemma 7.3.2. The inequality A < 1
2
B follows from (SB1) of

Lemma 7.3.2. Hence, condition (i) holds.

If the extension (7.4) splits, then both V1 and V2 ⊕ OX are θ-invariant, and so

µ(V1) < µ(V ) and µ(V2 ⊕ OX) < µ(V ), which implies the contradictory inequality

µ(V ) < µ(V ). Therefore, (7.4) does not split. The nonsplitting of (7.4) implies that

h1(V ∗
2 ⊗ V1) > 0. We have that

V ∗
2 ⊗ V1 = OX(d2F +

∑
rkFk),

where 0 ≤ rk < mk for all k. Condition (i) implies that A < B, so

(d2 +
∑ rk

mk

)H · F = deg(V ∗
2 ⊗ V1) = (A−B)H · F < 0.

Consequently, d2 < 0. Condition (ii) then follows from Lemma 4.3.1(ii) and the

inequalities h1(V ∗
2 ⊗ V1) > 0 and d2 < 0.

Since im(θ|VP) is a subsheaf of Ω1
X , we must have that H0(V ∗

2 ⊗ Ω1
X) 6= 0. Con-

dition (iii) then follows from Lemma 7.2.5.

Let (c, c1, . . . , cn) be an (n + 1)-tuple of integers such that 0 ≤ ck < mk for all k

and d1 ≥ 0 and C ≥ 2
3
(A + B). Let L = OX(cF +

∑
ckFk). From (SB2) of Lemma
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7.3.2, we know that H0(L∗ ⊗ VP ) = 0. Note that

L∗ ⊗ V1 = OX(d3F +
∑

rkFk)

for some rk with 0 ≤ rk < mk for all k. Arguing as in the proof that condition (ii)

holds, we see that d3 < 0. From the long exact sequence in cohomology associated

to (7.6), we find that H1(L∗ ⊗ V1) 6= 0. Lemma 4.3.1 then implies that d3 ≤ −2.

Condition (iv) then follows from Lemma 7.3.5.

Conversely, suppose that we are given a’s and b’s satisfying conditions (i)–(iv), and

let V1 = OX(aF +
∑

akFk) and V2 = OX(bF +
∑

bkFk). We will show that there exists

a stable projectively flat binary Higgs bundle VP
⊕−→ OX with rank(im(θ|VP)) = 1

and VP as in (7.4).

Lemma 7.3.5 and condition (ii) guarantee the existence of a rank 2 bundle VP

and a nonsplit extension (7.4) such that if L = OX(cF +
∑

ckFk) is any vertical line

bundle with d1 ≥ 0 and d3 < 0 such that d1 + 1 ≤ min(−d2 − 1,−d3 − 1), then

H0(L∗ ⊗ VP ) = 0. Let VP be such a bundle. By Lemma 7.2.5 and condition (iii),

there exists a nonzero map α : V2 → Ω1
X . Let V = VP ⊕ OX . Define a Higgs field θ

by θ|VP = α ◦ β and θ|OX = 0. Note that θ ∧ θ = 0. Then (V, θ) is a binary Higgs

bundle with rank(im(θ|VP)) = 1. Moreover, V is projectively flat by Lemma 7.3.3.

It remains to be shown that (V, θ) is stable. (SB1) and (SB3) from Lemma 7.3.2

follow from condition (i). Let us now verify that (SB2) holds. Suppose to the contrary

that there exists a rank 1 subsheaf S of VP such that deg(S) ≥ 2
3
deg(VP ). Let L be the

kernel of the natural map VP →
VP
S

Tor(
VP
S )

. Then L is a line bundle, deg(L) ≥ deg(S),

and H0(L∗ ⊗ VP ) 6= 0. (See [26].)

We claim that L is vertical. To see this, consider the short exact sequence (7.6)
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from Lemma 7.3.5. Since

deg(L) ≥ deg(S) ≥ 2

3
deg(VP ) > deg(V1),

we must have H0(L∗ ⊗ V1) = 0. From the long exact sequence in cohomology associ-

ated to (7.6), we then find that H0(L∗ ⊗ V2) 6= 0. Writing L = OX(G + M) with G

vertical and M horizontal, we see that

−G−M + bF +
∑

bkFk

must be linearly equivalent to an effective divisor. In particular, −M must be linearly

equivalent to an effective divisor, and

deg(G) ≤ deg(V2) ≤ deg(−2F +
∑

(mk − 1)Fk),

where the second inequality comes from the condition b ≤ −2. The condition

k ≥ t− s

r

from Definition 4.4.1 implies that if M is not linearly equivalent to zero, then

deg(M) ≤ −deg(−2F +
∑

(mk − 1)Fk),

which would yield the contradictory inequality

0 <
2

3
deg(VP ) ≤ deg(L) = deg(M) + deg(G) ≤ 0.

Therefore L is vertical.

Write L = OX(cF +
∑

ckFk). Dividing both sides of deg(L) ≥ 2
3
deg(VP ) by

H · F , we find that C ≥ 2
3
(A + B). Note that L∗ ⊗ V2 = OX(d1F +

∑
rkFk), and

so H0(L∗ ⊗ V2) 6= 0 implies that d1 ≥ 0. It now follows from condition (iv) that

d1 + 1 ≤ min(−d2− 1,−d3− 1). Moreover, d3 < 0 since H0(L∗⊗V1) = 0. Our choice

of VP then implies that H0(L∗ ⊗ VP ) = 0, contradicting our earlier assertion that

H0(L∗ ⊗ VP ) 6= 0. Therefore (V, θ) = VP
⊕−→ OX is stable, as desired. ¤
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7.4 The case of the stable binary Higgs bundle

with rank(im(θ))=2

In this subsection, we show that there does not exist a stable binary Higgs bundle

(V, θ) on X with rank(im(θ))=2.

Throughout this section, let N = OX(−2F +
∑

k(mk−1)Fk) and Q = IZ⊗OX(F ),

as in Lemma 7.2.2.

Lemma 7.4.1. Suppose that (V, θ) = VP
⊕−→ OX is a stable projectively flat binary

Higgs bundle with rank(im(θ)) = 2. Then there exists an exact sequence

0 → V1 → VP → V2 → 0,

where V1 and V2 are vertical line bundles and H0(V ∗
2 ⊗Q) 6= 0.

Proof. Let β be the map in the exact sequence of Lemma 7.2.2 from Ω1
X to Q. Let

V2 = im(β ◦ (θ|VP )), and let V1 = ker(β ◦ (θ|VP )). This gives us an exact sequence

0 → V1 → VP → V2 → 0.

Since rank(im(θ)) = 2, we see that 1 = rank(V2) = rank(V1). The proof of Lemma

7.3.4 shows that V1 and V2 are vertical line bundles. Moreover, the inclusion map

ι : V2 ↪→ Q yields a nonzero element of H0(V ∗
2 ⊗Q). ¤

Proposition 7.4.2. If (V, θ) is a stable projectively flat binary Higgs bundle, then

im(θ) has rank 1.

Proof. By tensoring with a line bundle, as in Lemma 6.2.4, we may assume that

(V, θ) is of the form VP
⊕−→ OX . Then im(θ) is a subsheaf of Ω1

X and so has rank 0,

1, or 2. As noted in the introduction to §7.3, im(θ) cannot have rank 0.

Suppose im(θ) has rank 2. By Lemma 7.4.1, we have an exact sequence

0 → V1 → VP → V2 → 0,
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where V1 and V2 are vertical line bundles and H0(V ∗
2 ⊗ Q) 6= 0. By Lemma 7.2.3,

we have that deg(V2) < 0. As in Lemma 7.3.2, stability implies that deg(VP ) > 0,

whence we see that

0 < deg(VP ) = deg(V1) + deg(V2) < deg(V1).

The proof of Lemma 7.3.2 also shows that deg(V1) < 2
3
deg(VP ), whereby one obtains

the contradictory inequality

0 < deg(V1) < 2 deg(V2) < 0. ¤

Remark. If we drop the projective flatness condition, then Prop. 7.4.2 is no

longer true. For example, if {mk} = {2, 3, 7} and VP = Ω1
X and θ|VP is given by the

identity map, then VP
⊕−→ OX is stable and im(θ) has rank 2.

7.5 The case of the reducible ternary Higgs bundle

We now consider reducible, polystable, ternary Higgs bundles of the form

(V, θ) = V2
⊕→ V3

⊕→ V1.

In this case, either θ|V2 or θ|V3 must be the zero map. (For if not, then V is not

reducible.) We divide into three cases accordingly, depending whether the first map

only is zero, the second map only is zero, or both are.

Case 1: θ|V2 = 0 and θ|V3 6= 0

Proposition 7.5.1. There exists a polystable ternary Higgs bundle

(V, θ) = V2
⊕→ V3

⊕→ V1
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with θ|V2 = 0 and θ|V3 6= 0 and c1(V2) = c1(V3 ⊕ V1) = c2(V3 ⊕ V1) = 0 if and only if

V2 = OX and V3 = OX(bF +
∑

bkFk) and V1 = V ∗
3 , where the b’s are subject to the

following numerical conditions:

(i) b +
∑ bk

mk
> 0, and

(ii) 2b + #{bk ≥ mk

2
} ≤ −2.

Proof. First, let V2 = OX and V3 = OX(bF +
∑

bkFk) and V1 = V ∗
3 , where the b’s

satisfy (i) and (ii). Note that

V3 ⊗ V3 = OX((2b + #{bk ≥ mk

2
})F +

∑
rkFk)

for some rk with 0 ≤ rk < mk. Condition (ii) guarantees that there exists a nonzero

map θ : V3 → V1 ⊗ Ω1
X , by Lemma 7.2.5. Extend θ to V by letting θ|V2 = θ|V1 = 0;

then θ∧θ = 0. Condition (i) guarantees that V3
⊕−→ V1 is stable, since every coherent

rank 1 θ-invariant subsheaf S of V3 ⊕ V1 is a subsheaf of V1, in which case

µ(S) ≤ µ(V1) = −µ(V3) < 0 = µ(V3 ⊕ V1).

We have c1(V3⊕ V1) = 0 since V1 = V ∗
3 . Also, c2(V3⊕ V1) = c1(V3)c1(V1) = 0 since V3

and V1 are vertical.

