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Preface

The Lecture Notes on Differential Equations (“Notes”) presented here are simply a
collection of all the handouts I have given to my students in our elementary differ-
ential equations course (Math 215) over the past several years.

In the presence of a good text, I don’t normally bother giving handouts. Occa-
sionally I give handouts on topics that seem somewhat muddled or deal only with
sheer drudgery, or solution methods that are just laborious. What started out as one

handout slowly expanded into many!

1. The first time I taught the course, I found that none of the books talked
about operator methods for finding particular solutions. In most cases, it is far
simpler to use operator methods instead of the method of coefficients which can
be extremely laborious. Ever since student days in India, I have always been
captivated by the sheer beauty, elegance and power of the operator methods.
So as I taught this topic it became necessary to give fairly detailed handouts
on this topic. Thus the first handout was born. Somewhat to my surprise, they

were really well received.

2. Most books treat the method of undetermined coefficients as if it is simply a
piece of intelligent guess work. My students asked for a handout that would
clarify the actual process of writing the correct form of a particular solution

and the process of finding the coefficients. This was the second handout.

3. The usual process for solving second order equations using power series methods
is to substitute an assumed power series, manipulate indices, collect coefficients,
etc., to find the recurrence relations satisfied by the coefficients. Like the
method of coefficients, however, this is also a laborious method where it is easy
to make mistakes. But one can dispense with this drudgery and instead find
the recurrence relations more elegantly by simply using Leibniz’s theorem on

derivatives of products. This gave rise to my third handout.
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8 PREFACE

Thus, over the years I wrote more handouts on other topics that can be treated
more simply or directly such as systems of equations, Cauchy-Euler equations, etc.,
where the underlying method is the operator method. Often I was impelled by my
students to write on just about every other topic that was in the syllabus. By now the
Notes had grown to a good size and I started using them as the basis for my lectures
supplemented by reading material from other texts. Another important reason has
been the sharp rise in the cost of textbooks with prices beyond the reach of many of
our students.

Our department surveys have shown that the students surely read the notes more
than they read their text books (my experience is that except for some very bright
students, most avoid whatever book is prescribed!). To make the Notes somewhat self
contained, I included handouts on practically all the topics in our syllabus including
several applications. These notes have been class tested by other instructors as well.
They could be used by themselves or as a supplement to a text book.

The Notes however do not form a text book. Our students (math majors, engi-
neering and science majors) who take this course have completed the usual calculus
sequence but not a linear algebra course, so there is little discussion of eigenval-
ues, etc. In discussing power series methods, we restrict our discussion to solutions
around ordinary points. Numerical solution of differential equations is a very impor-
tant topic, but it does not find a place in Notes. Nor do partial differential equations.
Even so, there is possibly too much material here to be covered in a quarter or even
a semester, and instructors may want to skip some material. We would urge that
they certainly include some of the applications.

I am much indebted to Melisa Hendrata, my former student and protégé. Now a
colleague in the department, she joins me as a coauthor. Some of the applications
and the chapter on Laplace transforms are due to her. She has transformed what
was once an unattractive TEXdocument into a beautiful monograph. Her keen eye
has caught many errors.

It is now my pleasant duty to acknowledge my indebtedness to the many authors
from whose books I learned the material or used in my teaching. The classical
texts by Forsyth, Piaggio, Murray, Coddington were suggested texts for me at the
University of Delhi, India. I have taught from the books by Simmons (an all time
favorite), Ross, Tennenbaum & Pollard, Boyce & DiPrima and many others.

Carlos Arcos and David Beydler of the department used the notes as text when
they taught the course. I am grateful to them for pointing out the typos and other

minor errors.
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Above all, I am grateful to the several generations of students who took my course,
made teaching them all a joyful experience, and were primarily responsible for the

Notes to come into existence!

Department of Mathematics
California State University P. K. Subramanian
Los Angeles, CA 90032
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Chapter 1

Preliminaries

1.1 Introduction

A differential equation is an equation that involves a function y = f(x) and one
or more of its derivatives. For example,
d2

d
d—;;+2xd—z—|—yzsinx (1.1)

is a differential equation. Sometimes one uses shortened notations to write the same
equation as

y" +2xy +y =sinz

or using the differential operator D = %,
D?y + 2xDy 4y = sinz.

The order of a differential equation is the order of the highest derivative in the
equation. For example, equation is a second-order equation, while 3" — sin(x +
y) = 0 is of first order.

A solution of a differential equation is a relationship that involves only y and other

functions of x either explicitly like
y = 2c1e” + cosinx

or implicitly as




12 1.2. The differential

but not any of its derivatives. Notice that often implicit solutions cannot be expressed
as direct explicit solutions.
It is much easier to verify that a function (given either implicitly or explicitly) is

a solution of a given differential equation.

Example 1.1. Verify that y = cy sin 2x + c5 cos 2x is a solution of y" + 4y = 0.

Solution: Since the second derivative is involved, we differentiate y twice to get

y' = 2¢1 cos2x — 2¢osin 2z, y” = —4cy sin 2z — 4cg cos 2z

and substituting these in the given equation,
{—4cysin2x — 4cg cos 2z} + 4{c1 sin 2z + ¢y cos 2z} = 0.

Example 1.2. Verify that the function x> = 2y?lny solves the equation y =

2y/(2? + ).
Solution: We differentiate both sides of the given solution to get

20 = 4yy' Iny + 2y%(1/y)y/,
=2yy'(2Iny + 1)

from which we get

;o x

Y ~ y(1+2Iny)
_ Ty
_y2(1+21ny)
_ Ty
_x2+y2'

1.2 The differential

If y = f(z) is a differentiable function of z, the differential dy of f(x) is defined to
be

df = f'(z)dx

and sometimes written simply as dy = f’(x) dz. Notice that this leads to the familiar
derivative or differential coefficient y' = dy/dx = f'(x). However, the differential can
also be thought of as a linear approximation. Suppose the value of f(z¢) is known at

some point x¢ and we wish to approximate the value of f at a nearby point xg+ Azx.
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The actual change is of course Ay = f(xo+ Ax) — f(xo). We can rewrite this as

Ay =0 +A§; — @) p,,

and for very small values dx of Az, we can rewrite this as

It is important to observe that dy is a function of both x and dx, and for this reason
some authors write the differential as dy(z,dz) = f'(z) dx.

One immediate use of the differential is that it helps us solve differential equations!
If we know the differential of df = f’(x) dz, it is immediate that f(z) = [ f'(z) dz+c,
where c is a constant of integration. Another observation is that the solution is not a
single function but a family of similar curves (“parallel”) in some sense. For example,
if

dy = 2x dx,

then y = 22 4 ¢, which is a family of parabolas all opening upwards and with y—axis
as their axis. There is one such parabola through every point on the y—axis. If
c = 0, it goes through the origin. If ¢ = 1, we get the parabola y = x? 4+ 1 which
goes through (0,1).

Let y = f(t) be a function of ¢ and let ¢ = g(x) be a function of xz. Then the
differential of y is

dy = f'(t)dt

and since dt is the differential of ¢ and ¢ = g(x) we also have
dt = ¢'(x) dx.

Substituting, we finally get

or

W~ Po@) o)

and this is the familiar chain rule.
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Conversely, given a differential equation say
y' = 2sinx cos ,
we rewrite it using differentials as
dy = 2sinz cosz dr

and solve it as
Yy = /QSinxcosa:da:+c.

One way of evaluating the integral is to use the substitution ¢ = sinx to get dt =

cos x dx. Substituting we get
yzZ/tdt—i—c:t2—|—c:sin2x+C.
If on the other hand, we make the substitution ¢ = cos x, we would get
_ 2 2 2
y=—cosr+c=sin“z+ (c—1) =sin”z + ¢,

where c¢; is a different constant. Finally, we can also use the trigonometric identity

sin 2x = 2sinx cos x to get dy = sin 2x dx from which

cos 2x 1 —2sin’z
Y= +c:—f+c:sin2a€+(c—1/2):sin2x+02
and we see that although there are apparently three different solutions, they are all

equivalent!

1.3 Direction Fields

Often times it is not easy to solve a differential equation, even for a first-order
equation. Yet we may need to know at least the behavior of the solution.
First note that the first-order equation
dy
2y
gives us the slope of the solution curve y at each point (z,y). If we draw the slope

at various points on the xy-plane as short line segments, we will get what is called
the direction field (often also called slope field). The direction field will give us
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Figure 1.1: (a) Direction field of dy/dx = y. (b) Family of solutions of dy/dz = y.
The red curves are solutions satisfying the initial conditions y(0) = 1.25 and y(0) =
—1.1.

an idea of how the solution might look like. Consider, for example, the equation

dy _

0e =Y (1.2)

The solution curve to has a horizontal slope at any point along the z-axis, but
has the slopes of 3 and -4 at the points (2,3) and (-1,-4), respectively. The direction
field of is shown in Figure [L.1}(a).

One can get much information by looking at this direction field. First, its “fHow”
pattern shows that as x — oo, all solutions diverge to either +o0o or —oo. In fact,
equation can be easily solved using the method of separation of variables (will
be discussed in the next chapter) and the solution is given by |y| = ce®, where ¢
is the constant of integration. Note that the solutions are a family of exponential
functions whose behavior matches the flow pattern shown by the direction field.

Secondly, given an initial condition y(xg) = yo, we can look at the point (g, yo)
and trace the slopes to get the solution curve that passes through (zg, ). In this
particular example, we see that a small change in the initial condition can cause a
very different behavior of the solutions. With the initial condition y(0) = 1.25, the
solution y — oo as x — oo, while the initial condition y(0) = —1.1 causes y — —o0
as = gets larger. See Figure [1.1|(b).
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Figure 1.2: Direction field and family of solutions of % =0.1P(t)(1 — (P(t)/300)).
The solution curve satisfying the initial condition P(0) = 100 is shown in red.

Example 1.3. The elk population in a small mountain area is given by a first-order

equation
dP P(t)

= :O.lP(t)< _ %),

where P(t) is the number of elks at any time t. This equation is called the logistic
equation. More details on this type of equation will be discussed in Section[2.5.9. By
sketching the direction field,

(a) Estimate the limiting size of the population as t — oo.

(b) If the initial elk population is 100, estimate the size of the population in 20

years. Can the population ever reach 5007
(c) If the initial population is 600, can it decrease to 2007
Solution:

(a) Since the variables t and P represent the time and the number of elks, re-
spectively, they cannot be negative. Thus, we only need to sketch the direction
field for ¢, P > 0 and it is given in Figure From the flow pattern, we can
see that all solutions tend to P-value of 300 as t — oo. In Section 2.5.2] we will

see that this is indeed the case.
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Figure 1.3: Isoclines for ¢y = x + 3y

(b) The initial condition here is when ¢t = 0, P = 100. We trace the solution
curve that passes through the point (0, 100) and see that when ¢ = 20, P ~ 233.

It is clear that the population will increase to 300, but never reaches 500.

(c) The population will steadily decrease to 300, but it can never decline to
200.

Sketching direction field is straightforward, but it can be very tedious without the
aid of computer software packages. If one really needs to hand sketch a direction
field, the method of isoclines can help ease the job. For a first-order equation
dy/dz = f(x,y), an isocline is any member of the family of curves f(z,y) = ¢, where
¢ is an arbitrary constant (Yes, it is very much the level curve for f(z,y)). At each
point on an isocline, the solution curve has slope that is equal to c.

We illustrate the technique in the following example.

Example 1.4. Sketch the direction field for y' = x+3y using the method of isoclines.
Solution: The isoclines for the given equation is = + 3y = ¢, which is a family of
parallel lines. Pick several values for ¢ and draw short line segments with slope ¢
along the isocline = 4+ 3y = ¢. Figure [1.3] shows isoclines for ¢ = 0,43, +£6, +9 and

the resulting direction field. Some solution curves are given in Figure
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Figure 1.4: Family of solutions to 3/ = = + 3y

1.4 Exercises

1. Verify that the following functions are solutions to the corresponding differen-

tial equations.

= arcsin ), xy +y=19'\1— x2y>?
+ y = arctany, 1+y2+9%/ =0
(e) y=asinz + bcosz, v +y=0

2. Draw the direction field for the following first-order equations using the method
of isoclines, including the curve satisfying the given conditions. From the sketch

of the direction field, what can you say about the behavior of the solution?

() W =2y y0)=1
(b) %:2-%‘—1/, y(0)=0

© Wy yw=o
@ Y =2B-y). y0)=1



Chapter 2

First Order Linear Equations

2.1 Separable equations

A differential equation is said to be separable if it can be rewritten so that terms
involving the differential of y is on one side of the equation, and those of x on the
other side. One then integrates to get rid off the differentials leading to an equation

that implicity or explicitly gives y.

Example 2.1. Solve y?y +2z = 0.
Solution: We rewrite this as y?{ dy/dz} = —2z and using differentials as

v dy = —2x da.

Integrating both sides we get

/y2dy:—/2xd$+c,

that is,
L 3 2
Y = -7 +¢
33/
or as is commonly written
1y3 + 22 =c.
3

This equation can be solved for y explicitly but that is not necessary. Because the
given equation is of the first order, there is only one constant of integration ¢. The
solution is said to be a one parameter family. The solution is unique once ¢ is known,

such as for instance y(0), the value of y at the origin.

19



20 2.1. Separable equations

Example 2.2. Find the particular solution of the equation
ylnyde —xzdy =0

such that when x =1,y = 2.

Solution: We rewrite the equation as

dx dy

T ylny:

/dm / dy
b —c
z ylny

The first integral is easy. To evaluate the second, we use the substitution ¢ = Iny,

dt = dy/y to obtain
/da: dt
> [,
x t

In|z| —Inl|t] = ¢,

0

from which we integrate

that is,
c=ln|z|—Inlt| =In|z/t| =In|z/Iny|.

This is equivalent to

i = =
where c; is another constant. This solution is again a one parameter family. To find
the particular solution required, we plug in z = 1,y = 2 to obtain ¢; = |1/In2]|.
Hence, the particular solution is |Iny| = |z|In 2.
Notes:

1. Simply because an equation is separable, it does not follow that it is solvable!
The resulting integrals may not be expressible in terms of known functions,

eg. dy= e dx.

2. An equation may not be apparently separable but a little effort can make it so.
As an example, i = 22y + x%e¥ — y — ¥ does not seem separable but if you
look carefully, the right side is factorable: y' = (22 — 1)(y + ¢¥) which is now

readily separable.
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2.2 First order linear equations

A typical such equation is of the form

% + P(x)y = Q(x). (2.1)

Here P and () are functions of . This equation is not separable. But we can employ
a trick that occurs many times in differential equations. We rewrite the equation as
dy + P(x)ydx = Q(z) dx and multiply this by (as yet) an unknown function H(x)

so that the resulting equation
H(x)dy+ H(z)P(x)ydx = H(z)Q(x) dx (2.2)

consists of differentials only! The right side is obviously so. If the left side is to be
a differential, then (by looking at the first term) it must be of the form d(H (z) - y).
But by the product rule of derivatives,

d(H(z)-y) = Hdy+ydH.

Comparing this with the left hand side of equation (2.2)), the second terms must
agree, that is, ydH = H Py dx, and since y Z 0, we must have

dH = HP dz, d—H:Pda:.
H
Integrating the second equation, we immediately get
In H(z) = /P(:c) de,  H(z)=elJP®), (2.3)
Equation (2.2)) now becomes d(H (z)-y) = H(x)Q(z) dz, whose solution is therefore
H(z)y = / H)Q(x) d + c.
From (2.3 we finally get

ye(fpdx) = /e(fpdx) -Q(x)dx + c. (2.4)

The function H(x) is called an integrating factor. Multiplication by an inte-

grating factor produces exact differentials. We will have more occasions to deal with
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integrating factors. Note that using equation (2.4) we can write down the solution

yze_fpdml/efpdm'Q(l‘)dl'—l-C

Example 2.3. Solve y' +y=1/(1+ e**).
Solution: Here P =1 and Q = 1/(1 + ¢**). Hence, e/ P% = ¢ and the solution is

ye”® :/exdaﬁ—c.
1+ (e*)?

The integral is evaluated by the substitution ¢ = e” so that ye® = [dt/(1 +t%) + c.

That is, ye® = arctant + ¢ and finally we get y = e~ *(arctan e® + ¢).

Remark 1. You should note that in equation , x is the independent variable
and y the dependent variable. Sometimes a linear equation may not appear in this
form! In some of those cases if we rewrite the equation with y as the independent
variable and x as the dependent variable (reversing the roles of x and y), the equation

will look very similar to (2.1)) and may appear in the form

In this case the integrating factor is el P and the solution would be

x:e_fpdy[/efpdy'Q(y)dy—i-c

2.3 Exact equations

A first order equation can often be written in the form
M(z,y)dx + N(z,y)dy = 0. (25)

This equation is said to be exact if the left hand side is the differential of a function
F(z,y) so that
dF(xz,y) = M(z,y)dx + N(z,y)dy =0 (2.6)

and the solution is clearly F'(x,y) = ¢ for some constant c¢. The problem then is to
find F!
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Given y = f(x), we know its differential is defined as df = f/(z) dz. For a function
F(x,y) of two (or several) variables one needs to be careful in writing its differential.
Suppose for a moment x = g(t),y = h(t) are both themselves functions of another

variable ¢. Then from Calculus we know F’(t) exists and is given by

dF _OF dz OF dy

W 0z At oy at

In analogy with the one variable case, we can now write the differential dF of F'(z,y):

It follows by comparing the coefficients of dx and dy that we must have

OF

= M(x,y) and or = N(z,y). (2.7)

dy
Since F' is necessarily continuous, its mixed partials with respect to z and y must

necessarily be equal:
O’F  9*F
0xdy  Oyox’

Hence, from equation (2.7) we finally have

oM _ ON

Ty —_— %, (2.8)

which gives us a necessary condition for equation (2.5)) to be exact. But let us first

consider an example.

Example 2.4. Solve 2zsiny dz + 2% cosy dy = 0.
Solution: Here M = 2zsiny and N = z%cosy. It is easy to verify that OM/dy =
2xcosy = ON/Ox, showing equation is satisfied and the equation is indeed
exact. Hence, there exists some function F'(z,y) whose differential dF' = 2z siny dx+
22 cosy dy. But how do we find F?

Since OF/0x = M(x,y) = 2xsiny we can integrate this equation partially with
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respect to x (that is, treating y as a constant just here) and write
F(z,y) = /M@x = /236 siny 0z, (Note: This notation is not standard!)

to obtain F(z,y) = 2%siny + h(y), where h(y) is a function independent of = (think

about this!). Taking partial derivative with respect to y gives us

OF
oy z? cosy + ' (y).
But from equation ([2.7)
o = N(x,y) = 2% cosy.

It follows that h'(y) = 0 and h(y) = ¢, where ¢ is a pure constant. The final solution
is F(x,y) = 2?siny + c.

Remark 2. This is a brute force method! It involves a partial integration followed
by a partial derivative. The method always works but can be trying in complicated

problems. Often terms can be rearranged to form an exact differential.
Grouping

Grouping involves a clever combining of the terms of the equation in such a way
that it is evident it is an exact differential. After verifying an equation is exact, if the
expression consists of addition of terms, it is invariably of the form (.) dz + (.) dy and
this is clearly the differential of a product. In Example no grouping is necessary

and a moment’s reflection shows that
(2zsiny) dz + (2% cosy) dy = d(x?siny) = 0

and the solution is as before. With practice this becomes very easy.

Example 2.5. Solve (2y* —4x +5) dz + (2y — 4 + 4xy) dy = 0.
Solution: The equation is exact since OM /0y = 4y = ON/0z. Now group the terms
as follows

(—4x +5) do+ (2y — 4) dy + (2y* dz + 4xy dy) =0

d(—2z2+57) d(y?2—4y) d(2zy?)

and clearly the solution is —222 4 5x + y2 — 4y + 2xy2 = c.
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Some important exact differentials

The following list of exact differentials would be quite useful in solving exact

differential equations by grouping:
1. d(zy) =y de+x dy

5 d(g) _ Y d:vy—2x dy

s (L) - S :d{mn (;)}.

< |8
~—

—~
<8

Example 2.6. Solve y dr —x dy + Inx dx = 0.

Solution: Tt is easy to see that this equation is not exact. But we rewrite it as
rdy —ydr —Inzdr =0,

and if we divide by z? it becomes

du —

zdy 2yd:ﬂ_ ln;ﬂdx _0
T x

—_— ~—

d(y/z) d(fx*QIna:da:)

The integral is evaluated by parts as follows:
-2 -1 25 -1
/x Inzxdr =—x lnx—i—/x dr =—x "lnzx—1/z+c.

Hence, the solution of the equation is

1 1
QZ—E—*—FC or y=—lnzx+cxr—1.
x x x

Integrating factors

In the last example, a non-exact equation became exact after multiplication by
p(x) = 1/22. This is another instance of an integrating factor which we first encoun-
tered in first order linear equations. There is a vast theory on integrating factors.

This method is often cumbersome as involves e/ where f may be either a function of
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x alone or of y alone. Often simpler methods may be more useful. Here we provide

a couple of simple rules one could use in some cases:
Suppose the equation (2.8) is not satisfied.

Rule 1. If
oM ON

[5] ox
yT = h(z) (2.9)

is a function of x alone, then p = el M@ dz 4o qn integrating factor.

Rule 2. If
ON oM

P — () (2.10)

1 a function of y alone, then u = el 9@ dy s qn integrating factor.

Example 2.7. Solve (22 + y? + 2z)dx + 2y dy = 0.
Solution: Here OM /0y = 2y and ON/Jx = 0, so that

oM ON

Oy Oz
h(x) = ———=1
() = 2
is a function of z alone. Hence, p = €® is an integrating factor and we obtain the
equation
(e"y? dx + 2¢"y dy) + e (2% + 22) dz = 0.

/

d(ey?) d( [ (z2+2z)e® dx)

Using integration by parts, then solution then becomes e*y? + z2e® = c.

2.4 Homogeneous equations

We say that a function z = f(x,y) is homogeneous of degree n if it can be written

in the form

flx,y) =2"g(v), v= %

For instance, f(x,y) = 23y + 223> — zy* is homogeneous of degree 5 since we can

write
2 3 4

S Y ZL} = 2
flz,y) ==z {12 +g oy =ay()
where g(v) = v +v3 —0vt, v=y/2.
The differential equation (2.5)) is said to be homogeneous if both M(z,y) and

N (z,y) are homogeneous and of the same degree. This definition applies right now
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only to equations of type . Later we use the same term to call higher order
equations as homogeneous if the right hand side is zero (they may not always be
sol). This would cause no confusion as you will see. For example, in equation
(x+y)de+ (x —y)dy = 0, both M = (x +y) and N = (x — y) are of the same
degree 1 since M = z(1 4 ¥) and similarly for N. Hence, the differential equation is
homogeneous of degree 1. The equation (23 + y3)dx — 2y? dy = 0, is homogencous

of degree 3. But 2 dy = (2%y — y?) dz, is not homogeneous.
The substitution y = vz

When an equation is homogeneous, the substitution y = vz is very useful. With

this substitution, and assuming M (x,y) and N(x,y) are both of degree «, equation
(2.5]) can be written as

dy _ M(zy) _ 2"M(v)

= — =— , 2.11
dx N(z,y) 2N (v) 9(v) (2.11)
for some function g. Further, by product rule,
dy dv
= = = = 2.12
Yy =vxr = T =V + T (2.12)

By (2.11)) and (2.12)), equation (2.5) can be transformed into

d
z— = —g(v) = v,

which is separable with x and v as variables. Its solution is then given by

Even though this method works, the integration after the variables have been sepa-
rated may be sometimes daunting and often can be solved by other methods.
Example 2.8. Solve (23 + y3)dx — xy?dy = 0.

Solution: We rewrite the given equation as

dy 2> +y°

der  xy?

Using the substitutions from equation (2.12)),

dv 1+ 03
v—}—x%— v?2
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and
dv 1+ 03 1

r— = .
dx v? v2

This is a separable equation and leads to

d
@ _ v3dw.
T

Its solution is In |z| = {v3/3} + ¢, which is equivalent to 323 In |z| = y3 + c12°.
Integrating factor for Homogeneous Equations

The following rule applies only to homogeneous equations.
Rule 3. If Mx + Ny # 0 and the equation is homogeneous, then

1

m is an integrating factor of M dx + N dy = 0.

Notice that unlike other integrating factors, there is no exponential involved in this
integrating factor! This may often trump the usual method for homogeneous equa-

tions.

Example 2.9. Solve (2%y — 2xy?)dx — (23 — 32%y)dy = 0.

Solution: Simplify by removing the common factor x to get
(zy — 2¢°) dx — (2* — 3zy) dy = 0.
This equation is homogeneous of degree 2 and
Mz + Ny = 2%y — 2zy® — 2%y + 3zy> = 2y®> £ 0

and the rule applies. Hence, 1/(Mz+ Ny) = 1/xy? is an integrating factor. Multiply
the last equation by 1/xy? and rewrite to get

(-2 (Do

d d 2d 3d
T  xdy :v+ y

— - =0
Y Y x Y

dr —xd 2dx 3d

Y - y ° X Y —0,
Y X , Y

~—
d(z/y) 2d(Inz)  34(Iny)



Chapter 2. First Order Linear Equations 29

which implies that

3
E—|—lny—2:c.
Y x

Example 2.10. Solve (x —y)dz = (z +y) dy.
Solution: This is homogeneous (M and N are of degree 1). We rewrite the equation
as

dy _z—y

= . 2.13
de x+vy ( )

Substituting y = vz, and using equation (2.12]) we get

dvv 1-w
v+x%—1+v
dv 1-w _1—21}—1}2
x%_l—kv_ N 1+
@: 1+wv d
x 1—2v— 02

In|z| = (-1/2)In|1l — 2v — v?| 4+ ¢
2In|z| +In|1 — 20 — v*| = 2ln¢

22(1—-20—v?) =cf =cy.

If you observe carefully, the given equation is in fact exact! It can be solved very
easily by grouping:
rxdxr —ydy =xdy+ydx

leading to 22 —y? = 2y + ¢, same as before! Also notice that the last rule for finding
integrating factor does apply but the factor itself is not particularly simple! It pays

to study the equation carefully before attempting a solution!

2.5 Applications

In this section we consider two models in which the central theme is the rate of change
of a physical quantity. Examples of this type abound. The rate at which a given
quantity of a substance cools when placed in an environment which is cooler than
itself, increase of population in a demographic area, radioactive decay, etc. Since the
rate of change refers to the derivative, most such situations are modeled by a first
order linear equation which is solved easily. Because the rate of change is usually

proportional to the quantity left, the solution is invariably an exponential function.
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2.5.1 Newton’s law of cooling

Newton’s law of cooling says simply that:

The rate of change of the temperature of a cooling body is proportional to the
difference between the temperature of the body and the constant temperature of

the medium surrounding the body.

An immediate consequence of the law is that the cooling body loses its heat more
rapidly initially and this rate slows down with time.

Let us suppose that we have an object, say a cup of coffee, whose initial tempera-
ture is Ty and it is placed in a room which is maintained at a temperature M, where
My < Ty. Let T be the current temperature of the body. Then by Newton’s law of

cooling,

drT

— T — M,
that is,

dr

where k is a constant of proportionality. This is a first order equation which is

separable and we can rewrite as

dr

— = kdt
(T — M)

and whose solution is
In|T — My| = kt + ¢,

with ¢ being the constant of integration. At ¢t =0, T = T so that ¢ = In|Ty — My].

Hence, the solution can be written as
In|T — My| = In|Ty — Mo| + kt.

Also, since Ty > T > My, we can drop the absolute values and write the solution to

(2.14) as
T — My = (Tp — My)e. (2.15)

A moment’s reflection shows that in most cases we really need e, not the actual

value of k.

Example 2.11. The temperature of a cup of coffee initially is 185°F and it is in

a room maintained at 72°F. Fifteen minutes later, the temperature is 150°F. When
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will the coffee be at 100°F?

Solution: Let the temperature of the coffee at time ¢ be T°F. We will measure ¢ in
hours. Using equation (2.15)),

T — 72 = (185 — 72)er, (2.16)

where we need to determine k (or e¥). Since 7' = 150° when t = 0.25, we get from
(12.16])
150 — 72 = 113 €025k,

that is, (€F)%2° = 78/113 ~ 0.690. Hence, e* = (0.690)* ~ 0.227.
To find when the temperature of the coffee would be 100°, from (2.16]) we have

100 — 72 = 113 ¥,
that is, 0.227" = 28 /113 ~ 0.247. Hence,
t =1n0.247/1n0.227 = 0.943 hours ~ 57 minutes.

Example 2.12. The police discover the body of a murdered young man at 10:30 a.m.
i a condo kept at 72°F. The coroner records the body temperature at 84°F and an
hour later at 80°F. When did the murder take place?

Solution: Let us measure time in hours and count it from the moment the body is
discovered. Since the initial temperature is 84°F, by Newton’s law of cooling, using
(12.15))

(T —72) = (84 — 72)er = 12¢F,

The body temperature at the end of one hour is 80° so that
(80 — 72) = 12¢F

from which e¥ = 8/12 = 2/3. The normal temperature of a healthy human body is

98.6°F. This must have been the temperature just prior to death. Hence
(98.6 — 72) = 12(e)t.

Since e* = 2/3 this gives us 26.6/12 = (2/3)* from which

_ In(26.6/12)

=—1.963 h
In(2/3) ours,
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that is 1 hour and 57 minutes before we started the clock. Hence, the murder took

place around 8:33 a.m.

2.5.2 Malthus’ law of population dynamics

We all know that population grows in general, but how fast does the population
of a city grow? What will the population of the US be in 20257 Questions of
this kind have been of interest to many scientists and the first person to propose a
mathematical law was Rev. Thomas Robert Malthus, an English clergy man who
laid out his findings in his 1798 writings.

Malthusian law says:

The rate of change of population is proportional to the actual population at any

given time.

Notice that this law is very similar in nature to Newton’s law. Both laws predict
that the rate of change of a quantity is in some sense proportional to the quantity
remaining at a given time. The only difference is that Newton’s law has to do with
the decrease in heat while Malthus law has to do with increase in population.

Let the population at a given time ¢y be Py and at any time ¢ later be P(¢). Then
according to Malthus law,

dP

— x P, 2.17
T (2.17)

If k is the constant of proportionality, equation (2.17) becomes

P

— =kP. 2.1
o (2.18)

This is a very simple equation whose solution is In P = kt+ ¢, where c is the constant

of integration. Using the initial condition that at t = tg, P = Fp, we get
In PO =k to +c.
We can then write the solution as

InP = kt-l-hlp() —kto
=InPy+ k(t —to),

that is,
P = Pyekt=to), (2.19)
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Before we proceed further we should mention that Malthus law has proved remark-
ably accurate in predicting world population for certain periods and also for some

species of mammals.

Example 2.13. The world population in 1965 and in 1970 was 3.345 billions and
8.706 billions, respectively. What was the population in 19737

Solution: From equation (2.19), using the data for 1965 and 1970,
3.345 = 3.706 F(1965-1970)
that is,

3.345 = 3.706 ¢ "
e® = (3.706/3.345)%2 = 1.020.

To find the population in 1973, we have (again from equation (2.19))) that
P = 3.706 F 197371970 — 3 706 (#)3 = 3.706(1.020)® = 3.932 billions.

The actual population of the world in 1973 was 3.937 billions!

If the population of a city at time tg is Py, it is apparent from equation
that the Malthus law predicts that the population of the city will grow exponentially
without any limit. This is obviously not very realistic. In most cases, population
growth is limited by available living space, decrease in food supply, etc. A different
model has been proposed by the logistic model, also known as the Verhulst-Pearl
model. According to this model, equation ([2.18)) is to be modified to:

% - kP(l - %) (2.20)

The only difference between this and the Malthus equation is the additional term
—kP?/M. This can be explained in the following way. The denominator M denotes
a limiting factor. If the decrease in population per person is proportional to —P/M,
then for the entire population it is proportional to P - (—=P/M) = —P?/M. When
P <« M, that is, P is very small in comparison to M, the logistic model coincides
with the Malthus model. In fact, it has been observed that the Malthus model is
fairly accurate for world population for years past but not so for the distant future.

The solution of is not as easy as that of , but not very difficult either.

The variables are separable and we have
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dP

Using partial fractions the last equation can be rewritten as

= kdt.

{% o _1(/;\$M)}dP — kdt,

which on integration yields
InP—In(l—-P/M)=kt+Inc,

In ¢ being the constant of integration written in this form for easier simplification.

We rewrite the last equation in the form

P t
TP/ ceM. (2.21)

If we use the initial conditions that at time ¢ = 0, the starting population is Py, we

have from the last equation

B Py . MPB (2.22)
‘T1-m/M) T M-BR '
From (2.21)), solving for P we get
P=(1- P/M)cekt
M ekt
P=__—"-__ 2.23
:> M + C@kt, ( )

as is easily verified. In equation (2.23]), we substitute for ¢ from (2.22)) to get
MP, kt
p -1, Me

- MPy _kt
M + M1 ©

ekt M Py
(M — Po) + P()ekt
B MP,
" R+ (M~ Py)e R’

(2.24)

which is the solution of (2.20]). A little laborious perhaps, but not hard.
If we let t — oo in (2.24) we get P = M, the limiting size of the population.
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Example 2.14. The elk population in a small mountain area is given by the logistic

equation
dP P(t)

=01 P(t)(l - %).

If the initial elk population is 120, find P as a function of t. What is the population
in ten years? When does the population double?

Solution: In this problem M = 300, Py = 120, k = 0.1. From equation ,

B MP,
Py (M — Py)ekt
_300-120

120 4 180 ¢—(0.1-10)
600

2+ 3e !
~ 193

P(t)

which is the population of the elk in 10 years. To find the time when the population
doubles, we need t when P = 2Py = 240. From equation ([2.24)) we have

300 - 120

240 =
(120 + 180e~0-1¢)

from which €% =6 or t = 10In6 = 17.9 years.

2.6 Exercises
1. Use separation of variables to solve the following equations:

(a) %y +y° =0.
(

b) ¢y —ytanz = 0.

(d
(e

)
)
(¢) (y+yz?+2+22%)dy = dz.
) ¥'/(1+2?) =2/y and y = 3 when x = 1.
)

Yy
y' = x?y? and the curve passes through (-1,2).

2. Solve the following linear equations:

dy 4y 2
= 4+ 22 =622

(a) d:c+a: x
dy

(b) e + 3y = 4ade .
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d 2z +1
(c) mﬁ—i— x_:_ly:x—l
(d) zdy + (zy+y —1)dz = 0.
(e) ydx + (vy® +z — y)dy = 0.
(f) (cos?x —ycosx)dr — (1+ sinz)dy = 0.
) Wy v

de = x

Note: This type of equation is called Bernoulli’s equation and it can
be rewritten so that it is linear. Divide throughout by —y? and make a
change of variables by substituting w = 1/y. The resulting equation will

be linear in u and solve this as usual. Substitute back for u in terms of y.

3. Verify that the following are exact equations. If they are, you may use the
l..o..n..g method(!) or look for clever groupings where you can. You must do

the last two problems by long method only.

(a) Bz + 2%+ 2y)dr+ 2v+y — y—lz)dy = 0.

22 — 3y cosx)dy = 0.

)
(b) (2zy + x)dx + (22 + 3y*)dy = 0.
(¢) (6zy + 2y?)dz + (322 + dwy)dy = 0.
(d) (ysec?x + secxtanx)dr + (tanz + sec? y)dy = 0.
© 332—2) +(2s—s )dt—()
(f) 2zydx + 22dy — 3dx + 4ydy = 0.
)
)

(g) (ysin2zcosz + y3sinz)dz + (sin
(

h) This is a toughie!

(- ) (" )an=o.

(i) (6zy + 2y? — 5)dz + (322 + 4zy — 6)dy = 0.

4. Solve the following homogeneous equations:

dy y(lny—Inz+1)
de T '
Example 8 is solved in the text as a homogeneous equation. Show that it

is exact and solve the equation.
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5. A frozen pizza is brought home from a grocery store and placed in a freezer
maintained at zero degrees. After 15 minutes, its temperature is 15 degrees
and after 30 minutes it is 7.5 degrees. What was the original temperature of

the pizza when it was placed in the freezer? Can you first guess the answer?!
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Chapter 3

Higher Order Homogeneous

Linear Equations

3.1 Introduction

We now proceed to the study of differential equations that are still linear but possibly

of higher order. A typical equation is of the form

dn m—1 d
ao(x)ﬁ + a1($)Wn_Z{ +...+ an—l(x)dfz + an(7)y = Q(x), (3.1)
where the coefficients ag(x), a1(x),az(z),...,a,(x), and Q(x) are continuous func-

tions of . When Q(z) = 0, equation is said to be homogeneous. Notice that
the word homogeneous has a different meaning in the context of first order linear
equations.

The notation used in equation (3.1 is laborious to write (and to typeset!) and we

will use the following equivalent forms often:

ao(2)y"™ + a1 (@)y" Y + .+ an-1(@)y’ + an(2)y = Q(a),
ao(z) D™y + a1 () D" Ly + ... + an_1(2)Dy + an(z)y = Q(x) (3.2)

In the second form (3.2]) we have used the differential operator notation D:

d
D=2
dx’ dx?’

We will find the differential operator notation to be particularly useful when dealing

with Operator methods in Chapter 4.

39
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Although we will be concerned in this chapter with homogeneous equations and
where the coefficients ag, a1, ..., a, are constants, the following theorem is important

for all our work from now on.

Theorem 3.1. In equation (3.1), assume that the coefficients ag(x),a1(x),. .., an(x)
and Q(x) are continuous functions of x on some intervala < x < b. Let ko, ki, ..., kn—1

be any n arbitrary constants. Let xo be any point in [a,b]. Then there exists a unique

solution of (3.1)) such that
F(=0) = ko, f'(wo) = ku, ., O (o) = k1.

Further, if Q(x) = 0, then the set of solutions to (3.1) is a vector space V over the

real numbers R. The dimension of V is n, the order of the equation. In particular

any solution of (3.1) is of the form
y=cfi(z) +cafo(@) + ...+ cnfr(®), (3.3)

where ¢1,ca,...,cn are arbitrary constants and fi(x), fo(x), ..., fu(z) are linearly
independent functions that are solutions of (3.1]).

The proof of Theorem is beyond the scope of these notes. But it is easy enough
to see why the set of solutions V to the homogeneous equation is a vector space. So
assume Q(x) = 0. We need to show that if f and g are any two solutions of ,
then so are f + g and kf for any real number k. Since f and g are solutions of
we have

ao(z)D™(f) + ar(z) D" (f) + ... +an(z)(f) =0 (3.4)

and
ag(x)D"(g9) + a1 (z) D" (g) + ... + an(x)(g) = 0. (3.5)

Adding equations (3.4) and (3.5) and using the fact D(f+g) = Df+Dg, D*(f+g) =
D?f 4+ D2?g, etc., we get

ao(z)D™(f + g) + a1(@)D" ' (f+ g) + ... + an(x)(f + 9) =0

and this shows that f + ¢ is also a solution of (3.1)). Multiplying both sides of ([3.4)

by any real number k, we get

kao(z)D™(f) + kay(x)D" L (f) + ...+ kan(z)(f) = 0
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and again by the properties of derivatives, this is the same as
ao(x)D™(kf) + ay(x) D" N (kf) + ... 4 an(z)(kf) = 0,

showing that kf is also a solution of (3.1]).
Remark 3. Theorem says that for the homogeneous case of (3.1), V has n

degrees of freedom. Any solution in V is determined by n arbitrary constants, that is

V has dimension n (see|[Appendix A:|Review of Basic Linear Algebral). In particular,
in equation (3.3)), the functions fi(x), fa(z),..., fu(x) form a basis for V.