Now let (V, θ) = V2
⊕→ V3

⊕→ V1 be a polystable ternary Higgs bundle with

θ|V2 = 0 and θ|V3 6= 0 and c1(V2) = c1(V3⊕V1) = c2(V3⊕V1) = 0. Then V2 = OX and

V1 = V ∗
3 , since c1(V2) = 0 and c1(V3 ⊕ V1) = 0. Write V3 = OX(bF +

∑
bkFk + M),

where M is a horizontal divisor. Since θ|V3 6= 0, we have H0((V3 ⊗ V3)
∗ ⊗ Ω1

X) 6= 0,

so Lemma 7.2.4 then implies that −2M is linearly equivalent to an effective divisor

and that 2b + #{bk ≥ mk

2
} ≤ 1. Stability of V3

⊕−→ V1 and θ-invariance of V1 show

that deg(V3) > 0. The condition k > (n+1)t−s
r

from Definition 4.4.1 then implies that

M ≡ 0—in other words, V3 is a vertical line bundle. We obtain condition (i) by diving

64



both sides of the inequality deg(V3) > 0 by H ·F . Lemma 7.2.5 yields condition (ii). ¤

Case 2: θ|V2 6= 0 and θ|V3 = 0.

This case is the same as Case 1, with the V ’s relabeled.

Case 3: θ|V2 = θ|V3 = 0

This case is trivial; there exists a polystable Higgs bundle V2
⊕→ V3

⊕→ V1 with

c1(V2) = c1(V3) = c1(V1) = 0 and θ|V2 = θ|V3 = 0 if and only if V2 = V3 = V1 = OX .

7.6 The case of the reducible binary Higgs bundle

Let (V, θ) = VP
⊕−→ VQ be a reducible polystable binary Higgs bundle whose sum-

mands have vanishing Chern classes, where rank(VP )=2 and rank(VQ)=1. The rank

R of the image of θ in VQ ⊗ Ω1
X is either 2, 1, or 0. If R = 2, then (V, θ) can not be

reducible. If R = 1, then we must have VP = V1⊕V2, where V1 = ker(θ|VP ); this case

was discussed in section §7.5. If R = 0, then θ is the zero map. In this case, we must

have VQ = OX and VP stable. An explicit description of all stable rank 2 bundles on

X with vanishing Chern classes can be found in [4, Proposition 4.1]. (The method of

proof of Prop. 7.3.1 also yields such a description.)
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Chapter 8

Main Theorem and Examples

Putting together the pieces from the previous sections, we have the following explicit

description of all orbifold Toledo invariants that arise from semisimple U(2,1) repre-

sentations of the orbifold fundamental group of the 2-orbifold associated to a Seifert

fibered homology 3-sphere.

8.1 Main theorem

Theorem 8.1.1. Let O be the 2-orbifold of genus zero with n cone points of orders

m1, . . . , mn and no other singular points. Assume that n ≥ 3 and that if n = 3, then

{m1,m2,m3} 6= {2, 3, 5}. Let τ ∈ R. Then there exists a semisimple representation

ρ : πorb
1 (O) → U(2, 1) such that τ = τorb(ρ) if and only if τ = ±(y +

∑ yk

mk
) for

some integers (y, y1, . . . , yn) with 0 ≤ yk < mk such that at least one of the numerical

conditions (i)–(iv) holds:

(i) There exist integers a, a1, . . . , an, b, b1, . . . , bn with 0 ≤ ak, bk < mk such that

b ≤ −2, and a+#{k | ak 6= 0} ≥ 2, and 2A < B, and A < 2B, and (?) below

holds.
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(ii) There exist integers a, a1, . . . , an, b, b1, . . . , bn with 0 ≤ ak, bk < mk such that

−B < A < 1
2
B, and d2 ≤ −2, and b ≤ −2, and (?) below holds, and

d1+1 ≤ min(−d2−1,−d3−1) for every (n+1)-tuple of integers (c, c1, . . . , cn)

such that 0 ≤ ck < mk for all k and d1 ≥ 0 and C ≥ 2
3
(A + B).

(iii) y +
∑ yk

mk
> 0, and 2y + #{yk ≥ mk

2
} ≤ −2.

(iv) y = yk = 0 for all k.

(?) 3y +
∑b3yk

mk
c = a + b, and 3yk − b3yk

mk
cmk = ak + bk for k = 1, . . . , n.

Here we have used the notations A = a +
∑ ak

mk
; B = b +

∑ bk

mk
; C = c +

∑ ck

mk
;

d1 = b− c−#{bk < ck}; d2 = a− b−#{ak < bk}; and d3 = a− c−#{ak < ck}.

Proof. By Lemmas 6.2.2, 6.2.4, 7.1.2(c), and 5.2.3 it suffices to show that

c1(OX(yF +
∑

ykFk))

equals the Higgs bundle Toledo invariant of a stable ternary, stable binary, reducible

ternary, or reducible binary Higgs bundle whose summands have vanishing Chern

classes if and only if the y’s satisfy one of (i)–(iv).

Suppose (V, θ) = V2
⊕→ V3

⊕→ V1 is a stable ternary Higgs bundle with vanishing

Chern classes. By Lemma 6.2.4, tensoring with V ∗
3 yields a stable ternary Higgs

bundle

(V ′, θ′) = (V ⊗ V ∗
3 , θ ⊗ 1) = (V2 ⊗ V ∗

3 )
⊕→ OX

⊕→ (V1 ⊗ V ∗
3 )

with τ(V,θ) = τ(V ′, θ′). By Lemma 7.2.7, Prop. 7.2.1, and Definition 6.2.3, we then have

that

τ(V ′, θ′) =
1

3
c1(OX((a + b)F +

∑
(ak + bk)Fk)),
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where the a’s and b’s satisfy (i)–(iv) from Prop. 7.2.1. Moreover,

OX((a + b)F +
∑

(ak + bk)Fk) = det(V ′) = V ∗
3 ⊗ V ∗

3 ⊗ V ∗
3

is vertical. Thus V ∗
3 is of the form OX(yF +

∑
ykFk) with

3(yF +
∑

ykFk) ≡ (a + b)F +
∑

(ak + bk)Fk.

Condition (?), which is equivalent to the condition that (a + b)F +
∑

(ak + bk)Fk is

“divisible by 3,” therefore holds.

Conversely, given a’s and b’s satisfying (i), Prop. 7.2.1 and Def. 6.2.3 guarantee

the existence of a stable projectively flat ternary Higgs bundle (V ′, θ′) with

τ(V ′, θ′) = OX((a + b)F +
∑

(ak + bk)Fk).

Condition (?) is then equivalent to the existence of a vertical line bundle

V3 = OX(yF +
∑

ykFk)

such that c1(V
′⊗V3) = c2(V

′⊗V3) = 0. By Lemma 6.2.4, V ′⊗V3 is a stable ternary

Higgs bundle with τ(V,θ) = τ(V ′, θ′). To summarize: c1(OX(yF +
∑

ykFk)) equals the

Higgs bundle Toledo invariant of a stable flat ternary Higgs bundle on X if and only

if the y’s satisfy (i).

A similar argument, using Prop. 7.3.1 instead of Prop. 7.2.1, shows that

c1(OX(yF +
∑

ykFk))

equals the Higgs bundle Toledo invariant of a stable binary Higgs bundle (V, θ) with

c1(V ) = c2(V ) = 0 and rank(im(θ))=1 if and only if the a’s and b’s satisfy (ii).

Prop. 7.4.2 shows that there are no stable binary Higgs bundles with rank(im(θ))=2.

(iii) covers Cases 1 and 2 from §7.5, and (iv) covers Case 3 from §7.5 as well as the
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reducible binary case with θ = 0 (as discussed in §7.6), since the Toledo invariant

vanishes in both of these cases. ¤

Remark: One can check whether (?) holds by the method of [38, Exercise 12.3].

Corollary 8.1.2. (a) A lower bound for the number of distinct connected components

in the representation space R+
U(2,1)(O) =

Hom+(πorb
1 (O), U(2,1))

U(2,1)
is given by the number of

distinct values ±(y +
∑ yk

mk
), where the y’s satisfy one of (i)–(iv) from Thm. 8.1.1.

(b) A lower bound for the number of distinct connected components in the rep-

resentation space R∗
PU(2,1)(Y ) = Hom∗(π1(Y ), PU(2,1))

PU(2,1)
is given by the number of distinct

values ±(y +
∑ yk

mk
), where the y’s satisfy (i) or (ii) from Thm. 8.1.1.

Proof. We prove (b) only; the proof of (a) is similar. Lemma 3.2.1 shows that

we may replace Y by X in the statement of this theorem. Lemma 2.1.3 shows

that (equivalence classes of) PU(2,1) representations with distinct Toledo invariants

lie in distinct components of Hom∗(π1(X ), PU(2,1))
PU(2,1)

. If ρ ∈ Hom∗(π1(X ), U(2, 1)), then

ϕ ◦ ρ ∈ Hom∗(π1(X ), PU(2, 1)), where ϕ : U(2, 1) → PU(2, 1) is the canonical homo-

morphism. Lemmas 6.2.1 and 6.2.2 show that the number of distinct Toledo invariants

arising from irreducible U(2,1) representations of π1(X) exactly equals the number

of distinct Higgs bundle Toledo invariants of stable U(2,1) Higgs bundles on X with

vanishing Chern classes. There exist y’s satisfying (i) or (ii) from Thm. 8.1.1 if and

only if ±c1(OX(yF +
∑

ykFk)) equals the Higgs bundle Toledo invariant of a stable

U(2,1) Higgs bundle on X with vanishing Chern classes—in which case, by Lemma

5.2.3, the corresponding orbifold Toledo invariant is ±(y +
∑ yk

mk
). ¤
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8.2 An example

Example. Let n = 3, and let (m1,m2,m3) = (2, 3, 11). Departing from our previous

notations, let Fmk
(instead of Fk) denote the multiple fibre on X of multiplicity mk.

Let (V1, θ1) = OX(−2F + F2 + 2F3 + 10F11)
⊕→ OX

⊕→ OX(−F + F2 + F3 + F11)

be a stable ternary Higgs bundle.

Let (V2, θ2) = OX
⊕→ OX

⊕→ OX , where θ2 is the zero map.

Let (V3, θ3) be a stable binary Higgs bundle of the form VP
⊕→ OX , where VP is

given by a nontrivial extension

0 → OX(−F + F3 + 7F11) → VP → OX(−2F + F2 + 2F3 + 10F11) → 0.

Let (V4, θ4) = OX(−2F + F2 + 2F3 + 10F11)
⊕→ OX

⊕→ OX(−F + F2 + F3 + 2F11)

be a stable ternary Higgs bundle.