3.2 Solution of the homogeneous linear equations

In this chapter we will be concerned with the case when is homogeneous and the
functions ag(z), a1(x), ..., an(z) are constants. In light of Remark [3] to solve such an
equation we need to find n linearly independent solutions of to find its general
solution. While we know what linear independence of vectors means (see

[A: [Review of Basic Linear Algebral), what do we mean by linear independence of

functions?

Definition 3.1. The functions fi(x), fo(x),..., fu(x) are said to be linearly depen-

dent if there exist constants cy,ca, ..., cy, not all zero such that

lel (a;) + Cgfg(x) + ...+ Cnfn(flf) =0.

Otherwise they are called linearly independent.

This definition is however not particularly useful in testing for linear independence.

What we need is the notion of the Wronskian.

Definition 3.2. The Wronskian of the functions fi(x), fa(x), ..., fn(x) is the deter-

minant
bil P s fa
fi f fs
Whd= T
1(n—l) f2(n—1) fg(n_l) o f7(zn_1)

We omit the proof of the following important theorem.

Theorem 3.2. The functions fi(x), ..., fn(x) are linearly independent if their Wron-
skian W (f1,..., fn) #0.
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Remark 4. Theorem [3.2]is useful if we have three or more functions. If we only
have two functions, say f1, fo, we can check their linear independence much more
quickly. The two functions are linearly dependent if there exist constants ¢y, ca, not

both zero, such that
c1fi(x) + eafo(x) = 0.

Let us assume that ¢; # 0. Then the last equation can be rewritten as

fi()

filz) = —2—2]"2(17), or equivalently =c,
1

fo()

for some constant c. This says their ratio must be a constant function. If this is not

the case, fi1 and fo are linearly independent. This is often much simpler to verify.

Example 3.1. Show that e*® and e are linearly independent unless a = b.

a—b)x

Solution: It is easy to see that e /eb® = el is a constant only if a —b = 0, that

is, a = b.

We now have the tools to solve homogeneous linear equations with constant coef-

ficients. Consider the following example.
Example 3.2. Solve
y" — 5y’ + 6y = 0. (3.6)

Solution: Tt is easy to see that y” is a linear combination of ¢/ and y. But y = ™

has the property that
D(emx) _ memx7 D2(€mx) _ m2€m:c’ o ’Dk(emx) _ mkemx’

that is, the derivatives of y are constant multiples of y. If we write (3.6) using

differential operator and substitute y = ™%, we get

(D* ~5D+6)y =0
(m? — 5m + 6)e™* = 0,

and since e™*

is not identically zero,
m* —5m +6 = 0,

which is a quadratic equation and referred to as the auziliary equation. Its roots
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are m = 2,3. Hence e?* and 3% are both solutions of (3.6]). It is obvious that they
are linearly independent (Remark . The solutions to the given equation form a
vector space of dimension 2. Hence, the general solution to the given equation is

Yy = 162 4+ c9e3T,

Example 3.3. Solve (D? — 1)y = 0.
Solution: The equation is same as y” —y = 0. The auxiliary equation is m? —1 = 0,

x

and its roots are m = +1. Hence, the solutions are e* and e~%, which are linearly

independent. The general solution is given by y = c1e® + coe™ 7.

It is clear from the last example that the solution of a homogeneous linear equa-
tion very much depends on the roots of the auxiliary equation. In the two examples
above, the roots were real and distinct giving rise to two linearly independent solu-
tions leading to the general solution. In those examples, the auxiliary equation were
quadratic. But the roots of a quadratic equation need not be distinct, not even real!

We consider these cases next.

3.2.1 Special case: Auxiliary equation has repeated roots

If the auxiliary equation has a pair of equal roots, the corresponding solutions are
identical and hence linearly dependent by Remark [4. What do we do? This is best

explained by an example.

Example 3.4. Solve the equation y" — 4y’ + 4y = 0.
Solution: The auxiliary equation is m? — 4m + 4 = 0 with roots m = 2,2. The
corresponding solutions are €?* and e?*. We rewrite the given equation using the
operator D as

(D? —4D +4)y = (D — 2)(D - 2)y = 0. (3.7)

It may appear that we have treated (D? —4D +4) as an algebraic polynomial (which

is true!) but it makes sense as a differential operator as well:
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From (3.7)), we make a change of variables by letting (D — 2)y = u

(D-2)(D—2)y=0=
~——

u

Note that the first equation (D — 2)u = 0 is homogeneous with auxiliary equation
m — 2 = 0. Hence, u = ¢?*. Now we solve the second equation
2x : : dy 2x
(D —2)y = u=e“* or what is the same thing i 2y = e,
x
which is linear of first order, which we discussed in the last chapter. Its solution is

clearly
ye 2T = /eh eXdy = /d:c = z. (3.8)

It follows that y = xze?*

two solutions e2*, ze?® are linearly independent. Hence, the general solution is

is another solution of the given equation (verify!) and the

y = c1e®® + coze®”. (3.9)

Remark 5. You may be wondering why we did not include a constant of integration
in equation . The reason is that including constants of integration leads to the
same solution as in . To see this, let us solve the given equation including
constants of integration. First observe that the solution of (D — 2)u = 0 leads to
du/dx = 2u from which u = c1e?*. Next substituting for u, we get the linear equation
y — 2y = c162% whose solution is ye*% = f e 2% c1e®*dx = c1x + ¢, which leads to
y = cize’® 4 cpe?®, which is no different from .

Remark 6. It is worth noting from the previous example that when the auxiliary
equation has a root m = « that repeats, the corresponding (linearly independent)
solutions are e®®, xe®® z2e®® ..., and so on. This fact will be of much use to us in

Chapter 4 when dealing with the Method of Undetermined Coefficients.

3.2.2 Special case: Auxiliary equation has complex roots

Consider the following equation: (D? — 4D + 5)y = 0. The auxiliary equation is
m? — 4m + 5 = 0, whose roots are m = 2 + i with corresponding solutions y; =
e(ZHz — 2reiz gn( Yo = e(2=Dz — 2re—ir By these are complex solutions. How

do we find linearly independent real solutions?
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It is convenient to think of the solution space V of the given equation as a vector
space over the complex numbers C. Since sums and differences of solutions are also

0

solutions, we use Euler’s formula, ¢ = cos@ + isinf. Then we can write y1,y2 as

y1 = e**(cosz + isinx)

Yo = €**(cosx — isinz).

Adding and subtracting these equations we get the solutions,

uy =1y +yo = 2% cos x

uy = y1 — yo = 2ie** sinz.

Since a constant multiple of a solution is also a solution (and V is now a vector space

over the complex numbers) we get
v1 = (1/2)u; = e*Tcosx, vy = (1/2i)up = e**sinz

as solutions as well. However, v1,v9 are real solutions. They are also linearly in-
dependent since vy /v = cotx is not a constant (Remark [4)) and hence the general
solution of (D? —4D +5)y = 0 is y = €2¥(c1 cosx + ez sinx). You should verify this
satisfies the given equation! With some practice you should be able to write down

the general solution of such equations with ease.

Example 3.5. Solve the equation y"" + 3y + 4y” + 3y’ +y = 0.

Solution: The auxiliary equation is m* 4+ 3m3 + 4m? + 3m + 1 = 0. By inspection
(the sum of the coefficients of odd powers of m is equal to the sum of the coefficients
of the even powers of m), we see that m = —1 is a root of the equation. Hence,
(m+1) is a factor of the left side of the auxiliary equation. We can divide by (m+1)

and write
m* 4 3m® +4m? +3m + 1= (m + 1)(m> +2m? + 2m + 1).

We see once again that (m + 1) is a factor of m3 + 2m? + 2m + 1. We divide the
latter by (m + 1) and can finally write

m*+3m> +4m? +3m+1= (m+ 13 (m* +m+1).

Thus, the roots of the auxiliary equation are m = —1, —1, %, where the com-
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plex roots being the roots of m? +m + 1 = 0. The general solution of the given
equation is

1 .
y=cre “ 4+ core ¥ + 675‘”{03 cos @x + ¢4 8in @x}

Remark 7. When the given differential equation is of order 2, the auxiliary equa-
tion is simply a quadratic equation which can be solved by either factoring or using
the quadratic formula. For higher order equations, one still attempts to factor the
auxiliary equation. We suggest you try m = 1 (the sum of the coefficients should be
zero) or m = —1 as in the example above. If these don’t work, try if m = +2 are

solutions by actual substitution.

Remark 8. If you are wondering what would happen if the complex roots, say
m = a =+ if repeat, such as in fourth order equation (D* + 2D? + 1)y = 0, Remark
should enable you to guess that the general solution would be of the form

y = €*(cq cos B + cosin ) + xe** (c3 cos fx + ¢4 sin ).

We shall prove this is indeed the case when we discuss the Operator Methods. But
most problems one faces are usually of the second degree and this complicated situ-

ation rarely occurs!

3.3 Applications

In this section we consider several applications of the material we have studied so far.
In the first two applications (Sections |3.3.113.3.2]), our object of interest is a curve
that often occurs in daily life. The goal is to find the cartesian equation of the curve
when we model it using mathematics. The modeling procedure is pretty similar in
both applications. At an arbitrary point P on the curve, we use the fact that if
the tangent at P makes an angle ¢ with the horizontal, then tanvy = dy/dx, the
derivative at the point. In each case, our model leads to a second order differential
equation satisfied by the equation of the curve.

The rest of the applications in this section deal with objects that have natural
tendency to vibrate around an equilibrium position, oscillating back and forth about
the point of equilibrium. Well known examples are the pendulum of a clock, a spring
balance, and the string of a musical instrument when plucked. Of course in most
cases the object comes to its position of rest due to external forces. When the

external forces are negligible, the motion is called free undamped motion. Otherwise
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it is called damped motion. In this section we shall see that the mathematical model

that describes this motion leads to a second order linear differential equation as well.

3.3.1 Catenary

Can you guess the shape assumed by a rope or cable, of uniform density, suspended
between two points, and hanging under its own weight? If you guessed it would be a
parabola, you would be in good company - Galileo thought as much. But then you
would be wrong as was he! The curve is called a catenary (the Latin word for chain
is catena).

The catenary occurs freely in nature. In a spider’s web, the woven silk is sev-
eral parallel elastic catenaries. In many parks, a simple chain fence consists of a
chain hanging from two identical posts. Many suspension bridges are of this type.
The correct equation for the catenary was obtained by Gottfried Leibniz, Christiaan
Huygens, and Johann Bernoulli in 1691.

Consider a chain hanging from two identical posts. To derive the cartesian equation
for the catenary, let us choose a vertical through the lowest point O of the chain as
the y-axis. The position of the z-axis will be determined later. We will assume that
the curve has uniform density, that is, the weight of a unit length of the chain is a
constant, say p.

Consider a point P(x,y) on the curve. Let s be the length of the arc OP. The
portion OP of the chain is in equilibrium under the action of three forces: The
horizontal tension of the chain Ty, the weight of the chain us and the variable tension
of the chain at the point P which acts along the tangent PT (due to the flexibility
of the chain). See Figure

Let ¥ be the angle PT makes with the x-axis. Then because of the equilibrium of
the chain, we have

Ty =T cosy, upus=Tsiny.

Recall from calculus that tan = y/. It follows from these equations that

Let us write ¢ = T,/ so that the last equation can be written as
cy =s.

Differentiating with respect to x,
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L

Figure 3.1: Catenary

ds
10 + (')

This is a second order equation but the y term is absent! We can integrate it as

cy

follows. Let z = 1/. Then the last equation can be written as

c%:\/l—i-zQ,

dx
that is,
dz dx
—_— = 3.10
V1i+22 ¢ (3.10)
Integrating equation (3.10)) gives us
x dz
To | 3.11
c / Vitz2 (8.11)

where ¢; is a constant of integration. The integral in (3.11)) is a standard integral.

To evaluate it, substitute z = tan 6 to get

sec2 6 do

dz
= = [ secfdf =1In|sec + tanf| =In|z + 1+ 22|.
V1422 /\/1 + tan? ¢
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Hence, from equation ,
% —In|z 4+ V1+ 22| + 1.
When z = 0, ¥ = 0, so that tanty = 3y’ = 2 = 0. Hence, ¢; = 0. Thus,
%zln\z+\/1—i-7\. (3.12)
From (3.12)) we get

e =2+ V1422 =241+ 22
1
and e_x/C:W:|z—\/1—|—22]:—(z—\/1+z2).

It follows that,

, e:r/c _ ef:r/c
y=r=——7">5
Integrating once more,
etle +6—ac/c
y=c——H + c2,

where ¢y is a constant of integration. Remember that the position of x — axis is still
not defined. We now choose the x-axis to be ¢ units below O so that t = 0=y = c.

It follows that co = 0 and the equation of the catenary is

ex/c + e—:v/c

y==¢c 5

Recall from calculus that the hyperbolic cosine, cosh x is defined as

ef+e*
coshex = ———.

Using this the equation of the catenary can written more succinctly as

y = ¢ cosh (E)

Cc

3.3.2 Curve of pursuit

Suppose that a mouse is running away from a cat in a straight line and the cat is
chasing him. What path does the cat pursue? Will the cat catch the mouse or would
the mouse get away? Problems of this kind are usually called curves of pursuit.

Assume the usual coordinate axes and assume that the mouse is at the point (zg, 0)
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ﬁ Ixg,mt)

------ 0

Iﬂ X

Figure 3.2: Curve of pursuit

with x¢ > 0, and that the cat is at the origin when it first spots the mouse. We will
assume that the mouse runs along vertically along the line x = x¢. Let us call the
curve followed by the cat as C. See figure

We will assume both the cat and the mouse run at constant speeds ¢ and m
respectively. At time ¢, the cat is at some point P(z,y) on C while the mouse is at
the point T'(xg, mt). Since the cat always keeps the mouse in his sight, PT is the
tangent to C at point P. Let PQ be perpendicular to the y-axis. In AQPT,

TQ mt—y

ZQPT =1, tan@b:%— P

But tan = 3/ so that
dy , mt—y

dx .

x0—T
from which we get
(xo — )y = mt —y. (3.13)

The cat is not running along a straight line but along the curve C. If the length
of the arc PyP = s, then s = ct. It follows that

ds

= = 3.14
o =c (3.14)

the speed of the cat. We have three variables z,y, ¢ and since we need the Cartesian
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equation of C, let us eliminate ¢t. We differentiate equation (3.13|) with respect to x

to get
dt
=y o+ (zo — )y =mo —yf
dt
(g — )y = mo (3.15)

Now dx/dt = (dx/ds) - (ds/dt) by chain rule. From calculus,
Z—i =+1+ (v)2
From (3.14)) and (3.15)) we now get

1+ (y)2. (3.16)

. "_ m
(o — )y .

To avoid cumbersome notation, let 7 = m/c. As we have done before, we set z = ¢/

in (3.16) to get (xg — x)2z’ = rv/1+ 22, which we rewrite as

dz B rdx
Vit+z22  (zo—x)

This is the differential equation satisfied by C and is very similar to the one we saw

(3.17)

in the case of the catenary. We can evaluate the integral on the left as usual by

substituting z = tan 6, etc., (the details are left as an exercise) to get

Inly + 1+ ()2 =—rin|zg — 2|+ . (3.18)

To determine the constant of integration c;, we note that when x = 0, we have
y' = z = 0. Hence, ¢; = rInzg. Substituting this in (3.18) and dropping the natural

log, we can now rewrite (3.18) as

N e 819

To— X

To solve for 1 we use the same trick as in the case of the catenary by noticing that

~(y = V1+¥)?) = (xoxf x)_T. (3.20)

1
v+ I+ )2
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Subtracting (3.20) from (3.19) we have,
w=(52) - G)
Y To— T xo—x/

(-5 (321)

Case 1: r #1

We integrate both sides of equation (3.21)) to get

o x \ 1+r o x \1-r
%y — (1 - 7) . (1 - 7) , 3.2
YTy 0 1—r x0 e (3.22)

where co is the constant of integration. Using the fact that x = 0=y = 0, we get

xo Zo
0= -
1+r 1—r+62

from which ¢y = 2rzo/(1 — r?). We can therefore rewrite (3.22)) as

1 To x \ 147 To x \1-7 rITo
— 1 7) - (1 - 7) } o 3.23
Y 2{1+r< xo 1—r x0 +1—r2 (3.23)

and this gives the Cartesian coordinates of C' when r # 1.

Case 2: r =1

In this case equation (3.21]) reduces to

o = 0+ T 4,

Integrating the last equation,

2
x
2y = { —xolnjrg — x| + — —x} + c3.
2%0
By using the fact that x = 0 = y = 0 once more, we get c3 = xglnzg. Substituting

this and simplifying the last equation becomes

1 o (o —x)% w0
i n _ T 24
y=3 {azo n (0 —2) 90 5 }, (3.24)

and this gives the equation of C when r = 1.

Now that we have found the Cartesian equation for C, let us answer some of the
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questions we asked in the opening paragraph.

1. Will the cat catch the mouse?

If r < 1, then m < ¢. In this case, the cat is faster. For the cat to catch the
mouse, we must have x = x(. Substituting this in equation (3.23)), we get

) mcxg

y= = :
1—1r2 ¢2—m2

This shows that the cat would indeed catch the mouse at the point R =
(w0, mexg/(c? —m?)). What if the cat is extremely fast in comparison to the
mouse? In this case r = m/c is negligible, that is, r = 0. In this case, equation
gives y = 0, that is, the cat will catch the mouse the moment he sees

him!
2. Can the mouse ever escape?

If » = 1, that is m = ¢, the speeds of the cat and mouse are equal. As the cat
tries to approach the mouse x — zg. If we take the limit of the right side of
equation (3.24) as z — zp, we notice that y — oo, that is, the mouse will leave

the cat in the dust behind him! The cat cannot catch the mouse in this case.

3.3.3 Simple harmonic motion

Undamped free motion is sometimes also called oscillator motion. The following
example best describes the principles involved.

Suppose that a point P moves along the circumference of a circle of radius a
centered at the origin in counter-clockwise direction with constant angular velocity
w radians per second. Let @ be the foot of the perpendicular from P on the z-axis.
Let P(z,y) be the position of P at any time t, Py(zo, o) its initial position, and
Qo(z0,0) the corresponding initial position of Q. Let 0 be the angle O Py makes with
the x-axis. See Figure|3.3

It is obvious that O P makes the angle wt+0 with the z-axis. Hence, x = a cos(wt+
J).

If we measure the angles with respect to the y-axis instead, that is, OF, makes
the angle § with the positive y-axis, then O P makes the angle wt+ § with the y-axis.
In this case, z = asin(wt + ). See Figure
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Figure 3.3: A diagram illustrating the principle of simple harmonic motion. The
phase angle ¢ is measured with respect to the x-axis.

Figure 3.4: A diagram illustrating the principle of simple harmonic motion. The
phase angle § is measured with respect to the y-axis.
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Thus, the position of ) at any time ¢, is described by either of the equations

x = acos(wt + 9),
x = asin(wt + 9). (3.25)

As P moves, @ starting from @)p, moves to the left. As P and @) continue to move,
their positions coincide at (—a,0). As P continues to move, @) reverses direction and
moves to the right towards the origin, the positions of P and ) coinciding again, this
time at (a,0). Then @ reverses direction and starts moving to the left. As P ends
at Py, Q returns to Q.

As P revolves around the circle, (Q moves back and forth along the z-axis, changing
directions at the endpoints. The motion of @ is said to be an undamped simple
harmonic motion.

Since the maximum value of cosine (or sine) is 1, it follows from that |z| < a.
We call O the equilibrium position of (Q and a its amplitude. Note that the amplitude
is always considered positive. The angle ¢ is often called the phase angle. In equations
if t = 2nm/w, where n is an integer, then P has completed n revolutions or
equivalently () has completed n oscillations. The time for one oscillation of @ is
called its period and denoted by T'. Thus,

T=—.
w

The reciprocal f of T, which is the number of oscillations or cycles per unit of time
is called the frequency of Q. It is important to note that if T" is measured in seconds,
f is measured as cycles/sec. Sometimes f may be specified as radians/sec and in
this case we can convert it to cycles/sec by using the fact that one cycle equals 27
radians.

It is easy to verify (exercise!) that the function z(¢) given by either of the equations
satisfies the differential equation

d’x

which is the differential equation satisfied by (). Notice the special form of the
equation: It is a second order homogeneous equation where the first derivative term
s missing and the coefficient of the dependent variable is positive.

Conversely, if the position z(¢) of a moving object satisfies an equation of the form

of (3.26), we can show it is executing a simple harmonic motion, that is, x(¢) must
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be of the form given by equations (3.25)). To see this, consider the equation

d?z

ﬁ +sr=0, s>0. (327)

Using the methods of this chapter, we can write the solution to (3.27)) as
x = c1 cos /st + cosin /st, (3.28)

where c1, co are constants.

Let ¢ = /c} + c3. Then (3.28) becomes
C1 C2 .
x = c(— cos y/st + — sin \/Et) (3.29)
c c

Let p be an angle such that tan u = ¢1/ce, so that sinu = ¢1/¢, cospu = ca/c. Then
(3.29)) can be written as

T = c(sinucos \/st 4 cos usin \/§t>, (3.30)

or
x = csin(y/st + p). (3.31)
You should verify that had we interchanged ¢; and ¢o in (3.28]) and replaced p by
—p, then the solution of (3.27)) could be written as

x = ccos(y/st + p). (3.32)

Both (3.31)) and (3.32) are similar to equations (3.25)) showing that the motion is

indeed a simple harmonic motion with amplitude ¢ and period 27/4/s.

To summarize, a simple harmonic motion can be described by either of the equa-
tions , or equivalently by the differential equation . The period is readily
readable from any of these equations.

Equation provides the period w, but not the amplitude ¢. To uniquely
determine the solution given by equations , from Theorem of this chapter,
we need two initial conditions that specify x(tg) and 2/(to). Often to = 0.

Example 3.6. An object executes a simple harmonic motion with frequency 6 ra-
dians/sec. It starts at the origin (its equilibrium position) with initial velocity 5
ft/sec. Find (a) its period, (b) the differential equation satisfied by the object, (c) the
equation of motion, (d) its amplitude, and (e) the phase angle.
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Solution:  Here f = 6 radians/sec = 6/2m = 3/m cycles/sec, hence the period
T = 2r/w = 7w/3 sec. Clearly, w = 6 radians/sec, and the differential equation
satisfied by the object is
d*x
el + 36z = 0.
For the equation of motion, let us pick the first equation in (3.25)). Then
dz

x =ccos(6t+9), v= i —6¢sin(6t + 9).

At t =0 we have

r=0=ccosd, v=>5=—06¢sind.

Since ¢ > 0, from the first equation we have § = +7/2 = sind = +1. From the
second equation, sind < 0, that is § = —m/2. It follows that the amplitude ¢ = 5/6

ft, the phase angle 6 = —m/2 radians, and the equation of motion is
5
T = 6(305 (615— g)

1. Hooke’s law

Assume that a toy cart of mass m is attached to a wall by means of a spring. When
the cart is at rest at the point O, there are no forces acting on it except its weight.
We choose O for the origin, and initially x = 0. When the cart is displaced by a
distance x from O, away from the wall, then the spring’s tension exerts a restoring
force F, (see Figure . According to Hooke’s law, this force is proportional to x,
that is,

F, <z, or Fy(x) = —kz. (3.33)

The negative sign shows that the force acts in the negative direction; in fact F,
always acts against the motion and hence has a sign opposite to that of x. The
constant of proportionality £ > 0 is a measure of the stiffness of the spring. If the
spring is very stiff, i.e. k is large, common sense tells us that there will be little or
no vibration.

The only force that influences the motion of the cart is the restorative force of the
spring. By Newton’s second law of motion, the force F, acting on the cart equals
the product of its mass and acceleration. Hence, from ,

d?x

FLL‘ = m@ = —kf,
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Figure 3.5: Mass-spring oscillator

from which
dr K
— + —z=0.
m
It is immediate that the cart executes a simple harmonic motion whose equation of

motion is

x = ccos(\/k/m t +9). (3.34)

It is clear that the cart has an amplitude ¢, period T and frequency f, which by

substituting for w, we have

m 1 1 k
= ==V

The expression for 1" shows that if the mass of the cart is large or the stiffness of the
spring is light, then T is larger, that is it takes more time to complete one period (as
we noticed earlier) and the frequency f is correspondingly smaller.

From , since |z| < ¢, the cart oscillates around O with maximum displace-
ment +c. If we write w = \/k/m, it follows from that the velocity v of the

cart is given by
_dx

Cdt
and when |z| = ¢, that is at the end points, | cos(wt+0)| = 1, that is, | sin(wt+3J)| = 0.
At the end points, where © = + ¢, the speed of the cart is s = |dz/dt| = 0.

v = —cwsin (wt + 0) (3.35)
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When the cart is at the origin, from (3.34), cos(wt 4 §) = 0 and sin(wt + §) = +1.
Hence, at the origin the cart has its maximum speed s = cw.

The motion of the cart is thus clear. Once it is pulled to the right and let go
(with no initial velocity), it moves towards the wall with increasing speed reaching
the maximum at the origin. The speed then reduces becoming zero at the left end
point. The cart then moves to the right, again reaching its maximum speed at the
origin and moving to the right with reducing speed.

We can simplify in specific cases if we know z(t) and v(t) for some t = ty.
Suppose for instance that at ¢t = 0, the cart is pulled through a distance xy and let

go with no initial velocity v = 0. Substituting these values in (3.34) and (3.35)) we

get,

xg =ccosd, 0= —cwsind,

from which § =0, ¢ = zg. Hence in this particular case, the equation of motion is

x = xgcoswt = xgcos/ k/mt.

2. Simple pendulum

We now consider the motion of simple pendulum, consisting of a “pendulum bob”
attached to one end of a rod. The other end of the rod is attached to a fixed point
C in such a way that the pendulum is free to move in an oscillatory motion.

Let the length of the rod be £ and the mass of the bob be m. Assume that the bob
is pulled to the right through a small angle and let go. Let P(z,y) be the coordinates
of the bob at any time ¢, and 6 the angle the pendulum makes with the vertical. The
bob moves along the arc of a circle centered at C' with radius £. Let CO be the
vertical line through C such that CO = ¢. The length of the arc PO is s = £6. The
only force acting on the bob is its weight w = mg and it acts downwards. We resolve
this force into two forces: One component along C'P and another perpendicular to
it. The latter is tangential to the circular arc PO. The force along C'P is mg cos 6
and the one at right angle to it is the force F' = mgsinf. It is clear that F' acts
along the tangent to the arc PO and is the only restorative force trying to move the
pendulum to the equilibrium position CO.

As we saw in the previous case (of the cart attached to the wall), F' and 6 have
opposite signs. When the pendulum moves counterclockwise, F' moves clockwise and

vice versa. The velocity v of the pendulum acts tangentially to the arc PO. By
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= g mg sin 8 f’(L V)
J A\
@) L]
A mg cos 8
mg

Figure 3.6: Simple pendulum

Newton’s second law,

F = m% = —mgsinb, (3.36)

the negative emphasizing F' and 6 (and hence sin §) have opposite signs. We have

ds dv d?0
S = 607 % = EW

It follows from equation (3.36)) that

d*0 .
EW +gsinf =0, (3.37)

which is the equation satisfied by the pendulum. Equation (3.37)) does not define a

simple harmonic motion! But we know that

: 6
S]n9:0_§+...7

and for small values of 0, sinf = 6. Hence, we can rewrite (3.37)) as

20
5+ %0 =0, (3.38)
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which now describes a simple harmonic motion. If we write the solution to (3.38)) as

0 = ccos(\/g/l t +6), (3.39)

its amplitude is ¢ with phase angle 0. Its period T" and its frequency f are given by

T =2m\/l]g, f= % _ g/L. (3.40)

T om

3. Simple pendulum (continued)

Assume that the pendulum is pulled through an angle o at t = 0. If « is not small,
# need not be small enough for us to approximate sin 6 by 6.
Let w = df/dt be the angular velocity of the bob. If we multiply both sides of

equation (3.37) by df/dt we get

@@+ 1 gdie_o
dt a2 9o ’

l =
dt

and integrating the last equation it follows that

6(2—?)2 —2gcosf = ¢y,

for some constant ¢1. Att =0, § = o,w = df/dt = 0. Tt follows that ¢; = —2g cos a.

Substituting this in the last equation and taking square roots we obtain

<d9>2 — 29 (0050 — cos a),

dt ¢
that is,
db
W= = + (v/29/¢) Vcos — cosa.
Hence,

df
U= (VU29) =

We integrate the last equation to finally obtain

) dn
1(6) = £ (v/£/29) / JeosT — cosa

To find the period T of the pendulum, we notice that as the pendulum swings
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from 6 = —a to # = «, it covers one half of the period. Thus,

T @ dn
2 (Vt/29) /_a V/cosn —cosa’ (3.41)

Further, cosn is an even function so it follows that

T =2V2 (3.42)

(\/ETQ)/O \/cosndiw'

Alas, as elegant as formula (3.42)) is, the integral is not easy to evaluate. The rest
of what follows should give you an idea of how mathematicians tackle problem of this

kind. We use the double angle formula from trigonometry, cos = 1 — 2sin?(6/2),

etc., to rewrite as
(0%
T =2(\//g /
(Vels) 0 +/sin?(a/2

dn
) — sin®(n/2)

_ " dn
=2(\/1/g) /0 Vu? — sin?(n/2)’

where u = sin («/2). If we make the substitution

(3.43)

n
sin 5 = usin @,
we note that as n goes from 0 to «, then ¢ goes from 0 to 7/2 and

1
icosgdn = ucos ¢ do.

Substituting this in (3.43) gives us

U cos ¢do

cos(n/2)v/u? — u2sin? ¢’

/2
T =4( 5/9)/0

which finally simplifies to

T (3.44)

w/2 do
—4(\/1g / S A
( ) 0 V1—uZsin®¢
The integral in (3.44) cannot be evaluated in terms of elementary functions. It is
called an elliptic integral of the first kind and occurs frequently in physics and
in evaluating the circumference of an ellipse. Tables of elliptic integrals have been

computed for values of w.
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It can be shown (the details are beyond the scope of these notes) that

_QWF{1++E; i§2u4+.--} (3.45)

and this gives the actual period of the pendulum.
For example, if o = 6°, then u = sin 3° = 0.0523, k? = 0.002739 and from ([3.45))

2
T(true value) = 2w+/¢/ { M % -(0.002739) + . .. }

from which
T =~ 2m+/l/g (1.0006858).

The value given by equation (3.45) of course is T' &~ 2m/¢/g. You should note that

as the pendulum completes several periods, the error is no longer negligible.

3.4 Exercises
Find the general solution to each of the following equations except where noted.
1. y" =3y +2y=0.
2. 49" — Ty 4+ 3y =0.
3.2y +y —3y=0.
4. y" =2y +y=0.
5.y +4y +4y =0.
6. ' +3y"+y +3y=0.

7. Solve the initial value problem: (D? — 6D + 25)y = 0 given that y(0) =

8. (D?®—6D?*+5D+12)y = 0.
9. 16y" 4 32y’ + 25y = 0.
10. (8D3 —12D? +6D + 1)y = 0.

11. A simple pendulum of length 5 feet is released from a position of 1 radian.
Find



64 3.4. Exercises

(a) the position of the pendulum as a function of time
(b) the amplitude, period and frequency
(c) the velocity (both linear and angular) with which the pendulum crosses

the equilibrium position.

12. A clock pendulum is regulated so that it crosses the equilibrium position every
2 seconds. What is the length of the pendulum?

13. An object weighting 4 lbs is attached to the end of helical spring which stretches
it by 6 inches. The spring oscillates and when it comes to rest, the object
is pulled an additional 6 inches and let go. Show that it executes a simple

harmonic motion. Find its

equation of motion

b

(c
(d) amplitude

period

(a
(

frequency

)
)
)
)



Chapter 4

Nonhomogeneous Linear

Equations

4.1 Introduction

In this chapter we continue our study of higher order linear equations which are not

necessarily homogeneous, but whose coefficients are constants:

dny dn—ly dy
aodgT” + a17dxn71 +...+ an_l% + any = Q(x). (4.1)
Here ag,ay,...,a, are constants and Q(z) is a continuous function of x. Using the

operator notation D, equation (4.1)) can be written as
(aoD" +a D" '+ . +a,1D+ an) y=Q(x) (4.2)

and we will employ this notation throughout this chapter (for the ease of writing as
well as other advantages that will be apparent as we proceed). Notice that the left

side of (4.2)) is a polynomial in D of degree n, so we can write (4.2]) simply as

pn(D)y = Q(x), (4.3)

omitting the subscript n when the degree of p(D) is clear from the context. For

example, the equation

can be written more simply as p(D)y = sinz, where p(D) = 2D3 + 3D? + D + 1.
We will find the following theorem quite useful later.

65
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Theorem 4.1. (Principle of Superposition)
Let p(D) be a polynomial in D, f(x) be a solution of p(D)y = U(x), and g(x) a
solution of p(D)y =V (x). Then f(z)+ g(z) is a solution of p(D)y = U(x) + V().

Proof: The Principle of Superposition says in an equation such as , where the
right side Q(x) is the sum of several terms, we can split it into several subprob-
lems and combine their solutions to find a solution of the given equation. The
proof simply depends on the property of derivatives. Since D(f(z) + g(z)) =
Df(z) + Dg(x), D*(f(z) + g(x)) = D%f(x) + D?g(x), and so on, it is easy to see
that p(D)(f(x) + g(x)) = p(D) f(z) + p(D)g(x) = U(z) + V(x). O

As an illustration of the above principle, consider the equation
(D' + D?)y = 322 + 4sinx.

We will learn later in this chapter that a solution of (D* + D?)y = 322 is f(x) =
124 — 322 (verify!) and a solution of (D*+ D?)y = 4sinz is g(z) = 2z cos z (verify!).

Hence, a solution of the given equation is f(z) + g(z) = $2* — 322 + 2z cos .

4.2 Solution of nonhomogeneous linear equations

We begin by noting that Theorem [3.1]of Chapter 3 on linear equations still applies to
equation (4.3)). In particular, given n arbitrary constants ki, kg, . .., ky, there exists

a unique solution f(z) of (4.3).
Since Q(z) = Q(x) + 0, where 0 is the zero function f(z) = 0, we can think of the

solution (4.3)) as arising from two equations
pn(D)y =0 (4.4)
and

pn(D)y = Q(x) (4.5)

and apply Theorem (4.1} Equation is called the complementary part of the
solution of . It is simply a homogeneous linear equation with constant coeffi-
cients and can be solved by the methods of Chapter 3. The general solution of ,
often denoted by v, is of the form

Yo =C1Yy1 + C2Y2 + ... + Culn,
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where ¢y, ..., c, are arbitrary constants and y1,yo,...,y, are linearly independent
solutions of .

Of course we still don’t know the general solution of but assume that some-
how we have managed to find a particular solution y, of , which is linearly
independent of y1, . ..yn. The Principle of Superposition (Theorem tells us that
Y = Ye + Yp is a solution of equation . It is clear from these observations that
a general solution of has n arbitrary constants and can simply be obtained
by solving the complementary part and somehow finding a particular solution
from and adding the two. Thus, the general solution of is of the form

Y=Yt Yp=c1yn1 +C2y2+ ...+ cplyn + Yp.

The rest of this chapter is devoted to finding a particular solution y, of (4.3)).

Remark 9. We do not include in y, any term that already appears in y.. Why?
Because such a term, say f(x), satisfies (4.4]) and therefore cannot possibly satisfy

(4.5). The terms in y, must therefore be linearly independent from the terms in ye.

4.3 Method of Undetermined Coefficients

In the method of Undetermined Coefficients (UC), one writes down y, as a linear

combination of functions

Yp = A1f1(x) + Aafa(z) + - + A fin (),

for some integer m. The functions fi, fo, ..., fim are obtained by carefully examining
all the functions that appear in y. and Q(x).

The coefficients Ay, Aa, ..., Ay, are determined (hence the name of the method)
by substituting y, for y in . This gives rise to m equations to determine the
constants Ay, Ao, ..., Ap. As you might guess, the method is often laborious!

If you observe equation , it is evident that Q(x) is a linear combination of y,
and its linearly independent derivatives. In fact, y., the solution of the homogeneous
part of , is a linear combination of functions that have finitely many linearly
independent derivatives. It follows that the UC method can be used only if Q(x)
consists of functions that have finitely many linearly independent derivatives as well.
This restricts the use of the method to a small class of functions: exponentials
(e™*), basic circular functions (sinaz, cosax) and polynomials (™). Indeed, e™*

has no linearly independent derivative, both sin ax, cos ax have just one each, and x"
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has n linearly independent derivatives, namely 2”1, "2, ... 22, z, 1, omitting the

constants (verify these assertions!). Luckily these are the functions that appear most
in applications. On the other hand, 1/z has derivatives 1/22 1/23,... (omitting
constants) which are all linearly independent. When Q(z) involves functions such as
1/x,tanx, etc., that have infinitely many linearly independent derivatives, one has

to take recourse to other methods.

Remark 10. In what follows, we say that the equation
pu(x) = koz" + k2" L+ k=0

has a root x = a of multiplicity r if
1. a is a multiple root of the equation, and
2. a occurs as a root r times.

In this case (z — a)" is a factor of the left side of the equation. For example, given
the differential equation " — 6y’ + 9y = 0. Its auxiliary equation m? — 6m +9 = 0

has the root m = 3 with multiplicity r = 2 since m? — 6m + 9 = (m — 3).

4.3.1 How the method of Undetermined Coefficients works

In the UC method, one builds a possible function y, by considering every term ¢(z)
that appears in (x) and examines it with the terms in y.. We first determine which

of the following three cases ¢(x) belongs to and start adding terms to y, accordingly.

Case 1: g(x) is not a term in y.

In this case y, includes a linear combination of g(x) and all of its linearly

independent derivatives.

Example 4.1. Find the form of the particular solution y, for the equation
y' 4+ 3y + 2y = 222

without solving it.
Solution: The auxiliary equation is m? 4+ 3m + 2 = 0 and the roots are -1 and -2.
Hence,

Yo = cre” 4 coe 2",

The only choice for ¢(z) is ¢(z) = 2? (omitting constants) and it is not a term in

Ye. Thus, y, is simply a linear combination of 22 and all of its linearly independent
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derivatives, namely x and 1, and it can be written as
yp:A:c2+B:c+C.

The constants A, B, C' will have to be determined later.

Example 4.2. Find the form of the particular solution y, for the equation
y" — 2y — 3y = 2" — 10sinx

without solving it.

Solution: Here the auxiliary equation is m? —2m — 3 =0, m = 3, —1, so that

Yo = 1%% + cpe 7.
Here, there are two choices for g(x), namely ¢(z) = e* and ¢(x) = sinx, and neither
is a term of y.. Thus, y, consists of a linear combination of e* and its linearly
independent derivatives. Similarly for sinz. But the derivative of e” is itself so
that it has no linearly independent derivative (why?). The only linearly independent

derivative of sinz is cosz (why?). Hence,
yp = Ae” + Bsinx + Ccos z,

where the constants A, B, C are yet to be determined.

Case 2:

q(z) = zFf(x), k>0
f(x) is a term in y,

f(x) does not arise from a multiple root of the auxiliary equation

Here y, includes a linear combination of x**1f(x) and all of its linearly

independent derivatives.