The proof of Thm. 8.1.1 guarantees that all orbifold Toledo invariants arise from

these four Higgs bundles and their duals. Let τk be the orbifold Toledo invariant cor-

responding to (Vk, θk). Then 0 = τ1 = τ2, 0.0152 ≈ τ3, and 0.0303 ≈ τ4. We conclude

that in this case, R+
U(2,1)(O) contains at least 5 distinct connected components.

Though (V1, θ1) and (V2, θ2) have the same Higgs bundle Toledo invariant, we

conjecture that they lie in different components of MDol(U(2, 1)). If this conjecture

is true, then R+
U(2,1)(O) has more than 5 components. We plan to study the matter

further, with the goal of precisely determining the number of components in this

representation space.
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Appendix: Some computations of

orbifold Toledo invariants

We provide in this appendix several explicit examples of orbifold Toledo invariants.

In each case, for ease of computation, we take n = 3. Because of this restriction,

condition (iii) from Thm. 8.1.1 never occurs. We list only a’s and b’s satisfying

(i) or (ii) from Thm. 8.1.1, since (iv) is trivial. Moreover, we list only those a’s

and b’s that yield positive values of the orbifold Toledo invariant. For each given

triple (m1,m2,m3), the list of a’s and b’s satisfying (i) or (ii) and yielding a positive

orbifold Toledo invariant is complete. The column labelled “Cond” indicates whether

condition (i) or (ii) is satisfied, and the column labelled “τ” gives the corresponding