The reason for this should be clear. In the simple case when k = 0 (i.e. when g(x)
appears in 7.), it solves the complementary part . In Chapter 3, when dealing
with repeated roots of the auxiliary equation, we handled this as follows: if m = a
repeats r times and the solution corresponding to m = a is f(x), then we added to
ye the terms f(x),xf(z),22f(z),..., 2" 1 f(z).

Let us consider some examples.
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Example 4.3. Find the form of the particular solution y, for the equation
(D? = 3D +2)y = 22° + €” (4.6)

without solving it.

Solution: The auxiliary equation is m? — 3m + 2 = 0 with roots m = 1,2. Hence,
_ x 2
Yo = C1€7 + Cc2€”.

Next we start building y,.

Split the right hand side Q(z) = 222 + e” of (4.6). Omitting the coefficients, let
q1(z) = 22, g2(w) = e*. Consider the first term ¢;(x) = 22. This does not appear
in y., so it belongs to Hence, we include a linear combination of 2% and its

linearly independent derivatives, i.e.  and 1, to obtain
yp:Aa;2+Bx+C.

Next consider the second term ga(x) = e®. This is of the form z%f(z), where
f(x) = €” is a term in y, and thus belongs to We therefore include a
linear combination of z%t'e® = xe” and all of its linearly independent derivatives,
which is simply e”. But the latter is already in y. and need not be included (Remark
E[). Thus, the final form of y, is

Yp = Az? + Bz + C + Exe®,
I I

where the terms in group I come from ¢; (x) = 22 and those in group II from go(z) =

eCC

. This example shows that different terms in Q(z) can belong to different cases!
Note also that the constants A, B, C and F will have to be determined and we avoid

using D to denote a constant as it is reserved for differential operator.

Example 4.4. Find an appropriate form of y, for the equation

(D* — 5D + 6)y = we*.

Solution: Here y. = c1e?® 4 c2e3*. The only term ¢(z) is ze?®, which is of the form

2l f(z) with k = 1 and f(z) = €*® is a term in y.. Hence, q(x) belongs to

(1+1) g2z 2 2z

and y, is a linear combination of x = z“e*® and its linearly independent
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derivatives, that is of, ze?* and e?*. But e?® is already a term in y., thus need not

be included (Remark @ The particular solution is then given by

yp = Ax?e** + Bre®®.

Case 3:

a(z) = a*f(z), k>0
f(x) is a term in y.

f(x) arises from a root of the auxiliary equation with multiplicity r

Here y,, includes z*1" f(z) and all of its linearly independent derivatives.

Remark 11. For two things must happen. The auxiliary equation must
have a root k with multiplicity r, f(z) is a solution corresponding to this root, and

q(z) = ¥ f(z), k> 0.
Example 4.5. Find the form of particular solution y, for the equation

(D* + D?)y = 32° + 4sinz.

Solution: The auxiliary equation is m* +m? = 0 with roots m = 0,0, +4. The root
m = 0 is of multiplicity 2 (r = 2) and the function corresponding to this solution is
f(z) = 1. Here

Ye = (€1 + c2x) + c3sinz + ¢4 cos x.

First consider ¢;(x) = 2. We can write this either as z%f(x), where k = 2 and
f(z) = 11is in y.. Hence, y, will include 2**7 f(z) = 22721 = 2* and all of its
linearly independent derivatives, namely z2, 22, 2,1. But  and 1 are already in y.

and therefore need not be included in y,. So far we have
Yp = Az* + Bz + Cz?.

Alternatively, we can also think of ¢;(z) = 22 as 2! f(x) where k = 1 and f(z) =z
is in y.. From this point of view, y, will consist of z¥*" f(z) = 21+2(z) = 2%, just as
before.

Finally consider g2(x) = sinz. This belongs to since sinz = 2 f(z), where

f(x) = sinzx is in y.. Hence, we also need to include a linear combination of the
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derivatives of 207! f(x), that is of 2 sinz,x cosx,sinz, cosz. However, the last two

need not be included since they are included in y.. Thus,
yp = (Az* + Ba® + Ca?) + z(Esinz + F cos ).
Example 4.6. Find the form of particular solution y, for the equation

(D —2)%y = 22>,

Solution: The auxiliary equation is (m — 2)? = 0 and m = 2,2. Thus, the root
m = 2 has multiplicity 2 also. Hence,

Yo = 162 + cpwe®.

Consider g(z) = x2e2, the only term in Q(z). There are two possibilities. We can

write this as 2% f(z) with & = 2, f(z) = €2®, where f(z) of course is a term in y,.
Alternatively, we can also write q(z) = 2" f(x),k = 1, f(x) = xze**, f(x) is a term
in y.. Since g(x) belongs to considering the first point of view we should
include 217 f(z) = 2272 e?* = 2%¢?® and all of its linearly independent derivatives,
namely x3e?*, 22e?* xe?*, e%*. But the last two are in y,. and need not be included.
You should verify you get the same result from the alternative point of view also.
Thus,

yp = (At + Ba® + Ca?)e?™.

4.3.2 Determining coefficients

In the previous section we learned how to construct y, with coefficients yet to be
determined. In this section we shall see how one uses ¥, to find the coefficients and
thus write down the solution of . All one does is to actually substitute y, for
y in the left side of and compare the coefficients of like terms on the left and
right. This gives rise to a set of linear equations in an equal number of unknowns
and they are solved by the usual method.

The process is best learned through some examples.

Example 4.7. Solve the equation in Ezample[{.1: 3" + 3y + 2y = 222
Solution: From Example

Ye = cre” ¥+ coe” 2 and Yp = Az’ + Bz +C
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and hence,
y; =2Ax + B, yg = 2A.

Substituting in the original equation we get

Yy + 3y, + 2y, = 2A + 3(2Az + B) + 2(Az® + Bz + C)
= 2422 4+ (6A + 2B)z + (244 3B + 2C)

= 222
Comparing the coefficients of x2, z and the constant terms, we have
2A=2, 6A+2B=0, 24+3B+2C =0,
from which A =1, B = —3,C = 7/2 and the complete solution is

Y=Y+ Yp
=cre® fege P -3+ 7/2.

Example 4.8. Solve the equation in Example : (D? — 3D +2)y = 222 + €7.
Solution: We found that

Yo = c1€” + c2e®® and y, = Az® + Bz + C + Exe”.
Hence,

Dy, = 2Ax + B 4 Exe” + Ee”
D2y, = 2A + Exe® + 2Ee”

(D* — 3D + 2)y, = 2A2* + (2B — 6A)z + (2A — 3B + 20) — E¢”

=222 + ¢

and it follows that A=1,B=3,C = %,E = —1. Hence,

7
yp:x2+3x+§—x6x

and the complete solution is y = cie® + coe?® + 2% + 3z + % — xe*.
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Example 4.9. Solve the equation in Example .' (D? — 5D +6)y = xe?®.
Solution: From Example [1.4]

Yo = €162 + c9€>® and Yp = Az?e* + Bre®™.
We thus get

Dy, = 2Az*e* 4 (2A + 2B)ze* + Be**
D%y, = 4Ax*e* + (8A + 4B)ze** + (2A + 4B)e*”
(D* — 5D +6)y, = —2Axe** + (24 — B)e**

= gxe?®

from which it follows that A = —% and B = —1 and the complete solution is

o %$262$ o Qx‘

Y= c1€%% 4 c9edT zTe

Example 4.10. Solve the equation in FExample .' (D* + D?)y = 322 + 4sinz.

Solution: As we found earlier,

Ye = (€1 + cox) + c3sinz + ¢4 cos x

yp = (Az* + Ba® + Ca?) + z(Esinz + F cosx).
Computing the derivatives of y,,

Dy, = (4A2® + 3B2® + 2Cx) + (Esinz + F cosx) + x(E cosz — Fsinx)
D?y, = (1242* 4+ 6Bz + 2C) + 2(E cosz — Fsinx) + x(—Esinx — F cosz)
D3y, = (24Az 4+ 6B) + 3(—Esinz — Fcosx) + x(—Ecosx + Fsinz)

D'y, = 24A + 4(—~Ecosz + Fsinz) + 2(Esinx + F cosx)

(D* + D?)y, = (1242% + 6Bz + (2C + 24A)) + 4(—Ecosz + Fsinz) + x(Esinx + F cosz)
+2(Ecosz — Fsinx) — z(Esinz + F cos x)
= (12422 + 6Bz + (2C + 24A)) — 2(E cosx — Fsinx)

=322 + 4sinz

from which we get A=1,B=0,C =—-3,E=0,F =2 and

1
Yp = Zx‘l —32% 4+ 2z cosx
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and the complete solution is

1
y = (c1+ cor) + cgsinx + cqcosx + Z£E4 — 322 + 2z cos z.

Example 4.11. Solve the equation y" + a®y = cos ax.

Solution: It is easy to see that y. = cicosazx + cpsinax. To find y,, here ¢(z) =
cosar = x'f(x) where f(z) = cosax is a term in y.. Hence, this is and
accordingly we assume

yp = x(Acosax + Bsinazx).

Then it is easy to verify that

Yy = z(—a*Acos ax — a®Bsin ax) + 2(—aAsin ax + aB cos ax)

Yy + a®y = 2(—aAsinazx + aB cos ax) = cos ax.
Hence, A =0,B = 1/2a and
yp = (x/2a) sinax.

Had the right hand side Q(x) of the given equation been sinaz, we would have

yp = —(x/2a) cos ax. Thus,

Yp ’ {_COS a:c} according as Q(x) = {sm aa:} (4.7)

2a | +sinax cos azx

Final Comments: The UC method is not difficult since it involves carefully writing
down the correct form of y,, but is cumbersome, laborious and tiring. This is the bane
of the method. In the next section we will learn how other methods would handle
such problems more simply and elegantly. These methods automatically determine
the correct form for y, and then proceed to find the coefficients! Nevertheless when
Q(z) consists of polynomials of degree no higher than two, the UC method would be
hard to beat.

4.4 Differential Operator Method

In this section we will still be concerned with determining y, but we will be using

the method of Differential Operators. This is both an elegant as well as far simpler
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method than the UC method. This material is usually not found in most standard
texts!

The operator D = % is versatile in the sense that it represents the process of
taking the derivative and at the same time can be manipulated as if it were an
algebraic symbol! For example, we can think of D as an ordinary algebraic symbol
and write

(D +3)(D+2) = (D*+ 5D +6).

As a derivative operator, for any twice differentiable function y = f(x),

(D +3)(D+2)y = (D + 3)(Dy + 2y)
= (D +3)(y +2y)
= Dy’ + 2Dy + 3y + 6y
=y" +5y +6y
= (D?*y + 5Dy + 6y)
= (D? +5D + 6)y.

It follows that D may be treated as just a symbol and at the same time acts as
derivative operator (Caution: Only if the coefficients are constants!). Note further

that since the coefficients are all constants,
(D+3)(D+2)=(D+2)(D+3),
that is, the factors commute. This is an important fact.

1
p (D)

4.4.1 Meaning of the operator

Just as multiplication and division are “opposite” operations in the sense one nullifies
the action of the other, so are D and 1/D. Since D represents taking the deriva-
tive, we can interpret 1/D as the opposite of taking derivative, that is, it represents

integration. Thus,

1
Dm:/xdx:mQ/Q—i—c.

Returning to equation (4.1)) to fix ideas, let us assume that
p(D) = (D*+aD +1),

so that equation (4.1)) can be written as
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p(D)y = (D* + aD + by = Q(x).

If we treat p (D) as a polynomial in the differential operator D, operating on both
sides by 1/p (D), the inverse operator of p(D) (note that we still don’t know its
meaning other than that it nullifies the action of p (D) in the sense p (D){1/p (D)} =
I, where [ is the identity operator), we get

1

W= gy Q) (48)

In the rest of this chapter we will investigate the meaning of the right hand side of

(4.8) for various functions Q(x).

Note: From now on, we will think of 1/p (D) as the operator which does the opposite

of p(D), that is, they are inverse operators in the sense

{p (D)p(lD)}y = {p<1D)p(D)}y =y.

Remark 12. For any constant a, we have D(ay) = aDy, D*(ay) = aD?y, etc., and
in general,
D*(ay) = a(D*y) and p(D)ay = ap(D)y.

This property holds for inverse operators also, that is,

IR
p(D)"Y ~ “p()?

To see this, operate on both sides by p(D). On the left hand side we get ay at once
and on the right,

p(D){ap(lD)y} = a{p(D)p(lD)}y =ay

as well.

4.4.2 Exponential rule Q(z) = e**

It is easy to verify that De*® = keb® D2ek® = k2e+® etc., so that

p (D) = (D? + aD + b)e*® = (k + ak + b)e*® = p (k)er=. (4.9)
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Operating on both sides by 1/p (D) and remembering we can pull out all constants,

we have from (4.9))

km_i ek:p
mp(D)e = p(D)p(k)

kx _ 1 ek:x

€ —p(k)p(D)

and dividing both sides by p (k) which is simply a constant, we get the important

rule:

L ke L
p(D) p(k)

e, p(k) # 0. (4.10)

Example 4.12. Solve the equation y" + 5y’ + 6y = 10e3%.
Solution: Here k = 3. The auxiliary equation is m? 4+ 5m 4+ 6 = 0 so that the

complementary solution is y. = c1e™2* 4 coe~3%. Using the operator method and rule

@.19).

1

B 10 5 €7
= (D21 5D 1 6)

103 = — —— 3T
0 = 3 5.3+6)° 3

and the complete solution is y = c1e™2% + coe ™3 + e%l

Remark 13. The exponential rule fails if k£ is a root of the auxiliary equation
p (k) = 0. This means (D — k) is a factor of p (D). This is taken care of in the next

section.

4.4.3 Exponential shift Q(z) = e**V (z)

From the last section we see that the exponential rule (4.10) fails when we deal with
ﬁe’“, but p(k) = 0. This is taken care of by the exponential shift.
Consider now the equation

p(D)y ="V (x),

where the right hand side has the additional factor V(z) besides the exponential.
We note that
D(e*V) = keb*V + ** DV = * (D + k)V
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D?(e"V) = D - {D(e"*V)}
= D{e"(D + k)V}
= ke (D 4 k)V + (D + k)DV
=MD+ E)(D+k)V

ekx(D+ k)QV

and in general

p(D)(e"V) = e p (D + k) V,

which is usually referred to as the exponential shift. We are however interested in

the inverse operation p(lD) ek V (z). Let us write

1
vi={_——~ ly
! { p(D+ k) }
so that p(D + k)Vy = V. Then using the exponential shift, we get
p(D)(e" V) = e p(D + k)V; = e**V.

Operating on both sides by 1/p(D),

eka(ZB) — ek:a:

(z). (4.11)

» (D) P D1k

This means that we can move e*® to the left of

D by D + k.

as long as we replace

1
p (D)

Caution: One should be careful when using the exponential shift. It is important to

remember that

kx kxi
o0 T m Y

That is, one cannot replace D by k. The correct usage is to replace D by D + k.

Remark 14. The following observations are very useful:

A | 1 1 ,
¢ _ ke 1 o4t ded b + 0.
pD° T p(D+k) T (aD+b)n pr Provided b7
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The first is obvious. To see the second, note that

PRI SR e0” 1

(aD +b) (aD + b) _a(O)er:b‘
By repeated application of this fact, the second equation follows.

We consider the following example.

Example 4.13. Find a particular solution y, of y" — 5y’ + 6y = 2.
Solution: We have

fry ;623,‘
D% —-5D+6
— 1 62:1:
(D—2)(D —3)
1 1
= 2-3) (D—-2) e*® (using exponential rule (£.10))

Yp

1
2x . . .
=—eY—"1 using exponentzal Shl?t -411

I

|

®

[\

8

— .
U

8

To appreciate the power of the exponential shift consider the following example.

Example 4.14. Solve the equation of Example .' (D —2)%y = x2e%.
Solution: As before y. = (c17 + c2)e?®. Using the UC method, we would have to

solve three equations. But using the method developed so far in this chapter,

B 1 2 2
T D D-2"
11
- 62””55302 (using exponential shift (4.11)))
1
= eQxD/:U2dx,
3
2x T
_ rd
o [,
$4€2x

12 7
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which is much faster.

Remark 15. If k is a root of p (D) with multiplicity r, then (D — k)" is a factor
of p(D). Suppose p (D) = ¢(D)(D — k)". Then

kx ,.r

1 ekac: 1 1 ek’x: 1 ekxilzeixi
p(D) ¢(D) (D — k)" ¢(D)  Dr o(k) rt”

Example 4.15. Solve v — 3y" + 3y’ — y = €*.
Solution: We can rewrite the equation as (D3 —3D? +3D — 1)y = €®. The auxiliary

equation has three equal roots, viz., 1,1,1 (i.e. 1 has multiplicity 3). Hence

ye = (12 + cox + c3)e”.

Also
1 X
Yp (D — 1)36
1
= @xﬁ ]
_ x3e®
E]

The complete solution is

3

Yo = (c12® + cox + c3)e” + %e“.

You should also try the UC method to solve this equation.

4.4.4 Q(=) is a polynomial

This is one case where the operator method can get bogged down and in some cases
it may be more easily done by the UC method if the number of equations to be
solved is small.

Consider the equation p(D)y = Q(z) where Q(z) is a polynomial in x. To fix

ideas, let us consider the equation

(D? —4D + 3)y = 2%
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It is immediate that y. = c1€® + c2e3®. Recall from calculus that

1 1
— =l4z+2?+23+..., —=1—z+2>—2>+...
1—=x 1+

To find y,,, we have

_ 1 2
= pr_up+3”
1 2
= x
(D—1)(D—3)

:_%{Dl—l - D1—3}x2
1 1 1
:i{l—D B 3—D}x2
- %{(1 +D+D?) - é(l + D3+ D/9) ja”
_ %{(2/3) +(8/9)D + (26/27)172}952

. %{(2/3)3;2 +(16/9)e + (52/27) }
= (1/3)x% 4 (8/9)x + (26/27).

It is really not necessary to split into partial fractions before expanding

1
D2—4D+3
them in powers of D. Alternately we can use the power series method without really

splitting 55— 7575 as shown below

4D+3
_ 1 2
D _up+3”
_ 1 72
- (D-1)(D-3)
1 1 )
- (D 1) (D—3>‘T
1 1 1 9 , . .
== o) (getting the denominators in the form 1 + kD)
() ()
1 1
1 1
:5(1 ){m +22/3 +2/9}
= %{1+D+D2}{x +2x/3 4+ 2/9}
= H{(2? +22/3+2/9) + (22 +2/3) + 2}
1

= x—i—w—i-%g
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as before. In fact there are all kinds of Variations possible. We don’t have to factor
at alll Write the denominator as 3{1 + 2542} and get

I S
3{1 4 2540}

1 D2—4D D*—8D3+16D?
5 (1 Bn o Do)

1
=3 (1 + % + %) 22 (dropping all powers of D higher than 2)

Yp =

1.2

— 1,2, 8 26
= 32"+ gTr+ 37,
which is the same as before.

Remark 16. Notice that there is a need to rewrite a term such as (D — 3) in

the form —3(1 — —) before applying the series expansion. Also, in the expansion
1

-3(1-3)

D32? =0, D*2? =0, etc.

of ﬁ and into power series, we only need take terms up to D? since

Remark 17. If the right side is a polynomial, which method should one use?
UC method or the operator method? It depends upon the form of p (D). If p (D)
involves only factors such as (D +1), (D £2), etc., where the coefficient of D is 1, the
operator method would be still be useful. With factors of the form aD + b it would
be cumbersome and the UC method may be preferable. In any case if the right side
involves cubic or higher order polynomials, the operator method should probably be
the method of choice.

4.4.5 Q(=) is a circular function: Q(x) = sinx, cosx

We now consider the equation

p(D)y = Q(z) (4.12)

= acosaxr
—(I sin ax

4

) =
) =

smaac) —a3 cos ax
)= (D ) (sinaz) = (—a2)2 sinazr = a” sin ax
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and so on. It follows that
p(D*) sinaz = p(—a?)sinazx

and likewise

p(D?) cosax = p(—a?) cos azx.