orbifold Toledo invariant.
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m1 m2 m3 Cond a a1 a2 a3 b b1 b2 b3 ττττ    
2 3 7 (i) -1 1 1 1 -2 1 2 6 0.0000 
2 3 11 (i) -1 1 1 1 -2 1 2 10 0.0000 
2 3 11 (ii) -1 0 1 7 -2 1 2 10 0.0152 
2 3 11 (i) -1 1 1 2 -2 1 2 10 0.0303 
2 3 13 (i) -1 1 1 1 -2 1 2 12 0.0000 
2 3 13 (i) -1 1 1 2 -2 1 2 11 0.0000 
2 3 13 (ii) -1 0 1 8 -2 1 2 12 0.0128 
2 3 13 (i) -1 1 1 2 -2 1 2 12 0.0256 
2 3 13 (ii) -1 0 1 9 -2 1 2 12 0.0385 
2 3 17 (i) -1 1 1 1 -2 1 2 16 0.0000 
2 3 17 (i) -1 1 1 2 -2 1 2 15 0.0000 
2 3 17 (ii) -1 0 1 10 -2 1 2 16 0.0098 
2 3 17 (ii) -1 0 1 11 -2 1 2 15 0.0098 
2 3 17 (i) -1 1 1 2 -2 1 2 16 0.0196 
2 3 17 (i) -1 1 1 3 -2 1 2 15 0.0196 
2 3 17 (ii) -1 0 1 11 -2 1 2 16 0.0294 
2 3 17 (i) -1 1 1 3 -2 1 2 16 0.0392 
2 3 17 (ii) -1 0 1 12 -2 1 2 16 0.0490 
2 3 19 (i) -1 1 1 1 -2 1 2 18 0.0000 
2 3 19 (i) -1 1 1 2 -2 1 2 17 0.0000 
2 3 19 (i) -1 1 1 3 -2 1 2 16 0.0000 
2 3 19 (ii) -1 0 1 11 -2 1 2 18 0.0088 
2 3 19 (ii) -1 0 1 12 -2 1 2 17 0.0088 
2 3 19 (i) -1 1 1 2 -2 1 2 18 0.0175 
2 3 19 (i) -1 1 1 3 -2 1 2 17 0.0175 
2 3 19 (ii) -1 0 1 12 -2 1 2 18 0.0263 
2 3 19 (ii) -1 0 1 13 -2 1 2 17 0.0263 
2 3 19 (i) -1 1 1 3 -2 1 2 18 0.0351 
2 3 19 (ii) -1 0 1 13 -2 1 2 18 0.0439 
2 3 19 (i) -1 1 1 4 -2 1 2 18 0.0526 
2 5 7 (i) -1 1 1 1 -2 1 4 6 0.0000 
2 5 7 (i) -1 1 1 2 -2 1 4 5 0.0000 
2 5 7 (ii) -1 0 3 2 -2 1 4 6 0.0143 
2 5 7 (ii) -1 0 2 4 -2 1 4 6 0.0429 
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m1 m2 m3 Cond a a1 a2 a3 b b1 b2 b3 ττττ    
2 5 9 (i) -1 1 1 1 -2 1 4 8 0.0000 
2 5 9 (i) -1 1 1 2 -2 1 4 7 0.0000 
2 5 9 (ii) -1 0 2 4 -2 1 4 8 0.0111 
2 5 9 (ii) -1 0 2 5 -2 1 4 7 0.0111 
2 5 9 (ii) -1 0 1 7 -2 1 4 8 0.0556 
2 5 9 (i) -1 1 2 1 -2 1 4 8 0.0667 
2 5 9 (ii) -1 0 3 4 -2 1 4 8 0.0778 
2 5 11 (i) -1 1 1 1 -2 1 4 10 0.0000 
2 5 11 (i) -1 1 1 2 -2 1 4 9 0.0000 
2 5 11 (i) -1 1 1 3 -2 1 4 8 0.0000 
2 5 11 (i) -1 1 2 1 -2 1 3 10 0.0000 
2 5 11 (ii) -1 0 3 3 -2 1 4 10 0.0273 
2 5 11 (ii) -1 0 3 4 -2 1 4 9 0.0273 
2 5 11 (i) -1 1 2 1 -2 1 4 9 0.0364 
2 5 11 (ii) -1 0 1 8 -2 1 4 10 0.0455 
2 5 11 (ii) -1 0 2 7 -2 1 4 10 0.0818 
2 5 11 (i) -1 1 1 4 -2 1 4 10 0.0909 
2 5 13 (i) -1 1 1 1 -2 1 4 12 0.0000 
2 5 13 (i) -1 1 1 2 -2 1 4 11 0.0000 
2 5 13 (i) -1 1 1 3 -2 1 4 10 0.0000 
2 5 13 (i) -1 1 2 1 -2 1 3 12 0.0000 
2 5 13 (i) -1 1 2 1 -2 1 4 10 0.0154 
2 5 13 (ii) -1 0 1 9 -2 1 4 12 0.0385 
2 5 13 (ii) -1 0 1 10 -2 1 4 11 0.0385 
2 5 13 (ii) -1 0 2 7 -2 1 4 12 0.0538 
2 5 13 (ii) -1 0 2 8 -2 1 4 11 0.0538 
2 5 13 (ii) -1 0 3 5 -2 1 4 12 0.0692 
2 5 13 (ii) -1 0 3 6 -2 1 4 11 0.0692 
2 5 13 (i) -1 1 1 4 -2 1 4 12 0.0769 
2 5 13 (i) -1 1 2 2 -2 1 4 12 0.0923 
2 5 17 (i) -1 1 1 1 -2 1 4 16 0.0000 
2 5 17 (i) -1 1 1 2 -2 1 4 15 0.0000 
2 5 17 (i) -1 1 1 3 -2 1 4 14 0.0000 
2 5 17 (i) -1 1 1 4 -2 1 4 13 0.0000 
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m1 m2 m3 Cond a a1 a2 a3 b b1 b2 b3 ττττ    
2 5 17 (i) -1 1 1 5 -2 1 4 12 0.0000 
2 5 17 (i) -1 1 2 1 -2 1 3 16 0.0000 
2 5 17 (ii) -1 0 3 4 -2 1 4 15 0.0059 
2 5 17 (ii) -1 0 3 5 -2 1 4 14 0.0059 
2 5 17 (ii) -1 0 3 6 -2 1 4 13 0.0059 
2 5 17 (i) -1 1 1 5 -2 1 3 16 0.0118 
2 5 17 (ii) -1 0 2 7 -2 1 4 16 0.0176 
2 5 17 (ii) -1 0 2 8 -2 1 4 15 0.0176 
2 5 17 (ii) -1 0 2 9 -2 1 4 14 0.0176 
2 5 17 (ii) -1 0 2 10 -2 1 4 13 0.0176 
2 5 17 (ii) -1 0 1 11 -2 1 4 16 0.0294 
2 5 17 (ii) -1 0 1 12 -2 1 4 15 0.0294 
2 5 17 (ii) -2 1 3 13 -2 1 4 16 0.0353 
2 5 17 (i) -1 1 2 1 -2 1 4 15 0.0471 
2 5 17 (i) -1 1 2 2 -2 1 4 14 0.0471 
2 5 17 (i) -1 1 1 4 -2 1 4 16 0.0588 
2 5 17 (i) -1 1 1 5 -2 1 4 15 0.0588 
2 5 17 (i) -1 1 1 6 -2 1 4 14 0.0588 
2 5 17 (ii) -1 0 3 6 -2 1 4 16 0.0647 
2 5 17 (ii) -1 0 3 7 -2 1 4 15 0.0647 
2 5 17 (ii) -1 0 2 10 -2 1 4 16 0.0765 
2 5 17 (ii) -1 0 2 11 -2 1 4 15 0.0765 
2 5 17 (ii) -1 0 1 14 -2 1 4 16 0.0882 
2 5 17 (i) -1 1 2 3 -2 1 4 16 0.1059 
2 5 17 (i) -1 1 1 7 -2 1 4 16 0.1176 
2 5 19 (i) -1 1 1 1 -2 1 4 18 0.0000 
2 5 19 (i) -1 1 1 2 -2 1 4 17 0.0000 
2 5 19 (i) -1 1 1 3 -2 1 4 16 0.0000 
2 5 19 (i) -1 1 1 4 -2 1 4 15 0.0000 
2 5 19 (i) -1 1 1 5 -2 1 4 14 0.0000 
2 5 19 (i) -1 1 2 1 -2 1 3 18 0.0000 
2 5 19 (ii) -1 0 2 7 -2 1 4 18 0.0053 
2 5 19 (ii) -1 0 2 8 -2 1 4 17 0.0053 
2 5 19 (ii) -1 0 2 9 -2 1 4 16 0.0053 
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m1 m2 m3 Cond a a1 a2 a3 b b1 b2 b3 ττττ    
2 5 19 (ii) -1 0 2 10 -2 1 4 15 0.0053 
2 5 19 (ii) -1 0 2 11 -2 1 4 14 0.0053 
2 5 19 (i) -1 1 1 6 -2 1 3 18 0.0211 
2 5 19 (ii) -1 0 1 12 -2 1 4 18 0.0263 
2 5 19 (ii) -1 0 1 13 -2 1 4 17 0.0263 
2 5 19 (ii) -1 0 1 14 -2 1 4 16 0.0263 
2 5 19 (i) -1 1 2 1 -2 1 4 16 0.0316 
2 5 19 (i) -1 1 2 2 -2 1 4 15 0.0316 
2 5 19 (ii) -1 0 3 5 -2 1 4 18 0.0368 
2 5 19 (ii) -1 0 3 6 -2 1 4 17 0.0368 
2 5 19 (ii) -1 0 3 7 -2 1 4 16 0.0368 
2 5 19 (ii) -1 0 3 8 -2 1 4 15 0.0368 
2 5 19 (i) -1 1 1 4 -2 1 4 18 0.0526 
2 5 19 (i) -1 1 1 5 -2 1 4 17 0.0526 
2 5 19 (i) -1 1 1 6 -2 1 4 16 0.0526 
2 5 19 (ii) -1 0 2 10 -2 1 4 18 0.0579 
2 5 19 (ii) -1 0 2 11 -2 1 4 17 0.0579 
2 5 19 (ii) -1 0 2 12 -2 1 4 16 0.0579 
2 5 19 (ii) -1 0 1 15 -2 1 4 18 0.0789 
2 5 19 (ii) -1 0 1 16 -2 1 4 17 0.0789 
2 5 19 (i) -1 1 2 2 -2 1 4 18 0.0842 
2 5 19 (i) -1 1 2 3 -2 1 4 17 0.0842 
2 5 19 (ii) -1 0 3 8 -2 1 4 18 0.0895 
2 5 19 (ii) -1 0 3 9 -2 1 4 17 0.0895 