This gives us the important formula

1 sin ax 1 sin ax
- - - (4.13)
p (D?) |cosax p(—a?) |cosax

Hence in finding y, for equation (4.3), all we need to do is to replace D?
by (—a?). In particular, we replace D** = (D?*)" by (—a?)"

Remark 18. Equation can fail when p(—a?) = 0, which happens when
D? + a? is a factor of p(D?) and in which case sinar and cosax are part of the
complementary solution. The easiest way to handle this is through the UC method
(equation (4.7))).

In the notation of differential operators we can rewrite equation as

1 cos ax T / cos ax
—_— =— dx. 4.14
D? + o2 {Sinaa:} 2 {Sinaaz} (4.14)
(For an elegant way of treating circular functions using operator methods, see
[pendix B: |Operator Methods with Complex Coefficients))

4.4.6 Substitution for D?

In solving the equation p (D)y = Q(x) where Q(z) is a sine, cosine or both, when do

we substitute —a? for D?? Actually this can be done any time. Suppose that
p(D) = g(D?) + h(D),
where h(D) consists of all odd powers of D. Then from

p(D)sinaz = g(D?)sinax + h(D) sin ax
= (M(D) + g(~a®)) sinaz,
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it follows that ) )
sinar = ————< sinax,

p(D) h(D) + g(—a2)

showing that we can substitute —a? for D? at any time.
After the substitution for the even powers of D, this leaves only odd powers of D

in p (D), but this can be further simplified. We can write
p (D) =Dyg(D?) +e,
where g contains only even powers of D. Then

p(D)sinaz = (D g(D?) + ¢) sin ax
= (D g(—a?) + ¢)sinax

so that
1 1 .
) sinax = Wsmax
1
= m sin ax
and this is of the form
2D +4q sin ax,

where p and ¢ are constants. But this is taken care of by the trick

1 1 pD —

. q .
sin ax sin ax
pD + q

pD+q pD —q
_ pD—q
p2D2 — g2
__pacosar — gsinax
p*(—a?) — ¢

sin ax

Example 4.16. Find a particular solution for the equation (D3 + D?+ D)y = sin 2z.

Solution:

1

- D34+ D24 D

B 1

- D2.D+4+D24+D
1

= sin 2x

(—4)D—4+D

Yp sin 2z

sin 2z
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4.5. Exercises

_ 6 cos2x — 4sin2x
N 52

_ 3cos2x — 2sin2x
— 56 )

4.5 Exercises

Solve problems 1 - 7 using UC method. Solve all problems using the

operator method

1.

2.

10.

11.

12.

13.

14.

15.

y" + 3y — 10y = 6¢e**

y" + 10y + 25y = 14e>*

Yy — 1y — 6y = 20"
.y +y=2cosx
Y =2y +y=6e"

Y 4y =102t 4+ 2

Use the Principle of Superposition to solve
y" + 4y = 4cos2x + 6 cosz + 822 — 4z. (Hint: Use Theorem [4.1)).

Cy — 4y = e,

Y 4 Ay 4 Ay = 10a3e 2

(D2 —1)y=e"".
y"—y'+y:m3—3m2+1
y" — 4y + 3y = z3e?*.

y" — 8y = 1622

(D —2)%y =e*

(D —2)? = e**sinz.



Chapter 5

Linear Equations with Variable

Coeflicients

5.1 Introduction

In Chapters 3 and 4 we considered linear equations where the coefficients of y and its
derivatives were constants. We now consider three methods dealing with equations

with variable coefficients. The first two deal with equations of second degree, i.e.,

(D? + p(x)D + q(2))y = Q(a), (5.1)

where the coefficients p(x), ¢(x) need not necessarily be constants but are continuous
functions of z, usually for all real x.

The methods we have studied so far are inapplicable in this situation. Of the first
two methods considered here, the first one deals with the homogeneous case and the
second one finds a particular solution in the nonhomogeneous case (and sometimes
both methods may be needed). The second method is useful in particular when
the coefficients are constants but the right hand side of has functions such as
Inz,secx, etc. Recall that in the latter case, the methods of Chapter 4 are not
applicable. Thirdly, we consider a class of equations where the coefficients have a

special form, often called Cauchy—Fuler equations:

dm m—1 m—2

_ _ Y dy
apz"—= + a1 + agz™ 2 + - Fap1x== + apy = F(x),
0% qam ! dzn—1 2 dxn—2 Y g ny ()
. kdk?/
where ag,aq,--- ,a, are all constants. Note that each term is of the form x ok
x

87
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Here the order of equation can be higher than two. Although the coefficients do not
appear to be constants, they can be made so by a simple change of the independent
variable. The resulting equation is usually solved by an interesting variation of the
operator method and sometimes by the first two methods to be discussed here.

Although the methods of this chapter may be applied to the types of equations
we have considered in Chapters 3 and 4 (constant coefficients and the right side of
a combination of exponentials, polynomials, sines and cosines), the methods
considered in those chapters may be simpler. A word of caution: The formulas
developed here are not particularly simple and need to be committed to memory!

Note that Theorem is applicable to (5.1). In particular, any two arbitrary
constants uniquely define a solution of . When is homogeneous, that is
Q(x) = 0, all we need is two linearly independent solutions of , say y1,y2 and
the general solution of can be written as y = c1y1 + y2. Of the two methods
considered below, the reduction of order applies to homogeneous equations but with
variable coefficients. In this case, given one solution y; of , the method produces
another solution yo linearly independent from ;.

The second method, variation of parameters, applies to those types of , where
the solution of the homogeneous part of is known (e.g., when the coefficients
are constants), and Q(z) contains functions with possibly infinitely many linearly
independent derivatives. The UC method and the method of operators are often
useless in such cases. In this case, one first computes the complementary part of the
solution of somehow (we denoted this in Chapter 4 by y.) and uses this to find

yp for (51).

5.2 Homogeneous equations — Method of Reduction of
Order

This method derives its name from the fact that a second order equation is replaced
by a first order equation for its solution. But one needs to know at least one solution
of somehow, which can often be guessed! Essentially, given one solution of
equation , the reduction of order method manufactures another solution linearly
independent from the first. When it works, the method is quite powerful.

Suppose that we are given the following homogeneous second order linear differ-

ential equation
y' +p @)y +q(x)y =0, (5.2)
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where p (x) and ¢ (z) are functions of . Suppose also that we are given a solution

y = y1 of (5.2]), we assume that
Y2 = v(z)y

is another solution of ([5.2). Our aim is to find v(x). Since, by assumption, y = y; is
a solution of (5.2)), we have

y1 +py1 +qy1 = 0. (5.3)
Also since yo = vy; we have
Yo = v'y1 + oy} (5.4)
ys ="y + 'y +0'yp + oyl
= 0"y + 20'y; + vy, (5.5)

Substituting , in we get
vy + 0 (200 + pyn) + o)+ pyl + @) =0, (5.6)
and because of , the last term in is zero. Hence, equation now becomes
vy + V' (208 + py1) =0,

which we rewrite as

" 291 +py1 2y
v n Y1
Integrating with respect to x throughout we get
Inv' = —Iny? — /pd:c
which can be rewritten as
v'y? = exp (— fpda:) (5.8)

and from which it is immediate that

U:/exp(—fpda:)dx‘ (5.9)

y3
The new solution then is

Y2 =Y1- v,

where v is given by (5.9). Notice the appearance of exp (— [ pdzx) as in the case of
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linear equations of first order. The name Reduction of Order comes from equation
(5.8) which shows that the solution of the second order equation (5.2) has been
reduced to the solution of the first order equation (5.8]).

Linear independence of y; and y-

How do we know that the given solution y; is linearly independent from the new

computed solution y2? We compute their Wronskian (Theorem [3.2)):

Y1 Y2
Y1 Yo

Y1 Yy1v
vy yv+ oy

W(y1,y2) = = y%v/ = exp (— fpda:) #0

from equation (5.8]) and the fact that an exponential function is never zero.

Example 5.1. Given that x is a solution of
(22 +1)y" — 22/ +2y =0

find a linearly independent solution by reducing the order.

Solution: Note that the coefficient of " in equation (5.2]) is 1. Hence, we first divide
throughout by (z? + 1) to get

I 2 ' 2 _
2117 T 2r1? T

Y 0.
Here y; =z, p(z) = —2x/(2® + 1), so

exp (— /pdx) = exp(In(z? + 1)) = 2% + 1.

241 1 1
v:/x+ daz:/l—l—d$:aj—
x2 2 x

and the required solution is y = v - y; = 2(x — 1/2) = 22 — 1. Thus the complete

Hence,

solution to the given equation is y = c1z + co(2? — 1).
Example 5.2. Solve the equation

y" — 4y + 4y = 0.
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Solution: We have already seen this and similar equations earlier. The auxiliary
equation has two equal roots 2, 2 and therefore one solution is €2*. Here p(x) = —4
and to find the other solution, use (5.9) to get

(e—f—4dm) el

2z a5 we have seen before.

so that the second solution is yo = ze
Remark 19. The method derives its name from the fact that the solution of a
second order equation such as (5.2)) is reduced to the solution of a first order (linear)
differential equation (5.6 (with the substitution w = v',w’ = v” and all functions

involved are functions of ).

Remark 20. The method requires one solution be known! Sometimes y = x is an
obvious choice. But the cases where one solution is known a priori are not common.

In cases where no solution is known the method is useless.

Remark 21. Notice that equation (5.9)) involves only the function p(z) (the coef-
ficient of 3') only!

5.3 Nonhomogeneous equations — Method of Variation

of Parameters

This method is very much similar to the last method except that it especially applies

to nonhomogeneous equations. Given a second order equation

y' + p@)y + q(z)y = Q(x), (5.10)

we assume we know two linearly independent solutions of the homogeneous part,
that is y.. The method is mostly used when p(z) and ¢(x) are constants which
we have seen before. Once this is known, one replaces the arbitrary constants in
Ye by functions to manufacture y,! The method of variation of parameters, due
to Lagrange, is quite powerful especially when Q(z) is a complicated function. We

assume that we can solve the homogeneous part of equation ((5.10)

Y+ p(x)y + q(z)y = 0. (5.11)
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Let y; and y2 be two linearly independent solutions of (5.11) so that the general

solution of (5.11]) is
Ye = C1Y1 + C2Y2. (5.12)

Since y1,ys are linearly independent, their Wronskian is nonzero, i.e.,

Yy Y2
= y1ys — y1y2 # 0. (5.13)

Yi o Ys

Wiyi,y2) =

We replace the constants ¢; and ¢z in (5.12) by the functions v;(x) and va(z), and

wish to determine vq,v2 so that a particular solution y, exists,

Yp = V1Y1 + V2Yy2

which is a solution of ([5.10)). Since we have to determine two functions, we have the

freedom to impose two conditions. It is easy to verify that

Yy = {v1yy + vays} + {viy + vaye} (5.14)

As our first condition we impose that the quantity inside the second braces be zero,
ie.,
viy1 + vhys = 0. (5.15)

With this simplification, equation becomes
Yy = V1Y) + VY. (5.16)
We differentiate this to get
Yp = v1y1 + v1y] + vayh + vays. (5.17)

Since y, is assumed to be a solution of (5.10), we substitute for y,,v,,y, from

equations ([5.16]) and (5.17)) in ((5.10):

Yp + DYy + qyp = v1vh + viy] + vayh + vayy
+ puryy + pvays + quiyL + quay2
=vi(y] +py1 +qy1) +v2(ys +pys + quz) + V1Y) + oy (5.18)
= Q(z).
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In equation (j5.18)), the expressions inside parentheses are zero since yi, ys are as-

sumed to be solutions of (| - The last equality follows since y, is a solution of

. We have from equations (|5.15)) and ( - ) that
viy1 +vyy2 =0
iyt +vays = Q.
Solving equations (b.19)) it is easy to see that we get

—420Q) / y1Q

/
1_}1:7 Vo =

W(y17y2)’ 2 W(y1>y2)
and it follows that

Wy, y2) W (y1,y2) yz

and of course

Yp = V1Y1 + V2y2.

Example 5.3. Solve the equation

y" +y =tanz.

(5.19)

(5.20)

Solution: This cannot be done by any of the methods we have studied in Chapter

4. The complementary solution to this equation is y. = cjcosx + cosinz giving

y1 = cosz and 3 = sinz. Also W(y1,y2) = cos®z + sin? x = 1. By the formulas in

(5.20)

v = /{—sinxtanx}dm, vy = /{cosa:tanx}d:c.

It is easy to see that vy = [sinzdz = — cosz and

v = /(—sin2 x/ cos x)dx
= /(0052 x — 1)/ cosxdx

= /(cosx secx)dx = sinx — In|sec x + tan z|.
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Hence,

yp = cosz(sinz — In|secx + tanz|) — sinx cos z

= —coszIn|secz + tan x|,
and the complete solution is
Yy =c1co8x + cosinx — cosxIn|secx + tan x|.

Remark 22. As is obvious from the last problem, although the formulas ([5.20)

may seem simple, the integrals may not be particularly easy!

5.4 Cauchy—Euler equations

A typical such equation is of the form

dny dn—ly dn—2y dy
n n—1 n—2 _
aopx e + a1z Jan1 + asx T2 + ...+ an_lxd—x +any = F(x), (5.21)
dky
where ag,aq,...,a, are all constants. Note that each term is of the form l‘kﬁ
x

Equation (5.21]) may not seem like a linear equation with constant coefficients, but
a simple change of independent variable can make it so. We define a new independent
variable ¢ by

r=¢, x>0,

so that

tzlnxandd—x:x.
dt

Thus, y is a functions of x which is now a function of {. We now compute the

derivatives of y with respect to the new independent variable ¢. By chain rule

dy _dyde _ dy

dt ~ dvdt  dx (5.22)

Since we use D to denote derivatives with respect to z, we will use the symbol 6 to
denote derivatives with respect to t. Observe that 6 has all the properties of D and

can be used freely when we use operator methods. We can therefore write

oy _g L

__n2
dt—ey, ﬁ—ﬂy,...,etc.
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Thus, (5.22)) can be written as
0y = zDy,
and more generally,
0f(x) =z - Df(x). (5.23)
From equation (5.23|) we now have
6%y = 6(0y)
= 0(xDy)
d dx
= —(xDy) - —
az P g
= (zD*y + Dy) - x
= 22D%y + 2Dy
from which
22Dy = 0%y — xDy = 6%y — Oy = 6(6 — 1)y. (5.24)
Likewise,
6%y = 6(6%)
d, 9.9 dx
= (22D Dy) - —
7@ D7y +zDy) - —
=z - (2eD%*y + 22D%y + Dy + xD?y)
= 23D3y + 32° D%y + Dy
from which we get
23D3y = 03y — 322D%y — xDy
= 0%y — 3(6%y — Oy) — by
= 03y — 30%y + 20y
=6(0—-1)(0—2)y, (5.25)
and likewise one can easily show that
"Dy =60—-1)0—-2)...(0—(n—1))y. (5.26)
. ) d
To solve equation ([5.21)) then, all one needs to do is to replace x ete.,

dz?’
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as per equation (5.26). The resulting equation is in terms of the operator 6 with
independent variable ¢ and coefficients that are constants. We solve this by methods
we have studied so far (including operator methods!) and in the final result replace

t by Inz.
Example 5.4. Solve

dy  dy
2 _ .3
xde—Q:I:dx—i-Qy—x, x> 0.

Solution: With our usual notation the given equation is
22D%*y — 2Dy + 2y = 2.
We substitute = e! and replace z2D?y, xDy, etc., as per equation to get
(0)(0 — 1)y — 20y + 2y = €.
Simplifying,
6%y — 30y + 2y = €.

The auxiliary equation is m? — 3m + 2 = 0 whose roots are m = 1,2. Hence, the
complementary solution is

Ye = clet + 026%.
To find the particular solution y,,

3t 3t
1 3t e e

TR 3912 T3 _33)+2 2

so the complete solution is

3t

e
Yy = clet + 6262t + ?

We substitute for £ = Inz to finally get

3

x
y:clx—I—CQxQ—{—?.

Example 5.5. Solve

22y + xy +y = 4sin(Inz).
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Solution: Writing the equation in terms of operator D we have
(22D? + D + 1)y = 4sin(In z).

Using equation (|5.26]) we rewrite the last equation in terms of ¢ using the operator 6
to get
(00 —1)+ 6+ 1)y =4sint,

or

(02 + 1)y = 4sint. (5.27)

The auxiliary equation here is m? 4 1 = 0 and the complementary solution is
Yo = c1cost + cosint.

Note that sint is part of the complementary solution. From Remark the

particular solution is given by

t
Yp = 4{2}/sintdt,

that is,
Yp = —2t cost.

The complete solution is thus
Yy = cypcost+ cosint — 2t cost,
which after substituting back ¢t = Inz gives us
y=cicos(Inz) + casin(lnz) —2Inzcos(lnz), = > 0.

Remark 23. It should be noted that some equations that appear to be of the
Cauchy-Euler type can be solved by previously learned methods. For example, in
Example it is easy to verify that y = x is an obvious solution of the homogeneous
equation xz% — 21:% + 2y = 0 and we can use reduction of order to find another
linearly independent solution and hence g.. One can then use variation of parameters
to find a particular solution. However, the methods discussed here are usually much

simpler to use!
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5.5. Exercises

5.5 Exercises

10.

11.

12.

13.

14.

15.

16.

17.

18.

In problems 1 —4, you are given one solution of the equation. You

are to find the complete solution.

22y —day +4y =0 and y; = =
=z, (2% = 1)y —2xy’ + 2y = 0.

g =eX (2 4+ 1)y —4A(z + 1)y + 4y = 0.
cy=ua, (22 - 22+ 2)y" — 2%y + 2%y = 0.

. Prove that if 1 +p+ ¢ = 0 than y = e” is a solution of ¥" + p(x)y’ + q(x)y = 0.

Use this fact to solve (z — 1)y —ay' +y=0. (y = c12 + c2€”)
Solve the following equations:
(22 +1)y" — 2zy + 2y = 6(z% + 1)2.

Yy’ +y =secx.

. 2%y" — 6y’ + 10y = 32* + 623, given that 2 and 2° are linearly independent

solutions.

. y" — 2y = 8xe?*, and by two other methods.

y' =2y +y =2z

Y +2y +y=e"Inx.

y' =3y +2y=(14+e )L

Yy’ +y =secx.

y" +y =secxtanx.

y'(2* = 1) = 2zy + 2y = (2% — 1)~

Solve the following problems using the Cauchy—FEuler method:
22%y" — 5ay’ + 3y = 0.

z%y" — 3zy’ + 6y = 0.

92%y" +3zy’ +y =0.
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19. 23y + 222%y" — 1029/ — 8y = 0.
20. 2%y" + xy' +y = 4coslnx.

21. 2%y" — 3xy' + by = 5.
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Chapter 6

Power Series Solutions

6.1 Introduction

The linear differential equations we have studied so far all had closed form solutions,
that is, their solutions could be expressed in terms of elementary functions, viz. expo-
nential, trigonometric (including inverse trigonometric), polynomial, and logarithmic
functions. As we know from calculus courses, most such elementary functions have
expansions in terms of power series. Some famous functions with their corresponding

power series are:

N 72 Ool,n
" =l+u+ 5+ =)
n=0
3 5 0 2n+1
T T B N
sinx = x 3 + 5l nzz;)( ) 2n+ 1)
2 4 00 2n
B r©  x B &
cosx—1—2!—|—4!—...—7;)( 1) o

But there are a whole class of functions, called special functions, which are not ele-
mentary functions and which occur frequently in mathematical physics. They usually
satisfy second order homogeneous linear differential equations. These equations can
sometimes be solved by discovering a power series that satisfies the differential equa-
tion but the solution series may not be summable to an elementary function. In this

chapter we study the methods of solution to such equations.