2 5 19 (i) -1 1 1 7 -2 1 4 18 0.1053 
2 5 19 (ii) -1 0 2 13 -2 1 4 18 0.1105 
2 7 9 (i) -1 1 1 1 -2 1 6 8 0.0000 
2 7 9 (i) -1 1 1 2 -2 1 6 7 0.0000 
2 7 9 (i) -1 1 1 3 -2 1 6 6 0.0000 
2 7 9 (i) -1 1 2 1 -2 1 5 8 0.0000 
2 7 9 (ii) -1 0 1 7 -2 1 5 8 0.0079 
2 7 9 (ii) -1 0 5 2 -2 1 6 7 0.0238 
2 7 9 (ii) -1 0 3 4 -2 1 6 8 0.0397 
2 7 9 (ii) -1 0 3 5 -2 1 6 7 0.0397 
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m1 m2 m3 Cond a a1 a2 a3 b b1 b2 b3 ττττ    
2 7 9 (ii) -1 0 4 4 -2 1 5 8 0.0397 
2 7 9 (i) -1 1 2 1 -2 1 6 8 0.0476 
2 7 9 (i) -1 1 2 2 -2 1 6 7 0.0476 
2 7 9 (i) -1 1 3 1 -2 1 5 8 0.0476 
2 7 9 (ii) -2 1 5 7 -2 1 6 8 0.0794 
2 7 9 (ii) -1 0 4 4 -2 1 6 8 0.0873 
2 7 9 (i) -1 1 3 1 -2 1 6 8 0.0952 
2 7 9 (ii) -1 0 2 7 -2 1 6 8 0.1032 
2 7 9 (i) -1 1 1 4 -2 1 6 8 0.1111 
2 7 11 (i) -1 1 1 1 -2 1 6 10 0.0000 
2 7 11 (i) -1 1 1 2 -2 1 6 9 0.0000 
2 7 11 (i) -1 1 1 3 -2 1 6 8 0.0000 
2 7 11 (i) -1 1 2 1 -2 1 5 10 0.0000 
2 7 11 (i) -1 1 2 2 -2 1 5 9 0.0000 
2 7 11 (ii) -1 0 4 2 -2 1 6 10 0.0065 
2 7 11 (ii) -1 0 4 3 -2 1 6 9 0.0065 
2 7 11 (ii) -1 0 4 4 -2 1 6 8 0.0065 
2 7 11 (i) -1 1 1 3 -2 1 5 10 0.0130 
2 7 11 (i) -1 1 1 4 -2 1 5 9 0.0130 
2 7 11 (ii) -1 0 3 4 -2 1 6 10 0.0195 
2 7 11 (ii) -1 0 3 5 -2 1 6 9 0.0195 
2 7 11 (ii) -1 0 3 6 -2 1 6 8 0.0195 
2 7 11 (ii) -1 0 4 4 -2 1 5 10 0.0195 
2 7 11 (ii) -1 0 2 6 -2 1 6 10 0.0325 
2 7 11 (ii) -1 0 2 7 -2 1 6 9 0.0325 
2 7 11 (ii) -1 0 3 6 -2 1 5 10 0.0325 
2 7 11 (ii) -1 0 1 8 -2 1 6 10 0.0455 
2 7 11 (ii) -1 0 2 8 -2 1 5 10 0.0455 
2 7 11 (i) -1 1 3 1 -2 1 6 9 0.0649 
2 7 11 (i) -1 1 2 2 -2 1 6 10 0.0779 
2 7 11 (i) -1 1 2 3 -2 1 6 9 0.0779 
2 7 11 (ii) -1 0 5 3 -2 1 6 10 0.0844 
2 7 11 (ii) -1 0 5 4 -2 1 6 9 0.0844 
2 7 11 (i) -1 1 1 4 -2 1 6 10 0.0909 
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m1 m2 m3 Cond a a1 a2 a3 b b1 b2 b3 ττττ    
2 7 11 (ii) -1 0 4 5 -2 1 6 10 0.0974 
2 7 11 (ii) -1 0 3 7 -2 1 6 10 0.1104 
2 7 11 (ii) -1 0 2 9 -2 1 6 10 0.1234 
2 7 13 (i) -1 1 1 1 -2 1 6 12 0.0000 
2 7 13 (i) -1 1 1 2 -2 1 6 11 0.0000 
2 7 13 (i) -1 1 1 3 -2 1 6 10 0.0000 
2 7 13 (i) -1 1 1 4 -2 1 6 9 0.0000 
2 7 13 (i) -1 1 2 1 -2 1 5 12 0.0000 
2 7 13 (i) -1 1 2 2 -2 1 5 11 0.0000 
2 7 13 (ii) -1 0 3 4 -2 1 6 12 0.0055 
2 7 13 (ii) -1 0 3 5 -2 1 6 11 0.0055 
2 7 13 (ii) -1 0 3 6 -2 1 6 10 0.0055 
2 7 13 (ii) -1 0 3 7 -2 1 6 9 0.0055 
2 7 13 (ii) -1 0 4 4 -2 1 5 12 0.0055 
2 7 13 (ii) -1 0 4 5 -2 1 5 11 0.0055 
2 7 13 (ii) -1 0 1 10 -2 1 5 12 0.0165 
2 7 13 (i) -1 1 2 1 -2 1 6 11 0.0220 
2 7 13 (i) -1 1 2 2 -2 1 6 10 0.0220 
2 7 13 (i) -1 1 2 3 -2 1 6 9 0.0220 
2 7 13 (i) -1 1 3 1 -2 1 5 11 0.0220 
2 7 13 (ii) -1 0 4 3 -2 1 6 12 0.0275 
2 7 13 (ii) -1 0 4 4 -2 1 6 11 0.0275 
2 7 13 (ii) -1 0 4 5 -2 1 6 10 0.0275 
2 7 13 (ii) -1 0 1 9 -2 1 6 12 0.0385 
2 7 13 (ii) -1 0 2 9 -2 1 5 12 0.0385 
2 7 13 (i) -1 1 3 1 -2 1 6 10 0.0440 
2 7 13 (ii) -1 0 5 3 -2 1 6 11 0.0495 
2 7 13 (ii) -1 0 5 4 -2 1 6 10 0.0495 
2 7 13 (i) -1 1 1 5 -2 1 5 12 0.0549 
2 7 13 (ii) -1 0 2 8 -2 1 6 12 0.0604 
2 7 13 (ii) -1 0 2 9 -2 1 6 11 0.0604 
2 7 13 (ii) -1 0 3 8 -2 1 5 12 0.0604 
2 7 13 (i) -1 1 1 4 -2 1 6 12 0.0769 
2 7 13 (i) -1 1 1 5 -2 1 6 11 0.0769 
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m1 m2 m3 Cond a a1 a2 a3 b b1 b2 b3 ττττ    
2 7 13 (ii) -1 0 3 7 -2 1 6 12 0.0824 
2 7 13 (ii) -1 0 3 8 -2 1 6 11 0.0824 
2 7 13 (ii) -2 1 5 10 -2 1 6 12 0.0879 
2 7 13 (i) -1 1 2 3 -2 1 6 12 0.0989 
2 7 13 (i) -1 1 2 4 -2 1 6 11 0.0989 
2 7 13 (ii) -1 0 4 6 -2 1 6 12 0.1044 
2 7 13 (i) -1 1 3 2 -2 1 6 12 0.1209 
2 7 13 (ii) -1 0 5 5 -2 1 6 12 0.1264 
2 7 13 (ii) -1 0 2 11 -2 1 6 12 0.1374 
2 7 15 (i) -1 1 1 1 -2 1 6 14 0.0000 
2 7 15 (i) -1 1 1 2 -2 1 6 13 0.0000 
2 7 15 (i) -1 1 1 3 -2 1 6 12 0.0000 
2 7 15 (i) -1 1 1 4 -2 1 6 11 0.0000 
2 7 15 (i) -1 1 1 5 -2 1 6 10 0.0000 
2 7 15 (i) -1 1 2 1 -2 1 5 14 0.0000 
2 7 15 (i) -1 1 2 2 -2 1 5 13 0.0000 
2 7 15 (i) -1 1 2 3 -2 1 5 12 0.0000 
2 7 15 (i) -1 1 3 1 -2 1 4 14 0.0000 
2 7 15 (ii) -1 0 2 7 -2 1 6 14 0.0143 
2 7 15 (ii) -1 0 2 8 -2 1 6 13 0.0143 
2 7 15 (ii) -1 0 2 9 -2 1 6 12 0.0143 
2 7 15 (ii) -1 0 2 10 -2 1 6 11 0.0143 
2 7 15 (ii) -1 0 3 7 -2 1 5 14 0.0143 
2 7 15 (ii) -1 0 3 8 -2 1 5 13 0.0143 
2 7 15 (i) -1 1 1 4 -2 1 5 14 0.0190 
2 7 15 (i) -1 1 1 5 -2 1 5 13 0.0190 
2 7 15 (ii) -1 0 5 3 -2 1 6 12 0.0238 
2 7 15 (ii) -1 0 5 4 -2 1 6 11 0.0238 
2 7 15 (i) -1 1 3 1 -2 1 6 11 0.0286 
2 7 15 (ii) -1 0 1 10 -2 1 6 14 0.0333 
2 7 15 (ii) -1 0 2 10 -2 1 5 14 0.0333 
2 7 15 (ii) -1 0 2 11 -2 1 5 13 0.0333 
2 7 15 (ii) -1 0 4 4 -2 1 6 14 0.0429 
2 7 15 (ii) -1 0 4 5 -2 1 6 13 0.0429 
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m1 m2 m3 Cond a a1 a2 a3 b b1 b2 b3 ττττ    
2 7 15 (ii) -1 0 4 6 -2 1 6 12 0.0429 
2 7 15 (ii) -1 0 4 7 -2 1 6 11 0.0429 
2 7 15 (i) -1 1 2 1 -2 1 6 14 0.0476 
2 7 15 (i) -1 1 2 2 -2 1 6 13 0.0476 
2 7 15 (i) -1 1 2 3 -2 1 6 12 0.0476 
2 7 15 (i) -1 1 3 1 -2 1 5 14 0.0476 
2 7 15 (ii) -1 0 1 13 -2 1 5 14 0.0524 
2 7 15 (ii) -2 1 5 11 -2 1 6 13 0.0571 
2 7 15 (ii) -1 0 3 7 -2 1 6 14 0.0619 
2 7 15 (ii) -1 0 3 8 -2 1 6 13 0.0619 
2 7 15 (ii) -1 0 3 9 -2 1 6 12 0.0619 
2 7 15 (ii) -1 0 4 7 -2 1 5 14 0.0619 
2 7 15 (i) -1 1 1 4 -2 1 6 14 0.0667 
2 7 15 (i) -1 1 1 5 -2 1 6 13 0.0667 
2 7 15 (i) -1 1 1 6 -2 1 6 12 0.0667 
2 7 15 (i) -1 1 2 4 -2 1 5 14 0.0667 
2 7 15 (ii) -1 0 2 10 -2 1 6 14 0.0810 
2 7 15 (ii) -1 0 2 11 -2 1 6 13 0.0810 
2 7 15 (ii) -1 0 5 4 -2 1 6 14 0.0905 
2 7 15 (ii) -1 0 5 5 -2 1 6 13 0.0905 
2 7 15 (i) -1 1 3 1 -2 1 6 14 0.0952 
2 7 15 (i) -1 1 3 2 -2 1 6 13 0.0952 
2 7 15 (ii) -1 0 4 7 -2 1 6 14 0.1095 
2 7 15 (ii) -1 0 4 8 -2 1 6 13 0.1095 
2 7 15 (i) -1 1 2 4 -2 1 6 14 0.1143 
2 7 15 (ii) -2 1 5 13 -2 1 6 14 0.1238 
2 7 15 (ii) -1 0 3 10 -2 1 6 14 0.1286 
2 7 15 (i) -1 1 1 7 -2 1 6 14 0.1333 
2 7 15 (i) -1 1 4 1 -2 1 6 14 0.1429 
2 7 17 (i) -1 1 1 1 -2 1 6 16 0.0000 
2 7 17 (i) -1 1 1 2 -2 1 6 15 0.0000 
2 7 17 (i) -1 1 1 3 -2 1 6 14 0.0000 
2 7 17 (i) -1 1 1 4 -2 1 6 13 0.0000 
2 7 17 (i) -1 1 1 5 -2 1 6 12 0.0000 
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m1 m2 m3 Cond a a1 a2 a3 b b1 b2 b3 ττττ    
2 7 17 (i) -1 1 1 6 -2 1 6 11 0.0000 
2 7 17 (i) -1 1 2 1 -2 1 5 16 0.0000 
2 7 17 (i) -1 1 2 2 -2 1 5 15 0.0000 
2 7 17 (i) -1 1 2 3 -2 1 5 14 0.0000 
2 7 17 (i) -1 1 3 1 -2 1 4 16 0.0000 
2 7 17 (ii) -1 0 5 3 -2 1 6 13 0.0042 
2 7 17 (ii) -1 0 5 4 -2 1 6 12 0.0042 
2 7 17 (i) -1 1 2 1 -2 1 6 14 0.0084 
2 7 17 (i) -1 1 2 2 -2 1 6 13 0.0084 
2 7 17 (i) -1 1 2 3 -2 1 6 12 0.0084 
2 7 17 (i) -1 1 3 1 -2 1 5 14 0.0084 
2 7 17 (i) -1 1 3 1 -2 1 6 12 0.0168 
2 7 17 (ii) -1 0 1 13 -2 1 5 16 0.0210 
2 7 17 (ii) -1 0 1 14 -2 1 5 15 0.0210 
2 7 17 (ii) -1 0 1 11 -2 1 6 16 0.0294 
2 7 17 (ii) -1 0 2 11 -2 1 5 16 0.0294 
2 7 17 (ii) -1 0 2 12 -2 1 5 15 0.0294 
2 7 17 (ii) -2 1 5 12 -2 1 6 14 0.0336 
2 7 17 (ii) -1 0 2 9 -2 1 6 16 0.0378 
2 7 17 (ii) -1 0 2 10 -2 1 6 15 0.0378 
2 7 17 (ii) -1 0 2 11 -2 1 6 14 0.0378 
2 7 17 (ii) -1 0 2 12 -2 1 6 13 0.0378 
2 7 17 (ii) -1 0 3 9 -2 1 5 16 0.0378 
2 7 17 (ii) -1 0 3 10 -2 1 5 15 0.0378 
2 7 17 (ii) -1 0 3 7 -2 1 6 16 0.0462 
2 7 17 (ii) -1 0 3 8 -2 1 6 15 0.0462 
2 7 17 (ii) -1 0 3 9 -2 1 6 14 0.0462 
2 7 17 (ii) -1 0 3 10 -2 1 6 13 0.0462 
2 7 17 (ii) -1 0 4 7 -2 1 5 16 0.0462 
2 7 17 (ii) -1 0 4 8 -2 1 5 15 0.0462 
2 7 17 (i) -1 1 1 6 -2 1 5 16 0.0504 
2 7 17 (ii) -1 0 4 5 -2 1 6 16 0.0546 
2 7 17 (ii) -1 0 4 6 -2 1 6 15 0.0546 
2 7 17 (ii) -1 0 4 7 -2 1 6 14 0.0546 
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m1 m2 m3 Cond a a1 a2 a3 b b1 b2 b3 ττττ    
2 7 17 (ii) -1 0 4 8 -2 1 6 13 0.0546 
2 7 17 (i) -1 1 1 4 -2 1 6 16 0.0588 
2 7 17 (i) -1 1 1 5 -2 1 6 15 0.0588 
2 7 17 (i) -1 1 1 6 -2 1 6 14 0.0588 
2 7 17 (i) -1 1 1 7 -2 1 6 13 0.0588 
2 7 17 (i) -1 1 2 4 -2 1 5 16 0.0588 
2 7 17 (ii) -1 0 5 4 -2 1 6 15 0.0630 
2 7 17 (ii) -1 0 5 5 -2 1 6 14 0.0630 
2 7 17 (i) -1 1 2 2 -2 1 6 16 0.0672 
2 7 17 (i) -1 1 2 3 -2 1 6 15 0.0672 
2 7 17 (i) -1 1 2 4 -2 1 6 14 0.0672 
2 7 17 (i) -1 1 3 2 -2 1 5 16 0.0672 
2 7 17 (i) -1 1 3 1 -2 1 6 15 0.0756 
2 7 17 (i) -1 1 3 2 -2 1 6 14 0.0756 
2 7 17 (ii) -2 1 5 13 -2 1 6 16 0.0924 
2 7 17 (ii) -2 1 5 14 -2 1 6 15 0.0924 
2 7 17 (ii) -1 0 2 12 -2 1 6 16 0.0966 
2 7 17 (ii) -1 0 2 13 -2 1 6 15 0.0966 
2 7 17 (ii) -1 0 3 10 -2 1 6 16 0.1050 
2 7 17 (ii) -1 0 3 11 -2 1 6 15 0.1050 
2 7 17 (ii) -1 0 4 8 -2 1 6 16 0.1134 
2 7 17 (ii) -1 0 4 9 -2 1 6 15 0.1134 
2 7 17 (i) -1 1 1 7 -2 1 6 16 0.1176 
2 7 17 (i) -1 1 1 8 -2 1 6 15 0.1176 
2 7 17 (ii) -1 0 5 6 -2 1 6 16 0.1218 
2 7 17 (i) -1 1 2 5 -2 1 6 16 0.1261 
2 7 17 (i) -1 1 3 3 -2 1 6 16 0.1345 
2 7 17 (i) -1 1 4 1 -2 1 6 16 0.1429 
2 7 19 (i) -1 1 1 1 -2 1 6 18 0.0000 
2 7 19 (i) -1 1 1 2 -2 1 6 17 0.0000 
2 7 19 (i) -1 1 1 3 -2 1 6 16 0.0000 
2 7 19 (i) -1 1 1 4 -2 1 6 15 0.0000 
2 7 19 (i) -1 1 1 5 -2 1 6 14 0.0000 
2 7 19 (i) -1 1 1 6 -2 1 6 13 0.0000 
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m1 m2 m3 Cond a a1 a2 a3 b b1 b2 b3 ττττ    
2 7 19 (i) -1 1 2 1 -2 1 5 18 0.0000 
2 7 19 (i) -1 1 2 2 -2 1 5 17 0.0000 
2 7 19 (i) -1 1 2 3 -2 1 5 16 0.0000 
2 7 19 (i) -1 1 2 4 -2 1 5 15 0.0000 
2 7 19 (i) -1 1 3 1 -2 1 4 18 0.0000 
2 7 19 (ii) -1 0 2 8 -2 1 6 18 0.0038 
2 7 19 (ii) -1 0 2 9 -2 1 6 17 0.0038 
2 7 19 (ii) -1 0 2 10 -2 1 6 16 0.0038 
2 7 19 (ii) -1 0 2 11 -2 1 6 15 0.0038 
2 7 19 (ii) -1 0 2 12 -2 1 6 14 0.0038 
2 7 19 (ii) -1 0 3 8 -2 1 5 18 0.0038 
2 7 19 (ii) -1 0 3 9 -2 1 5 17 0.0038 
2 7 19 (ii) -1 0 3 10 -2 1 5 16 0.0038 
2 7 19 (i) -1 1 3 1 -2 1 6 13 0.0075 
2 7 19 (ii) -1 0 4 3 -2 1 6 18 0.0113 
2 7 19 (ii) -1 0 4 4 -2 1 6 17 0.0113 
2 7 19 (ii) -1 0 4 5 -2 1 6 16 0.0113 
2 7 19 (ii) -1 0 4 6 -2 1 6 15 0.0113 
2 7 19 (ii) -1 0 4 7 -2 1 6 14 0.0113 
2 7 19 (ii) -1 0 4 8 -2 1 6 13 0.0113 
2 7 19 (i) -1 1 1 5 -2 1 5 18 0.0226 
2 7 19 (i) -1 1 1 6 -2 1 5 17 0.0226 
2 7 19 (i) -1 1 1 7 -2 1 5 16 0.0226 
2 7 19 (ii) -1 0 1 12 -2 1 6 18 0.0263 
2 7 19 (ii) -1 0 1 13 -2 1 6 17 0.0263 
2 7 19 (ii) -1 0 2 12 -2 1 5 18 0.0263 
2 7 19 (ii) -1 0 2 13 -2 1 5 17 0.0263 
2 7 19 (ii) -1 0 2 14 -2 1 5 16 0.0263 
2 7 19 (i) -1 1 2 1 -2 1 6 17 0.0301 
2 7 19 (i) -1 1 2 2 -2 1 6 16 0.0301 
2 7 19 (i) -1 1 2 3 -2 1 6 15 0.0301 
2 7 19 (i) -1 1 2 4 -2 1 6 14 0.0301 
2 7 19 (i) -1 1 3 1 -2 1 5 17 0.0301 
2 7 19 (ii) -1 0 3 7 -2 1 6 18 0.0338 
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m1 m2 m3 Cond a a1 a2 a3 b b1 b2 b3 ττττ    
2 7 19 (ii) -1 0 3 8 -2 1 6 17 0.0338 
2 7 19 (ii) -1 0 3 9 -2 1 6 16 0.0338 
2 7 19 (ii) -1 0 3 10 -2 1 6 15 0.0338 
2 7 19 (ii) -1 0 3 11 -2 1 6 14 0.0338 
2 7 19 (ii) -1 0 4 7 -2 1 5 18 0.0338 
2 7 19 (ii) -1 0 4 8 -2 1 5 17 0.0338 