Example 6.1. Solve the equation

y' +y=0 (6.1)
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by using the power series method.
Solution: This equation, as we know, has the solution y = ¢ cosz + cosinz. Let us
see how to solve this using power series method. We assume that the solution has a

power series of the form
o0
Yy = Z anz”. (6.2)
n=0

To solve the equation means to find the coefficients a,,. And in most cases what we
really find is a recurrence relation between the a,’s, that is, an equation that defines
an in terms of finitely many previous coefficients a,_1, a,—2, etc.

It is easy to see that

o
yzao+a1x+a2x2+a3:p3+...:Zanx”,
n=0
[ee]
Y = a1 + 2asx + 3agz® + dasa® + ... = Znan:n”_l,
n=1
oo
y//:2‘a2+3-2'a3x—|—4~3-a4x2+...:Zn-(n—l)'an:c"_Q.
n=2

We now substitute this to equation (6.1]) to get

Z n-(n—1)-a,z"?+ Z apz" = 0. (6.3)
n=2 n=0

The idea is to combine the two summation symbols but that seems difficult since the
first series starts from n = 2 while the second starts from n = 0, and the powers of
x are different. Our aim is to rewrite the summations so that the exponent of x is
the same in both. Since the power of z is n in the second series, we need to modify
the first series.

Consider the first series in equation . We define a new summation index k
and set k =n—2. Then n =k + 2. Alson =2 = k =0, so that k now ranges from

0 to co. We also change the subscripts of the coefficients (most important step). We

then get
o0 oo
dnon—1)a@”?=> (k+2)- (k+1) app2*
n=2 k=0

:2-a2+3-2-a3x—|—4-3-a4x2+...,
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and the equality shows that the series still is the same although its summation
representation has changed.

We change k back to n since the second series has summation index n and substi-

tute this in (6.3)):

Z(n +2)-(n+1) aptoz™ + Zanx”

n=0 n=0
:Z{(n—i—2)-(n+1)-an+2+an}$n:0- (6.4)

n=0

Remark 24. When we changed the summation index in the first summation so
that the power of = is the same in both summations, the first series started from
k = 0 as it is in the second. This is purely a coincidence and we will see examples
where this is generally not the case.

Since the right hand side of is zero, we equate the coefficient of ™ to zero in

(6.4)) and obtain
n+2)-(n+1)-apt2+a, =0,

from which it is immediate that

Qap
a =, n > 0. 6.5

Equation (6.5) is a recurrence relation between the coefficients and to “solve”
an equation such as (6.5 is to get such a relation. A recurrence relation among
the values of a sequence (like {a,,} here) does not explicitly provide the values of the
terms of the sequence. In equation (6.5]), a,2 is given in terms of a,, and to compute

the latter, one has to know a,_5 and so on.

Remark 25. Generally, an explicit formula for a, in terms of n, is cumbersome
and often difficult. For this reason, one often computes the first few terms using the
recurrence relation. This is all that is required in most applications.

From , given ag we can find ao,a4,aq,... and given a; we can compute
as,as,ar, ... etc., but equation does not define ag or a;! These are arbitrary

constants (since we have a second order equation). Thus, we quickly get

ap
= (=)
a2 = (=157
a9 ag
= (D3 =0 rgg g et
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and likewise

ai
= (—1)—L
a3 = (-1)375
as ai
= (V5= Vg e

In this example it is easy to see that

ai

agn = (—1)n(2n)!, A2n+1 = (—1)nm-

Substituting this in (6.2)) we finally get

v=m{ g e S )

which we recognize as

Y = apcos + ap sinx.

This is the essence of the power series method. It essentially consists of assuming
a power series expansion for y, computing corresponding series for 3/, y”, etc., and
substituting all these in the given equation. The process of manipulating and shifting
the indices is, one must admit, rather tedious work and mistakes are likely. Later in
this chapter we consider a more elegant method that dispenses with this drudgery
work!

Note: For the rest of this and the next chapter, we will be concerned with second

order homogeneous equations only.

6.2 Some theory - Analytic functions and ordinary points

Given a function f(z) which is differentiable n times at a point & = a, its Taylor

polynomial is

(= a)"

n!

= fMa) + .+ ™ (a) + R(z),

where R(z) is called the “error term”. If f(x) has derivatives of all orders at x = a,
and if the error term goes to zero as n — oo, we get the Taylor series of f(x) around

Tr = Q.
00

f@) =3 1)

n=0

(z—a)"

n!
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A function f(x) that has a Taylor series at © = a is said to be analytic at z = a.
Associated with the Taylor series for f at x = a is a real number r > 0 with the
following property: The Taylor series for f converges absolutely within the interval
(a —r,a+r) and diverges outside. We call r the radius of convergence.

In the special case a = 0, the Taylor series is often called the Maclaurin series

which is
2
£@) = 1)+ 270 + 210+ 270 Z e

For many important functions (e.g., e*, sinz, cos x), their Maclaurin series converges
for all real . We will mostly be concerned with Maclaurin series only in this chapter.

Given a second order homogeneous linear differential equation,

ao(2)y" + a1 (x)y’ + az(z)y = 0, (6.6)

a point z = a is called an ordinary point if the two functions

P(z) = and Q(z) =

are both analytic at x = a. If P(z), Q(z) are not both analytic at * = a, then z = a
is called a singular point. However, we will only be concerned with ordinary points

in this chapter.

Theorem 6.1. The solution space of s a vector space of dimension two.
Assume that x = a is an ordinary point of . Then there are two nontrivial
linearly independent solutions of of the form

Z an(z —a)”
n=0

which converge in some interval |x — a| < r, r > 0. Any solution of is of the

form

f(x) = c1fi(x) + cafo(x),

where c1,co are arbitrary constants.
We note that the statement about the dimension of the solution space is from

Theorem We consider another example.
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Example 6.2. Solve the equation
y' +ay +y=0 (6.7)

using the power series method.
Solution: Here P(x) = z,Q(x) = 1 and both are analytic everywhere, in particular
at the origin. Hence, equation (6.7)) has two linearly independent Maclaurin series

for its solution. We assume a power series expansion for y as in equation (6.2)), and

get
[e.e] o oo
Y= Z apx”™, Y = Z naz" ', Y’ = Z n(n — 1)a,z™ 2. (6.8)
n=0 n=1 n=2
Substituting this in (6.7) one gets
o0 o0 (o0}
Z n(n — 1apz™ 2 + Z nanz'" + Z anx" =0, (6.9)
n=2 n=1 n=0

where the power of x in the second series is now n because of the coefficient x for
Yy in . Our aim is to combine all this into one sum. As a first step, we want
to make sure the power of x is n in all of them. This is the case for the second and
third sums, but not in the first.

By making the substitution £ = n — 2, we get n = k + 2. Since n goes from 2 to

oo it follows that k goes from 0 to co. The first sum now becomes

D (ke +2)(k + Dagoz®.
k=0

For uniformity we change k back to n and substitute back in to get

o oo o0
Z(n +2)(n+ 1Dapiox" + Z na,x" + Z anx’™ = 0.
n=0 n=1 n=0

Although the power of z is n in all sums now, the second starts from n = 1 while
the others start from n = 0. We take care of this by removing the first term in the
first and third sums from the summation symbols. This effectively makes all of them

start from n = 1. We thus get

2a2—i—ao—i-Z{(n—i-?)(n—i-1)an+2+nan+an}x":O, (6.10)

n=1
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where the first two terms are terms corresponding to n = 0 in the first and third
summations.

Since the right hand side of is zero, we equate the constant terms and coeffi-
cients of ™, n > 1in to zero to finally get

1

ag = —5 ag (6.11)
an

= - > 1. 6.12

An+2 nt2 n = ( )

Purely by chance, for n = 0, the expression (6.12)) for a, 42 already contains the
equation (6.11]), so that we might as well write

I p>o. (6.13)

An+42 = —m, el

Equation (|6.13)) is the recurrence relation for the coefficients and the main result

we are after! From it, by setting n = 1,3,5,..., we immediately get
ai ai
as 2 al
as 3 al
n=5 a=-o =055

ai

= (=1)" > 1. 6.14
Similarly, by taking n = 2,4,6, ..., etc., we get
a
az=(-1)3
az 2 Ao
ar= (-2 = (-1
aq 3 aq
ap
= (=1)" > 1. 6.15
azp = ( )2-4-6-8--~2n’ n= (6.15)

Since ag and a; are not defined, they are arbitrary and independent. By substituting

(6.14), (6.15]) to (6.2)), the final solution is
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2n+1 $2n

_ )
y=atazta) ( )1-3-5- (2n+1)+“0Z ST e

n=1

which we can rewrite as

00 i x2n 0o . $2n+1
y:ao{Z(—l) 2,4.6....(2n)}+‘”{2(_1) 1-3~5~--(2n+1)}'

Remark 26. Notice that the two series inside the braces are the two guaranteed
by Theorem Most problems are pretty similar to equation . And the
series for y,y/,y" are as in (6.8). Often, y,v’,y” have coefficients which are simple
polynomials in z. With such coefficients, the power of x often changes and we adjust
this so that they all have the same power of x by manipulating the start value of the
summation index. Eventually, we remove the first few terms in one or all so that all

the summations start from the same value and have the same power of x.

Example 6.3. Given the differential equation

(x2 + 1)1/” +y/ _ 07

o0

and that y admits a Maclaurin series of the form y = Z a,x", obtain a recurrence
n=0
relation for the coefficients ay,.

Solution: Here P(z) = 1/(x? 4+ 1),Q(x) = 0. The origin x = 0 is an ordinary point

of the given equation. As in the previous examples,

o0

oo o
Y= E apx", Yy = E napz™ ",y E n(n — apz™ 2.
n=0 n=1

Rewriting the given equation as z2y” +v” + v’ = 0 and substituting for v/, y" we get

o0

Z (n —1Dayx" +Z n—l)anx”2+2nana: —1=o.

n=2 n=1
We adjust the power of z in second and third summations to be n,

o0

[e.o] oo
Z n(n —1)apz" + Z(n +2)(n+ 1Dapyox" + Z(n + Dapy12"™ = 0.
n=2 n=0 n=0

We make the second and third summations start from n = 2 by removing terms
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corresponding to n = 0, 1:

(2a2 + a1) + (6as + 2a2)x + Z {n(n—1)an+(n+2)(n+1)an+2+(n+1)an+1}x” =0.

n=2

nzO n=1
Equating the various powers of x to zero we get
2a0 +a1 =0

3as +as =0
n(n—1)a, + (n+2)(n+ Dapta + (n+ 1aps1 =0

Hence, the recurrence relation sought is

1
ag = —= ay
1 1
aa = ——Qa9 = —Qa
3 302 = cm
1 n(n—1)
= - > 2 6.16
Ty " T iy )™ (6.16)

ao and a1 arbitrary .

In (6.16]), » > 2 since this is the lower limit of the summation. You would notice
that the relation 3as + ag = 0 is already contained in (6.16]). Hence, the limit for n
in (6.16]) can be changed to n > 1. But this is coincidental!

Remark 27. The power series method to find the crucial recurrence relation
between the various a,,’s that is presented here is admittedly cumbersome and labo-
rious. In the next section we look at this from a different point of view and consider
a method that avoids manipulations of summation indices, etc. It is very elegant
and fast, just like the operator method. In the process we will learn a theorem that

has very many uses.

6.3 Relationship between {a,} and {f™ (0)}]]

Given the second order differential equation (6.6), and assuming origin is an ordi-

nary point, it is clear from the previous sections and examples, that the aim of the

"Much of the material in this section appears in P. K. Subramanian, Successive Differentiation
and Leibniz’s Theorem, The College Mathematical Journal, Vol 35, No. 4, pp 274-282.
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power series method is to find a series of the form y = > > ;a,2" that satisfies the
differential equation. We noted that one really finds a recurrence relation satisfied
by the coefficients {a, }. The series > >° ;anz™ contains only powers of 2 and hence
is the Maclaurin series for y = f(z). In particular, it is assumed that the origin is

an ordinary point of .

We saw in the last section that the Maclaurin series for y = f(x) is of the form
> n
Zf(n) (0)—' Hence,
n=0 )

T
n

y= 1@ =Y aat =Y 005
n=0 n=0

and comparing the coefficients of " in both series, we see that

_ ")

n!

. f™(0) =nlay, (6.17)

an

Remark 28. A word about notations. The n'" derivative of f at the origin,
f™(0), has many notations in the literature. Some denote this by y,(0), some
others by y"(0), and many others by (y,),. We will dispense with these cumbersome
notations, allow ourselves to be sloppy and simply write y,, for f(™ (z), the n*®
derivative of y = f(z) at any point z, as well as at the origin, f(™(0). This should
cause no confusion; the meaning would be quite clear from the context. If an equation
containing y, also involves z, clearly y, (x) is meant. Otherwise y,,(0).
Using our notation it follows from that,

19

Remark 29. From equation (6.18]) it is clear that to find a recurrence relation
between the coefficients {an}, it suffices to find a recurrence relation amongst the

derivatives at the origin, that is between {yn}.
Example 6.4. Consider the equation
v +y=0 (6.19)

from Ezample . Obtain a recurrence relation for the coefficients {an} of the solu-
tion to (6.19).

Solution: Using our new notation, we rewrite this as yo + y = 0. By differentiating
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this repeatedly, one gets y3 +y1 =0, y4 +y2 =0,... and in general
Ynt2 +yn = 0. (6.20)

Equation (6.20]) is the recurrence relation between the y,’s. Using (6.18) we im-
mediately get
apt2(n+2)! 4+ a,n! = 0.

Since (n +2)! = (n + 2)(n + 1)n!, simplification of the last equation yields

an,
Ap4+2 = —( (6.21)

n+2)(n+1)
which is the same as , and we did not have to substitute power series or manip-
ulate coefficients! What are the limits on n? The limit for n is n > 0 since equation
for an4o is valid for all n > 0. However, does not define ag or a;. They
are arbitrary.
But not all equations are as simple as . Consider the equation of Example

6.3}

(@ +1)y" +y =0.

First of all observe that the given equation itself is a relation between y” and 3/.
To get similar relations among higher order derivatives we differentiate the given

equation:

(@® + Dy2 +y1 =0
(® + 1ys + (22 + 1)y2 = 0
(2 + 1)y + (42 + 1)y3 + 2y = 0.

Letting x = 0 (remember we need derivatives at the origin), these equations be-

come

y2+y1 =0, ys+y2=0, ys+y3+2ys=0,

etc., but there is no way we can discern any pattern here. The process of differenti-
ating the equations becomes cumbersome as we continue because of the product term
(22 + 1)y" in the original equation. What we need is a method for differentiating
the product of two functions n-times without having to proceed step by step! Enter
Gottfried Wilhelm Leibniz, the co-inventor of the calculus! With his theorem, we

can differentiate the given differential equation n—times. Leibniz’s theorem has many
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applications besides those to differential equations.

6.4 Successive differentiation and Leibniz’s Theorem

An unusually powerful theorem, due to Leibniz, shows how to compute derivatives of
any order for products of functions! In other words, it is not necessary to compute
derivatives of products of functions, one step at a time. For convenience, we use
the differential operator D to denote derivatives. In particular D" denotes the nth

derivative.

Theorem 6.2. (Leibniz) Higher order derivatives of the product of two

functions®: If f and g are functions of x that are differentiable n times, then

D"(9) = ()} 10" o) + ()0 (0@ + (5 ) 0" N0
w2 UHD @)

r

- ; ()@ 0.

r

Notice that the theorem resembles the Binomial Theorem for the n*" power of the

n n!
sum of two terms, where the binomial coefficient ( ) = ﬁ The following
r rl(n—r)!

observations are important in applying this theorem:
1. In every term, the sum of the derivatives of f and g is always n.

2. We start with the n*® derivative of f and reduce it by one in each successive

term. In the last term there is no derivative of f.

3. The formula is symmetrical with respect to f and g, that is, they can be

interchanged if we remember that (n) = < " )
r n—r
To appreciate the power of the theorem, let us consider h(xz) = e*/z. Although
the computation of h/(z) = e*(z — 1)/2? is straightforward, finding h”(x) and h"'(z)

gets laborious. On the other hand we can use Leibniz’s theorem. We choose f(z) =

2This theorem is easily proved using mathematical induction.
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x

e®, g(x) = 1/x. This gives

) = ()@ + (3 @1/ + (5) e

et 2et  2e*

where we have used e” as the first function and 1/x as the second function. (The
choice of the first function is often dictated by the ease with which its higher
derivatives can be computed, and in this case D"e® = e®.) Simplified, this yields
h'(x) = e* (2% — 22 + 2) /3.

Likewise,

) = () @/ + () @1/ + (3 e + (3) o/
et 3 6e” _ @

€T 2 4

3 x

which simplifies to e(2® — 322 + 6z — 6) /2%

6.5 Leibniz’s Theorem and differential equations

How is Leibniz’s Theorem useful in differential equations, in particular finding nth
derivative? To understand this, let us see how to find the n'" derivative of the product

of two functions.

Example 6.5. If
fla)=a"+1, g(x)=e¢",

find the n'* derivative of fg.
Solution: By Leibniz’s Theorem and noting that

N

=122
"= 24g
W =24
fO =50 = =0,

we have
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D(0) = () et + 1+ () @aa) + () e)a2e)

¥ <’;> (e%)(24z) + <Z> (€”)(24)

= e™{(z* + 1) + 4na® + 6n(n — 1)2?
+4n(n—1)(n—2)z+n(n—1)(n —2)(n —3)}.

We consider the equation of Example [6.3] again.
Example 6.6. Find a power series solution around the origin for the equation
@+ 1)y +y =0 (6.22)

using the Leibniz’s theorem.
Solution: We rewrite the equation as (224 1)y2 + 31 = 0 and differentiate it n-times

term by term.
D+ e = () @4 D+ () o + () o
D™y} = ynt1-

We now have the n-th derivative of the given equation:

n n n
<0> (@® + Vyni2 + <1> (22)yn+41 + (2) (2)Yn + Yny1 =0
and since we need derivatives at the origin, put = 0 in the last equation to get
Ynt2 + Ynt1 +n(n—1)y, =0, n>1.

This is the recurrence relation satisfied by ,’s. To get the corresponding relation

for a,, we use (6.18]):

apro(m+ 2!+ appi(n+ D+ n(n—Da,n! =0 (6.23)
from which ) )
(n+2) n+2)(n+1)

and this is the same as (6.16)). Again, no infinite series to substitute or coefficients to
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manipulate! The limits for n are determined by those values for which a,49 is well
defined in the last equation; in this case, n > 1. But then the formula for a,2 above
does not define as. Remember the given equation itself defines relations between

derivatives. We let x = 0 in the equation (6.22))! This gives yo = —y; and by (6.18))
we get ag = —%al. The coefficients ag and a; are arbitrary.

Example 6.7. Find the power series solution around the origin for the initial value
problem
y' +ay + (2% 4+ 2)y = 0, (6.24)

given that y(0) = 3/(0) = 1. Find the first siz coefficients of the series.
Solution: Rewrite the equation as yo + xy; + (22 + 2)y = 0 and differentiate it term

by term n—times by Leibniz’s theorem to get

sz +{ (3 Jmese+ (] ()}
+ { (g) (22 + 2)yn + (?) (22)yn_1 + (Z) QyWZ} 0

{ynt2} + {zynt1 + nyn} + {(@® + 2)yn + (n)22yn—1 + n(n — Dya—2} = 0.
At z = 0 this reduces to the recurrence relation
Ynt2 + (04 2)yn + n(n — 1)yn—2 = 0.
From we can translate the last equation to
ant2(n+2)! = —(n+ 2)nla, —n(n —1)(n — 2)la,_o,

which simplifies to

1 1
nt1m” (n+2)(n+1

Upto = — )an_g, n > 2. (6.25)

The last equation contains a,_o which is meaningful only for n > 2; hence the limits
on n.

We cannot use (6.25)) to find a2 or az, but we can use equation (6.24])! First of
all, note that the initial conditions y(0) = 3/(0) = 1 simply mean that ap = a; = 1.

Putting = = 0 in (6.24)),

Yo = —2y <= 2lag = —2aqp <= as = —ag=—1.