2 7 19 (ii) -1 0 5 4 -2 1 6 16 0.0414 
2 7 19 (ii) -1 0 5 5 -2 1 6 15 0.0414 
2 7 19 (ii) -1 0 5 6 -2 1 6 14 0.0414 
2 7 19 (ii) -1 0 1 16 -2 1 5 18 0.0489 
2 7 19 (i) -1 1 1 4 -2 1 6 18 0.0526 
2 7 19 (i) -1 1 1 5 -2 1 6 17 0.0526 
2 7 19 (i) -1 1 1 6 -2 1 6 16 0.0526 
2 7 19 (i) -1 1 1 7 -2 1 6 15 0.0526 
2 7 19 (i) -1 1 2 4 -2 1 5 18 0.0526 
2 7 19 (i) -1 1 2 5 -2 1 5 17 0.0526 
2 7 19 (ii) -1 0 2 11 -2 1 6 18 0.0564 
2 7 19 (ii) -1 0 2 12 -2 1 6 17 0.0564 
2 7 19 (ii) -1 0 2 13 -2 1 6 16 0.0564 
2 7 19 (ii) -1 0 2 14 -2 1 6 15 0.0564 
2 7 19 (ii) -1 0 3 11 -2 1 5 18 0.0564 
2 7 19 (i) -1 1 3 1 -2 1 6 16 0.0602 
2 7 19 (i) -1 1 3 2 -2 1 6 15 0.0602 
2 7 19 (ii) -1 0 4 6 -2 1 6 18 0.0639 
2 7 19 (ii) -1 0 4 7 -2 1 6 17 0.0639 
2 7 19 (ii) -1 0 4 8 -2 1 6 16 0.0639 
2 7 19 (ii) -1 0 4 9 -2 1 6 15 0.0639 
2 7 19 (ii) -2 1 5 14 -2 1 6 17 0.0677 
2 7 19 (i) -1 1 1 8 -2 1 5 18 0.0752 
2 7 19 (ii) -1 0 1 15 -2 1 6 18 0.0789 
2 7 19 (ii) -1 0 2 15 -2 1 5 18 0.0789 
2 7 19 (i) -1 1 2 3 -2 1 6 18 0.0827 
2 7 19 (i) -1 1 2 4 -2 1 6 17 0.0827 
2 7 19 (i) -1 1 2 5 -2 1 6 16 0.0827 
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m1 m2 m3 Cond a a1 a2 a3 b b1 b2 b3 ττττ    
2 7 19 (ii) -1 0 3 10 -2 1 6 18 0.0865 
2 7 19 (ii) -1 0 3 11 -2 1 6 17 0.0865 
2 7 19 (ii) -1 0 3 12 -2 1 6 16 0.0865 
2 7 19 (ii) -1 0 5 5 -2 1 6 18 0.0940 
2 7 19 (ii) -1 0 5 6 -2 1 6 17 0.0940 
2 7 19 (ii) -1 0 5 7 -2 1 6 16 0.0940 
2 7 19 (i) -1 1 1 7 -2 1 6 18 0.1053 
2 7 19 (i) -1 1 1 8 -2 1 6 17 0.1053 
2 7 19 (ii) -1 0 2 14 -2 1 6 18 0.1090 
2 7 19 (ii) -1 0 2 15 -2 1 6 17 0.1090 
2 7 19 (i) -1 1 3 2 -2 1 6 18 0.1128 
2 7 19 (i) -1 1 3 3 -2 1 6 17 0.1128 
2 7 19 (ii) -1 0 4 9 -2 1 6 18 0.1165 
2 7 19 (ii) -1 0 4 10 -2 1 6 17 0.1165 
2 7 19 (ii) -2 1 5 16 -2 1 6 18 0.1203 
2 7 19 (i) -1 1 2 6 -2 1 6 18 0.1353 
2 7 19 (ii) -1 0 3 13 -2 1 6 18 0.1391 
2 7 19 (i) -1 1 4 1 -2 1 6 18 0.1429 
2 7 19 (ii) -1 0 5 8 -2 1 6 18 0.1466 
2 9 11 (i) -1 1 1 1 -2 1 8 10 0.0000 
2 9 11 (i) -1 1 1 2 -2 1 8 9 0.0000 
2 9 11 (i) -1 1 1 3 -2 1 8 8 0.0000 
2 9 11 (i) -1 1 1 4 -2 1 8 7 0.0000 
2 9 11 (i) -1 1 2 1 -2 1 7 10 0.0000 
2 9 11 (i) -1 1 2 2 -2 1 7 9 0.0000 
2 9 11 (i) -1 1 2 3 -2 1 7 8 0.0000 
2 9 11 (i) -1 1 3 1 -2 1 6 10 0.0000 
2 9 11 (ii) -1 0 4 3 -2 1 8 10 0.0051 
2 9 11 (ii) -1 0 4 4 -2 1 8 9 0.0051 
2 9 11 (ii) -1 0 4 5 -2 1 8 8 0.0051 
2 9 11 (ii) -1 0 4 6 -2 1 8 7 0.0051 
2 9 11 (ii) -1 0 5 3 -2 1 7 10 0.0051 
2 9 11 (ii) -1 0 5 4 -2 1 7 9 0.0051 
2 9 11 (ii) -1 0 1 7 -2 1 8 10 0.0152 
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m1 m2 m3 Cond a a1 a2 a3 b b1 b2 b3 ττττ    
2 9 11 (ii) -1 0 2 7 -2 1 7 10 0.0152 
2 9 11 (ii) -1 0 2 8 -2 1 7 9 0.0152 
2 9 11 (ii) -1 0 3 7 -2 1 6 10 0.0152 
2 9 11 (ii) -1 0 7 2 -2 1 8 8 0.0253 
2 9 11 (i) -1 1 1 2 -2 1 8 10 0.0303 
2 9 11 (i) -1 1 1 3 -2 1 8 9 0.0303 
2 9 11 (i) -1 1 1 4 -2 1 8 8 0.0303 
2 9 11 (i) -1 1 2 2 -2 1 7 10 0.0303 
2 9 11 (i) -1 1 2 3 -2 1 7 9 0.0303 
2 9 11 (i) -1 1 3 2 -2 1 6 10 0.0303 
2 9 11 (ii) -1 0 4 4 -2 1 8 10 0.0354 
2 9 11 (ii) -1 0 4 5 -2 1 8 9 0.0354 
2 9 11 (ii) -1 0 4 6 -2 1 8 8 0.0354 
2 9 11 (ii) -1 0 5 4 -2 1 7 10 0.0354 
2 9 11 (ii) -1 0 5 5 -2 1 7 9 0.0354 
2 9 11 (ii) -1 0 2 8 -2 1 7 10 0.0455 
2 9 11 (i) -1 1 4 1 -2 1 8 8 0.0505 
2 9 11 (ii) -1 0 7 2 -2 1 8 9 0.0556 
2 9 11 (ii) -1 0 7 3 -2 1 8 8 0.0556 
2 9 11 (i) -1 1 1 3 -2 1 8 10 0.0606 
2 9 11 (i) -1 1 1 4 -2 1 8 9 0.0606 
2 9 11 (i) -1 1 2 3 -2 1 7 10 0.0606 
2 9 11 (ii) -1 0 4 5 -2 1 8 10 0.0657 
2 9 11 (ii) -1 0 4 6 -2 1 8 9 0.0657 
2 9 11 (ii) -1 0 5 5 -2 1 7 10 0.0657 
2 9 11 (ii) -2 1 7 8 -2 1 8 9 0.0707 
2 9 11 (ii) -1 0 2 9 -2 1 7 10 0.0758 
2 9 11 (i) -1 1 4 1 -2 1 8 9 0.0808 
2 9 11 (ii) -1 0 7 3 -2 1 8 9 0.0859 
2 9 11 (i) -1 1 1 4 -2 1 8 10 0.0909 
2 9 11 (i) -1 1 1 5 -2 1 8 9 0.0909 
2 9 11 (i) -1 1 2 4 -2 1 7 10 0.0909 
2 9 11 (ii) -1 0 4 6 -2 1 8 10 0.0960 
2 9 11 (ii) -1 0 4 7 -2 1 8 9 0.0960 
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m1 m2 m3 Cond a a1 a2 a3 b b1 b2 b3 ττττ    
2 9 11 (ii) -2 1 7 8 -2 1 8 10 0.1010 
2 9 11 (i) -1 1 4 1 -2 1 8 10 0.1111 
2 9 11 (ii) -1 0 7 3 -2 1 8 10 0.1162 
2 9 11 (i) -1 1 1 5 -2 1 8 10 0.1212 
2 9 11 (ii) -1 0 4 7 -2 1 8 10 0.1263 
2 9 11 (ii) -2 1 7 9 -2 1 8 10 0.1313 
2 9 11 (i) -1 1 4 2 -2 1 8 10 0.1414 
2 9 11 (ii) -1 0 7 4 -2 1 8 10 0.1465 
2 9 13 (i) -1 1 1 1 -2 1 8 12 0.0000 
2 9 13 (i) -1 1 1 2 -2 1 8 11 0.0000 
2 9 13 (i) -1 1 1 3 -2 1 8 10 0.0000 
2 9 13 (i) -1 1 1 4 -2 1 8 9 0.0000 
2 9 13 (i) -1 1 1 5 -2 1 8 8 0.0000 
2 9 13 (i) -1 1 2 1 -2 1 7 12 0.0000 
2 9 13 (i) -1 1 2 2 -2 1 7 11 0.0000 
2 9 13 (i) -1 1 2 3 -2 1 7 10 0.0000 
2 9 13 (i) -1 1 3 1 -2 1 6 12 0.0000 
2 9 13 (i) -1 1 3 2 -2 1 6 11 0.0000 
2 9 13 (ii) -1 0 7 2 -2 1 8 9 0.0043 
2 9 13 (ii) -1 0 1 8 -2 1 8 12 0.0128 
2 9 13 (ii) -1 0 2 8 -2 1 7 12 0.0128 
2 9 13 (ii) -1 0 2 9 -2 1 7 11 0.0128 
2 9 13 (ii) -1 0 3 8 -2 1 6 12 0.0128 
2 9 13 (ii) -1 0 4 4 -2 1 8 12 0.0214 
2 9 13 (ii) -1 0 4 5 -2 1 8 11 0.0214 
2 9 13 (ii) -1 0 4 6 -2 1 8 10 0.0214 
2 9 13 (ii) -1 0 4 7 -2 1 8 9 0.0214 
2 9 13 (ii) -1 0 5 4 -2 1 7 12 0.0214 
2 9 13 (ii) -1 0 5 5 -2 1 7 11 0.0214 
2 9 13 (ii) -1 0 5 6 -2 1 7 10 0.0214 
2 9 13 (i) -1 1 1 2 -2 1 8 12 0.0256 
2 9 13 (i) -1 1 1 3 -2 1 8 11 0.0256 
2 9 13 (i) -1 1 1 4 -2 1 8 10 0.0256 
2 9 13 (i) -1 1 1 5 -2 1 8 9 0.0256 



 92

m1 m2 m3 Cond a a1 a2 a3 b b1 b2 b3 ττττ    
2 9 13 (i) -1 1 2 2 -2 1 7 12 0.0256 
2 9 13 (i) -1 1 2 3 -2 1 7 11 0.0256 
2 9 13 (i) -1 1 3 2 -2 1 6 12 0.0256 
2 9 13 (ii) -1 0 7 2 -2 1 8 10 0.0299 
2 9 13 (ii) -1 0 7 3 -2 1 8 9 0.0299 
2 9 13 (i) -1 1 4 1 -2 1 8 9 0.0342 
2 9 13 (ii) -1 0 2 9 -2 1 7 12 0.0385 
2 9 13 (ii) -1 0 2 10 -2 1 7 11 0.0385 
2 9 13 (ii) -1 0 3 9 -2 1 6 12 0.0385 
2 9 13 (ii) -2 1 7 9 -2 1 8 10 0.0427 
2 9 13 (ii) -1 0 4 5 -2 1 8 12 0.0470 
2 9 13 (ii) -1 0 4 6 -2 1 8 11 0.0470 
2 9 13 (ii) -1 0 4 7 -2 1 8 10 0.0470 
2 9 13 (ii) -1 0 5 5 -2 1 7 12 0.0470 
2 9 13 (ii) -1 0 5 6 -2 1 7 11 0.0470 
2 9 13 (i) -1 1 1 3 -2 1 8 12 0.0513 
2 9 13 (i) -1 1 1 4 -2 1 8 11 0.0513 
2 9 13 (i) -1 1 1 5 -2 1 8 10 0.0513 
2 9 13 (i) -1 1 2 3 -2 1 7 12 0.0513 
2 9 13 (i) -1 1 2 4 -2 1 7 11 0.0513 
2 9 13 (ii) -1 0 7 3 -2 1 8 10 0.0556 
2 9 13 (i) -1 1 4 1 -2 1 8 10 0.0598 
2 9 13 (ii) -1 0 2 10 -2 1 7 12 0.0641 
2 9 13 (ii) -2 1 7 9 -2 1 8 11 0.0684 
2 9 13 (ii) -1 0 4 6 -2 1 8 12 0.0726 
2 9 13 (ii) -1 0 4 7 -2 1 8 11 0.0726 
2 9 13 (ii) -1 0 4 8 -2 1 8 10 0.0726 
2 9 13 (ii) -1 0 5 6 -2 1 7 12 0.0726 
2 9 13 (i) -1 1 1 4 -2 1 8 12 0.0769 
2 9 13 (i) -1 1 1 5 -2 1 8 11 0.0769 
2 9 13 (i) -1 1 1 6 -2 1 8 10 0.0769 
2 9 13 (i) -1 1 2 4 -2 1 7 12 0.0769 
2 9 13 (ii) -1 0 7 3 -2 1 8 11 0.0812 
2 9 13 (i) -1 1 4 1 -2 1 8 11 0.0855 
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m1 m2 m3 Cond a a1 a2 a3 b b1 b2 b3 ττττ    
2 9 13 (ii) -1 0 2 11 -2 1 7 12 0.0897 
2 9 13 (ii) -2 1 7 10 -2 1 8 11 0.0940 
2 9 13 (ii) -1 0 4 7 -2 1 8 12 0.0983 
2 9 13 (ii) -1 0 4 8 -2 1 8 11 0.0983 
2 9 13 (ii) -1 0 5 7 -2 1 7 12 0.0983 
2 9 13 (i) -1 1 1 5 -2 1 8 12 0.1026 
2 9 13 (i) -1 1 1 6 -2 1 8 11 0.1026 
2 9 13 (ii) -1 0 7 3 -2 1 8 12 0.1068 
2 9 13 (ii) -1 0 7 4 -2 1 8 11 0.1068 
2 9 13 (i) -1 1 4 1 -2 1 8 12 0.1111 
2 9 13 (i) -1 1 4 2 -2 1 8 11 0.1111 
2 9 13 (ii) -2 1 7 10 -2 1 8 12 0.1197 
2 9 13 (ii) -1 0 4 8 -2 1 8 12 0.1239 
2 9 13 (i) -1 1 1 6 -2 1 8 12 0.1282 
2 9 13 (ii) -1 0 7 4 -2 1 8 12 0.1325 
2 9 13 (i) -1 1 4 2 -2 1 8 12 0.1368 
2 9 13 (ii) -2 1 7 11 -2 1 8 12 0.1453 
2 9 13 (ii) -1 0 4 9 -2 1 8 12 0.1496 
2 9 13 (i) -1 1 1 7 -2 1 8 12 0.1538 
2 9 17 (i) -1 1 1 1 -2 1 8 16 0.0000 
2 9 17 (i) -1 1 1 2 -2 1 8 15 0.0000 
2 9 17 (i) -1 1 1 3 -2 1 8 14 0.0000 
2 9 17 (i) -1 1 1 4 -2 1 8 13 0.0000 
2 9 17 (i) -1 1 1 5 -2 1 8 12 0.0000 
2 9 17 (i) -1 1 1 6 -2 1 8 11 0.0000 
2 9 17 (i) -1 1 2 1 -2 1 7 16 0.0000 
2 9 17 (i) -1 1 2 2 -2 1 7 15 0.0000 
2 9 17 (i) -1 1 2 3 -2 1 7 14 0.0000 
2 9 17 (i) -1 1 2 4 -2 1 7 13 0.0000 
2 9 17 (i) -1 1 3 1 -2 1 6 16 0.0000 
2 9 17 (i) -1 1 3 2 -2 1 6 15 0.0000 
2 9 17 (ii) -1 0 4 4 -2 1 8 16 0.0033 
2 9 17 (ii) -1 0 4 5 -2 1 8 15 0.0033 
2 9 17 (ii) -1 0 4 6 -2 1 8 14 0.0033 
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m1 m2 m3 Cond a a1 a2 a3 b b1 b2 b3 ττττ    
2 9 17 (ii) -1 0 4 7 -2 1 8 13 0.0033 
2 9 17 (ii) -1 0 4 8 -2 1 8 12 0.0033 
2 9 17 (ii) -1 0 4 9 -2 1 8 11 0.0033 
2 9 17 (ii) -1 0 5 4 -2 1 7 16 0.0033 
2 9 17 (ii) -1 0 5 5 -2 1 7 15 0.0033 
2 9 17 (ii) -1 0 5 6 -2 1 7 14 0.0033 
2 9 17 (ii) -1 0 5 7 -2 1 7 13 0.0033 
2 9 17 (ii) -1 0 1 10 -2 1 8 16 0.0098 
2 9 17 (ii) -1 0 2 10 -2 1 7 16 0.0098 
2 9 17 (ii) -1 0 2 11 -2 1 7 15 0.0098 
2 9 17 (ii) -1 0 2 12 -2 1 7 14 0.0098 
2 9 17 (ii) -1 0 3 10 -2 1 6 16 0.0098 
2 9 17 (ii) -1 0 3 11 -2 1 6 15 0.0098 
2 9 17 (i) -1 1 4 1 -2 1 8 11 0.0131 
2 9 17 (ii) -1 0 7 3 -2 1 8 12 0.0163 
2 9 17 (ii) -1 0 7 4 -2 1 8 11 0.0163 
2 9 17 (i) -1 1 1 2 -2 1 8 16 0.0196 
2 9 17 (i) -1 1 1 3 -2 1 8 15 0.0196 
2 9 17 (i) -1 1 1 4 -2 1 8 14 0.0196 
2 9 17 (i) -1 1 1 5 -2 1 8 13 0.0196 
2 9 17 (i) -1 1 1 6 -2 1 8 12 0.0196 
2 9 17 (i) -1 1 2 2 -2 1 7 16 0.0196 
2 9 17 (i) -1 1 2 3 -2 1 7 15 0.0196 
2 9 17 (i) -1 1 2 4 -2 1 7 14 0.0196 
2 9 17 (i) -1 1 2 5 -2 1 7 13 0.0196 
2 9 17 (i) -1 1 3 2 -2 1 6 16 0.0196 
2 9 17 (i) -1 1 3 3 -2 1 6 15 0.0196 
2 9 17 (ii) -1 0 4 5 -2 1 8 16 0.0229 
2 9 17 (ii) -1 0 4 6 -2 1 8 15 0.0229 
2 9 17 (ii) -1 0 4 7 -2 1 8 14 0.0229 
2 9 17 (ii) -1 0 4 8 -2 1 8 13 0.0229 
2 9 17 (ii) -1 0 4 9 -2 1 8 12 0.0229 
2 9 17 (ii) -1 0 5 5 -2 1 7 16 0.0229 
2 9 17 (ii) -1 0 5 6 -2 1 7 15 0.0229 
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m1 m2 m3 Cond a a1 a2 a3 b b1 b2 b3 ττττ    
2 9 17 (ii) -1 0 5 7 -2 1 7 14 0.0229 
2 9 17 (ii) -2 1 7 11 -2 1 8 13 0.0261 
2 9 17 (ii) -1 0 1 11 -2 1 8 16 0.0294 
2 9 17 (ii) -1 0 2 11 -2 1 7 16 0.0294 
2 9 17 (ii) -1 0 2 12 -2 1 7 15 0.0294 
2 9 17 (ii) -1 0 2 13 -2 1 7 14 0.0294 
2 9 17 (ii) -1 0 3 11 -2 1 6 16 0.0294 
2 9 17 (i) -1 1 4 1 -2 1 8 12 0.0327 
2 9 17 (ii) -1 0 7 3 -2 1 8 13 0.0359 
2 9 17 (ii) -1 0 7 4 -2 1 8 12 0.0359 
2 9 17 (i) -1 1 1 3 -2 1 8 16 0.0392 
2 9 17 (i) -1 1 1 4 -2 1 8 15 0.0392 
2 9 17 (i) -1 1 1 5 -2 1 8 14 0.0392 
2 9 17 (i) -1 1 1 6 -2 1 8 13 0.0392 
2 9 17 (i) -1 1 1 7 -2 1 8 12 0.0392 
2 9 17 (i) -1 1 2 3 -2 1 7 16 0.0392 
2 9 17 (i) -1 1 2 4 -2 1 7 15 0.0392 
2 9 17 (i) -1 1 2 5 -2 1 7 14 0.0392 
2 9 17 (i) -1 1 3 3 -2 1 6 16 0.0392 
2 9 17 (ii) -1 0 4 6 -2 1 8 16 0.0425 
2 9 17 (ii) -1 0 4 7 -2 1 8 15 0.0425 
2 9 17 (ii) -1 0 4 8 -2 1 8 14 0.0425 
2 9 17 (ii) -1 0 4 9 -2 1 8 13 0.0425 
2 9 17 (ii) -1 0 4 10 -2 1 8 12 0.0425 
2 9 17 (ii) -1 0 5 6 -2 1 7 16 0.0425 
2 9 17 (ii) -1 0 5 7 -2 1 7 15 0.0425 
2 9 17 (ii) -1 0 5 8 -2 1 7 14 0.0425 
2 9 17 (ii) -1 0 1 12 -2 1 8 16 0.0490 
2 9 17 (ii) -1 0 2 12 -2 1 7 16 0.0490 
2 9 17 (ii) -1 0 2 13 -2 1 7 15 0.0490 
2 9 17 (ii) -1 0 3 12 -2 1 6 16 0.0490 
2 9 17 (i) -1 1 4 1 -2 1 8 13 0.0523 
2 9 17 (ii) -1 0 7 3 -2 1 8 14 0.0556 
2 9 17 (ii) -1 0 7 4 -2 1 8 13 0.0556 
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m1 m2 m3 Cond a a1 a2 a3 b b1 b2 b3 ττττ    
2 9 17 (i) -1 1 1 4 -2 1 8 16 0.0588 
2 9 17 (i) -1 1 1 5 -2 1 8 15 0.0588 
2 9 17 (i) -1 1 1 6 -2 1 8 14 0.0588 
2 9 17 (i) -1 1 1 7 -2 1 8 13 0.0588 
2 9 17 (i) -1 1 2 4 -2 1 7 16 0.0588 
2 9 17 (i) -1 1 2 5 -2 1 7 15 0.0588 
2 9 17 (ii) -1 0 4 7 -2 1 8 16 0.0621 
2 9 17 (ii) -1 0 4 8 -2 1 8 15 0.0621 
2 9 17 (ii) -1 0 4 9 -2 1 8 14 0.0621 
2 9 17 (ii) -1 0 4 10 -2 1 8 13 0.0621 
2 9 17 (ii) -1 0 5 7 -2 1 7 16 0.0621 
2 9 17 (ii) -1 0 5 8 -2 1 7 15 0.0621 
2 9 17 (ii) -2 1 7 12 -2 1 8 14 0.0654 
2 9 17 (ii) -1 0 2 13 -2 1 7 16 0.0686 
2 9 17 (ii) -1 0 2 14 -2 1 7 15 0.0686 
2 9 17 (i) -1 1 4 1 -2 1 8 14 0.0719 
2 9 17 (i) -1 1 4 2 -2 1 8 13 0.0719 
2 9 17 (ii) -1 0 7 4 -2 1 8 14 0.0752 
2 9 17 (ii) -1 0 7 5 -2 1 8 13 0.0752 
2 9 17 (i) -1 1 1 5 -2 1 8 16 0.0784 
2 9 17 (i) -1 1 1 6 -2 1 8 15 0.0784 
2 9 17 (i) -1 1 1 7 -2 1 8 14 0.0784 
2 9 17 (i) -1 1 2 5 -2 1 7 16 0.0784 
2 9 17 (i) -1 1 2 6 -2 1 7 15 0.0784 
2 9 17 (ii) -1 0 4 8 -2 1 8 16 0.0817 
2 9 17 (ii) -1 0 4 9 -2 1 8 15 0.0817 
2 9 17 (ii) -1 0 4 10 -2 1 8 14 0.0817 
2 9 17 (ii) -1 0 5 8 -2 1 7 16 0.0817 
2 9 17 (ii) -2 1 7 12 -2 1 8 15 0.0850 
2 9 17 (ii) -2 1 7 13 -2 1 8 14 0.0850 
2 9 17 (ii) -1 0 2 14 -2 1 7 16 0.0882 
2 9 17 (i) -1 1 4 1 -2 1 8 15 0.0915 
2 9 17 (i) -1 1 4 2 -2 1 8 14 0.0915 
2 9 17 (ii) -1 0 7 4 -2 1 8 15 0.0948 
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m1 m2 m3 Cond a a1 a2 a3 b b1 b2 b3 ττττ    
2 9 17 (ii) -1 0 7 5 -2 1 8 14 0.0948 
2 9 17 (i) -1 1 1 6 -2 1 8 16 0.0980 
2 9 17 (i) -1 1 1 7 -2 1 8 15 0.0980 
2 9 17 (i) -1 1 1 8 -2 1 8 14 0.0980 
2 9 17 (i) -1 1 2 6 -2 1 7 16 0.0980 
2 9 17 (ii) -1 0 4 9 -2 1 8 16 0.1013 
2 9 17 (ii) -1 0 4 10 -2 1 8 15 0.1013 
2 9 17 (ii) -1 0 4 11 -2 1 8 14 0.1013 
2 9 17 (ii) -1 0 5 9 -2 1 7 16 0.1013 
2 9 17 (ii) -2 1 7 13 -2 1 8 15 0.1046 
2 9 17 (ii) -1 0 2 15 -2 1 7 16 0.1078 
2 9 17 (i) -1 1 4 1 -2 1 8 16 0.1111 
2 9 17 (i) -1 1 4 2 -2 1 8 15 0.1111 
2 9 17 (ii) -1 0 7 4 -2 1 8 16 0.1144 
2 9 17 (ii) -1 0 7 5 -2 1 8 15 0.1144 
2 9 17 (i) -1 1 1 7 -2 1 8 16 0.1176 
2 9 17 (i) -1 1 1 8 -2 1 8 15 0.1176 
2 9 17 (ii) -1 0 4 10 -2 1 8 16 0.1209 
2 9 17 (ii) -1 0 4 11 -2 1 8 15 0.1209 
2 9 17 (ii) -2 1 7 13 -2 1 8 16 0.1242 
2 9 17 (ii) -2 1 7 14 -2 1 8 15 0.1242 
2 9 17 (i) -1 1 4 2 -2 1 8 16 0.1307 
2 9 17 (i) -1 1 4 3 -2 1 8 15 0.1307 
2 9 17 (ii) -1 0 7 5 -2 1 8 16 0.1340 
2 9 17 (ii) -1 0 7 6 -2 1 8 15 0.1340 
2 9 17 (i) -1 1 1 8 -2 1 8 16 0.1373 
2 9 17 (ii) -1 0 4 11 -2 1 8 16 0.1405 
2 9 17 (ii) -2 1 7 14 -2 1 8 16 0.1438 
2 9 17 (i) -1 1 4 3 -2 1 8 16 0.1503 
2 9 17 (ii) -1 0 7 6 -2 1 8 16 0.1536 
2 9 17 (i) -1 1 1 9 -2 1 8 16 0.1569 
2 9 17 (ii) -1 0 4 12 -2 1 8 16 0.1601 
2 9 17 (ii) -2 1 7 15 -2 1 8 16 0.1634 
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