116 6.6. Exercises

To find ag, we differentiate ((6.24)) once to obtain
Y3+ zy2 + y1 + (2% +2)y1 + 22y =0

and we get immediately (by letting = 0 and use (6.18))) that

1 1
ys = -3y 3laz = -3a1 <— a3=—§a1:—§.

Plugging n = 2,n = 3 in (6.25) it is easy to compute a4 = %, as = %, giving the

value of the first six coefficients of the series for y. Thus, the solution is given by

y:1+m—x2—%x3+ix4+%x5+....

That is all there is to solving second order linear equations by power series. Leibniz
has taken the drudgery out of the computations and even made it fun. Now try doing

this problem the long way!

6.6 Exercises

o0
1. Rewrite Z n(n —1)(n — 2)z" 3 so that the power of x is n instead of n — 3.

n=3
In the following problems prove that the origin is an ordinary point
and find a power series solution for y by finding a recurrence relations

among the coefficients.
2. 9" +ay + (222 — 1)y = 0.
3.y +ay 4+ 3z —2)y=0.
4. y +2xy = 0.
5. 2y" +ay +y=0.

6. Differentiate the function f(z) = (z + 1)3In(1 + ) five times using Leibniz’s
theorem. (f°(x) = —6!/(1+ x)?)

7. Differentiate the equation (1+22)y” —2y' +xy = 0 n-times by Leibniz’s theorem.

Use Leibniz theorem to find a power series solution for the following

equations by finding a recurrence relation between the coefficients
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8. (2% +2)y" + 27y’ + 3y = 0 given that y(0) = 1,'(0) = 1.
9. y' +ay + (222 — 1)y = 0.

10. ¥ + 2y’ + (3x — 2)y = 0.

11. ¢ — ¢ + 22y = 0.

12. ¢ +2zy = 0.

13. 2y +xy +y = 0.

14. y" —xy = 0. This is called Airy’s equation and is important in mathematical

physics.
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Chapter 7

Systems of Linear Equations

7.1 Introduction

Thus far we have considered solutions of one differential equation at a time. In this
chapter we consider a system of two differential equations, with constant coefficients,
in which we have an independent variable ¢ and two dependent variables z(t) and

y(t). A typical example is:

22" — 2 — 3z =€ ()
22’ + 2y + 3z + 8y = €', .

where, for convenience, primes denote derivatives with respect to ¢t. Similarly one
could consider a system of three equations in three unknown functions. Such systems

occur frequently in mathematical models of biological systems.

7.2 A mathematical model

Two storage tanks A and B, with equal capacity of C liters, are full with brine and
are connected to each other. See Figure Fluid can be pumped to each other as
well as out of the tanks. Initially tank A contains 5 kg of salt (in C liters), whereas
tank B contains 2 kg of salt. At time ¢t = 0, pure water flows into A (from outside)
at 6 li/m (liters per minute), brine flows from A to B at 8 li/m, brine is pumped
back from B into A at 2 li/m, and finally brine is pumped out of B at 6 li/m. The
problem is to determine the amount of salt in each tank at any given time ¢.

At any given time ¢, tank A gets 6 li/m water from outside, 2 li/m brine from B

and pumps out 8 li/m to tank B. Hence, it still has C' liters of solution at all time.

119
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Figure 7.1: Two-tanks model

On the other hand, tank B gets 8 li/m brine from A and pumps out 2 li/m to tank
A and 6 li/m outside. Thus, tank B also maintains C' liters of fluid at all time in
it. Let x and y be the amount of salt at time ¢ in tanks A and B, respectively. The
concentration of salt in A is z/C kg/li at time ¢ (since A has C' liters of fluid at any
time ¢) and the concentration in B is y/C kg/li.

Consider tank A. The only brine coming is from B, at the rate of 2 li/m with
concentration y/C kg/li, so that salt enters A at the rate of 2y/C kg/m. Similarly,
the amount of salt leaving A to be pumped to B is 82/C kg/m. Thus, the rate at
which the amount of salt changes in A (dz/dt = 2') is its input rate — output rate

and is therefore given by the equation,

T
c C
and similarly for tank B,
p_ B8y
Voo T o

This is a system of two linear equations with constant coefficients and the solution

of this system provides z(t) and y(t).

7.3 How do we solve such a system?

Different authors use different notations, the method of undetermined coefficients,

and high powered linear algebra (matrices, eigenvalues, etc.,), but we will consistently
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use our friend the operator D and where possible use the operator method to find

particular solutions. Let us consider the simultaneous system ((7.1)) again.

Example 7.1. Solve the system of equations ([7.1)).

Solution: Using the operator D we can rewrite this system as

(2D — 3)x — 2Dy = ¢ (7.2)
(2D + 3)z + (2D + 8)y = €', '

which is of the form

pi(D)x + p2(D)y = ¢ 73
p3(D)x + pa(D)y = g2,

where p;(D) are first degree polynomials in D with constant coefficients, and g; are
functions of t. We can eliminate y (or x, whichever is convenient) by operating on
the first equation in ([7.3) by p4, the second by p2 (remember these operators are

polynomials in D and commute) and subtract to get

(p1(D)pa(D) — p2(D)p3(D))x = pa(D) g1 — pa(D)ga. (7.4)

Using matrix determinant, this is easier to remember as:

D D D
pi(D) pa( = _ p2(D) ¢ (7.5)
p3(D)  pa(D) pa(D) g2
Had we eliminated x instead of y we would have obtained
p1(D) p2(D pi(D) g
(D) (D) _[p(D) @] -
p3(D)  pa(D) p3(D) g2

In equations and the determinant on the left hand side is the same. On
the right, the first column of the determinant is simply the coefficients of y (the
variable that is being eliminated) for equation , and that of x in equation .
These would be very useful later. Note that there is no negative sign on the right
hand side in equation when we eliminate x.

Theorem 7.1. The number of arbitrary constants in the solution of the system of
equations ([7.3)) equals the order of

p1(D) pao(D)
p3(D) pa(D)

‘ = p1(D)pa(D) — p2(D)p3(D)
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provided this is not zero. If this is zero but the right hand side of S non-zero,
there is no solution. If the right side of 18 also zero, there are infinitely many
solutions with x(t) arbitrary and y(t) is determined by one of the system equations.
Since p; are all first degree polynomials, the order of the determinant is usually
two, and there are two constants in the solution of equation . But this is not
always the case! The order can be one sometimes. We will see examples later.
Let us solve equation by eliminating y. Substituting in equation we get

2D -3 —2D —2D ¢t
r=— , (7.7)
2D +3 2D +38 2D +8 ¢
which gives us
{(2D - 3)(2D +8) — (—2D)(2D + 3)} x = —{(—2D)e’ — (2D + 8)¢'}
(8D* 4+ 16D — 24) x = 4De" + 8¢
(D* +2D —3)z = 3¢, (7.8)

Equation ([7.8)) is linear of second degree and there should be two constants in its

solution. Using our usual methods we obtain

r=cre 3 + el + Stel, (7.9)
—
Te Tp

where z. and z, are the complementary and particular solutions, respectively, and
c1,co are the only arbitrary constants.

We could find y the same way to first obtain the determinant equation

2D-3 -2D 2D -3 ¢
y = , (7.10)
2D+3 2D +38 2D+3 ¢
and after simplification get the equation
(D* +2D — 3)y = —3¢!, (7.11)

etc. But we would be duplicating our efforts and furthermore, since there are only
two constants for this system (Theorem [7.1) and they already appear in the solution

of x, there can be no other arbitrary constants in the solution of y. We should exploit
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the fact we have a system of equations and determine y from the system just as we
do in basic algebra. Indeed, if we add the two equations in (7.1)),

/ ot
4x" + 8y = 2e’,
that is,
1t 1.0
Yy=3€ — 37
=1t — I —3cie™ + crel + Ste + 3e'}
3.3t 1, .t 3.t , 1t
= 5c1€ 5C2€ igte + ige -

7.4 Pathologies - When things don’t go according to
plan

One needs to be careful in using the determinant notation (equations (7.5)) or (7.6))).
It is possible that entries in one of the columns may be identical! This has several

implications.

1. An attempt to eliminate y often eliminates vy and the resulting equation is of

first order, not of order 2. Similarly for x.
2. x and y are independent.
3. x (as well as y) is the solution of a linear first order equation with a single

constant.
So what do we do? Consider the following example.

Example 7.2. Solve
20+ —x —y = —2t,

., ) (7.12)
r4+y +r—y=1=t".
Solution: We rewrite the given equations using the operator D:
2D -1z + (D —1)y=—-2t
(D+ 1Dz +(D—1)y =t
In determinant form this is
2D-1 D-1 D—-1 -2t
r=— , (7.13)
D+1 D-1 D-1
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which we can write as
{(eD-1)(D-1)-(D+1)(D-1)}z=-{(D-1)t*—(D-1)(-2t)}, (7.14)

or

(D-1){(2D —1) — )}z =(D—1){—>— 2t} (7.15)

First of all note that the factor (D —1) on both sides of (7.15]). This occurs because
the entries in the second column on the left (and the first column on the right) in
equation both containing coefficients of y, are identical. This is usually a
tell-tale sign that warns us not to use determinants to eliminate y (or z).

If we now proceed blindly to find the complementary solution x. we would be

dealing with the equation
(D-1){2D—-1)—(D+1)}z=0.

However, (D—1) is an extraneous factor and this introduces an additional extraneous
solution cje! corresponding to (D — 1)z = 0 in z.. Instead of using (7.15)) then, we
simply use elementary methods to eliminate y (and y')! In (7.12]), we subtract the

second equation from the first to get
' —2x=—-2t— t2,

that is,
(D —2)z = -2t — 12,

which is a first order equation in x as we suspected earlier (one could also get to this
equation by canceling the extraneous factor (D — 1) in (|7.15|) provided one looks for

the common factor on both sides). Hence,

1
z=cre? + —— (=2t —t?)

D —2
11
2t 2
=c1e® + - —5 (2t + %)
21-2

=ce?+3(1+ 5+ )(2t+t2)
2t | 1742

=ce"+ st +3t+2).

\1,-/ 2( 2)

Te Tp
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We have used the operator method to find the particular solution, but the method

of undetermined coefficients would have been quicker.
Remark 30. Note that x has only one arbitrary constant.

Remark 31. The factor (D — 1) in equation ([7.15) affects only z., but not .
This is because from (|7.15)),

1
(D-1D){2D-1)—-(D+ 1)}{(
1

T @2D-1)-(D+ 1){_t2 -2

D —1)(—t* —2t)}

l'p:

and the additional factor (D — 1) cancels out!

We continue to find y by eliminating 2’ in to get
Y + 3z —y = 2%+ 2t.

Hence,

(D—1)y=2t>+2t' — 3z

_ 2t | 1,2 5, 9
= —3c1e” + 5t st — 1

after simplification. Hence
1
D -1
= coe' — 3c1e* — (1+ D + D*){3(2t> — 10t — 9)}
= coe’ — 3cie® — 1(2t2 — 6t — 15).

y = coe! + { —3cie® + (212 — 10t — 9)}

Remark 32. Although there are two constants in the solution of y, only cs is
arbitrary.

In dealing with system of equations then, it is wise to check if the variables x and
y are independent before proceeding with evaluating the determinant in when
we attempt to solve for z. But this would be self evident in when one examines this
determinant. The entries in the second column on the left hand side (and the first
column on the right) are identical. In that case one could do what we did in the last

example. Alternately, one could eliminate z and solve for y (equation ((7.6))). Indeed,
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in the last problem, there are no extraneous factors:

2D—-1 D-1
D+1 D-1

2D -1 -2t

D+1 2 (7.16)

Yy=-

Although (D — 1) is a common factor on the left hand side, just like in ((7.15)), it
does not occur on the right, and we do get a second order differential equation for
y. We could proceed as we did in the Example but obviously this involves much

more labor!

Example 7.3. Solve the system of equations

20 —x+y —y=t,
233'—1—2x+y'+2y:t2.

Solution: Using the operator D and writing the equations in determinant form,

2D-1 D-1 D—-1 t
xr = — ,
2(D+1) D+2 D+2 2
that is,
3Dz = t* + 1. (7.17)

It follows that the left hand side of (7.17)) is of degree 1, hence there is only one

arbitrary constant. Solving the last equation we get
Tr = %t3+%t+01.

If we subtract the top equation from the bottom in the given system we get
3z 43y =t>—t,

from which
3y=1"—t— 1> —t — 3¢y,

that is,
y — —%t3—|— %tZ — %t—CL

ThUS,
3 3
x_lt +%t+cl, y__lt +lt2—%t_cl-
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7.5 Exercises

Solve the following systems of equations:

1.

10.

11.

12.

o 4y — 2 — 4y =e*
oty —y = et

b +y =3 +y=0

4z’ + oy — 3x = —t.

2y —x—4dy=eél

x’+y’+$:e3t

.2 +y +y=sint

¥+y —x—y=0

b +y —br—y=0

4’ +y —3x =t

2ty —x— 6y = e

4+ 2y —2x —6y=t

3 +2y —x+y=t—3
¥4y —x=t+1

20 +y x4+ by =4t

4y 4+ 22+ 2y =2t

L2y —x—y =2¢!

x’+y’+:ﬂ—y:et

20 +y —x—y=0
¥y +2r—y=t
¥ =z+3y
"'=3rx+vy

' +y —x+y=-sint
y'+ 2 —x+y=cost



128



Chapter 8

The Laplace Transform

8.1 Introduction

In this chapter we will discuss another technique, called the Laplace transform, that
is especially useful in solving initial value problems. The Laplace transform, as
the name suggests, takes a function f and turns it into another function F. In
engineering-related areas, such as signal processing and control system, one can see
f(t) as a function in “time” domain, and F'(s) as the equivalent function in “fre-
quency” domain. For our purposes in relation to differential equation, the Laplace
transform converts a linear differential equation into an algebraic equation, which
in general is easier to solve. Applying the inverse mapping (inverse transform) to
the solution of the algebraic equation then gives us the solution to the differential

equation.

Definition 8.1. Let f be a real-valued function in real variable t defined for t > 0.
The Laplace transform F of f is the function

F(s) = L{f(1)} = /0 T et (), (8.1)

provided that the limit exists.
Notice that (8.1)) is an improper integral and it is computed as the limit

/ h e S f(t)dt = lim * e S f(t)dt.
0

R—o00 0

Let us consider the following examples.
Example 8.1. Find the Laplace transform of f(t) =t, t > 0.
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Solution: Using Definition [8.I] and integration by parts,

CLF()) = /0 T testa

R
= lim teStdt
R—oo 0
t 1 R
= lim ——e % — —26_5t
R—oo S S 0
R 1 1
= lim (— ek —6_5R> — (0 — —)
R—oo S 52 52
1
= —, fors>0.
s

Note that when s < 0, the integral diverges.

Example 8.2. Let f(t) = e, where a is a constant and t > 0. Find L{f(t)}.
Solution: Again by Definition 8.1 we have

L{f(t)} = /000 e Ste™dt

R
= lim ela=s)t gy

R—oco a— S 10
] e(a—s)R 1
= lim -
R—oo a— S a— S

= , for s > a.
s—a

Notice that if s < a, then the integral diverges.

From the above example, it follows easily that
0t 1
L(1)=L(e")=-, s>0. (8.2)
S
Example 8.3. Compute the Laplace transform of the function

0, t<a

1, t>a,

where a > 0 is a constant. This function is called a unit step function (often also
called the Heaviside function). We reserve the notation uq(t) to denote the unit step

function with jump discontinuity at t = a.
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Solution: Using the same definition, it easily follows that

Clug(t)} = /O sty (t)dt

= / e Stdt

_6—St R
= lim
R—o0 S a
e*CLS
= , s> 0.
s
f(t) L{f(t)}
c
c b
s
eat 1
s—a
n!
n —_
t", n=1,2,... s
e*U,S
Uq,
s
. " a
sina
52+ q?
y s
cos a
52 + q?
a
sinh at S
52 —a?
s
cosh at EE—
52 —a?

Table 8.1: Brief list of Laplace transform of some elementary functions

8.2 Properties of Laplace transform

Not every function has a Laplace transform. The existence of transform is determined

by whether or not the improper integral (8.1)) converges. The following theorem
states the criteria that a function must have to ensure the existence of the Laplace

transform.

Theorem 8.1. (Existence and Uniqueness) Let f(t) be a function that is piece-

wise continuous on the interval [0,00) and of exponential order c. Then its
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Laplace transform L{f}(s) ezists for s > c. Moreover, suppose g(t) is another func-
tion satisfying the same condition and that there exists another constant C' for which
L{f}(s) = L{g}(s) for all s > C. Then f(t) = g(t) for all t € [0,00).

Recall that a piecewise continuous function is one that is continuous at every
point in the interval, except possibly at a finite number of points where it has a
jump discontinuity. A function is of exponential order ¢ if it does not grow faster

than the exponential function e, that is,
|f(t)] < Ke®, forallt>T,

where K and T are constants. It follows that an easy way to check whether a function

is of exponential order is by computing the limit

0

t=oo ect

If the limit exists and is finite, then f(¢) is of exponential order.

The function f(t) = 3e* cost is continuous and of exponential order 2 with K = 3
since |3e?! cost| = 3]e?| - | cost| < 3e?. Hence, it has a Laplace transform. On the
other hand, the Laplace transform for the function f(t) = et does not exist since

for any c,
t2
. (& .
lim — = lim e
t—so0 eCt t—00

which shows that et” is not of exponential order.

Fortunately, most functions that occur in applications involving linear differen-
tial equations with constant coefficients are usually (piecewise) continuous and of
exponential order.

There are several important properties of Laplace transform that are crucial for
our work from now on. The first one is linearity, which is given by the following

theorem:

Theorem 8.2. Let fi, fo be functions for which L{f1}, L{f2} exist, and ci,cq be

arbitrary constants. Then

L{ah(®) + e2fs(0)} = al{h()} + o L{ (1)} (8:3)

Proof: The proof is quite straightforward. By linearity properties of the integral,
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we get,

L{c1f1(t) + caf2(t)} = /000 e~ er fi(t) + cafo(t)]dt
=1 /OOO G_Stfl (t)dt + o /OO 6_Stf2(t)dt

0

=cal{fi(t)} +c2L{fa(t)}. O

Example 8.4. Compute the Laplace transform L{sin®at}.

Solution: Using the half-angle identity sin®at = é — %cos 2at and the linearity

property, we have
L{sin?at} = L{l} — E{l cos 2@25}
2 2
1 1
= 55{1} - 55{005 2at}

-3 -G @)

2a?
s(s? 4+ 4a?)

The second property comes from a quick observation that

> —st at _ > —(s—a)
/0 e e f(t)dt /0 e f(t)dt,

which tells us

L{ef(t)} = F(s —a)| (8.4)

This property is often called the translation property.

The next property deals with Laplace transform of the derivative £{f’}, which
exists if f’ satisfies the existence condition given in Theorem (with f replaced
with f" in the statement of the theorem). If that is the case, then by Definition

R

L{f} = /O Tt dt = tim [ et (0t

R—o0 0
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Using integration by parts with u = e™*! and dv = f’(t)dt, we have

lim [e—st f(t)‘:+ /0 Rsf(t)e‘“dt}

R—o0
= lim {J;(f]? — f(0) +s/0Rf(t)e—5tdt}.

Note that the first term goes to 0 since f(¢) is of exponential order, giving us the

formula

L{f'} = sL{f} = f(0)} (8.5)

From the above formula, one can recursively obtain the formula for the second

order derivatives, of course assuming that f, f are continuous and f” is piecewise

continuous, and all of them are of exponential order.

L{f"} = sL{f'} — f/(0)
= s[sL{f} — f(0)] = f'(0)
= s?L{f} — sf(0) — f(0).

The Laplace transform for higher order derivatives can be derived in a similar fashion.

Example 8.5. Find the Laplace transform of the equation

f'(t) = 6f'(t) +5f(t) =0 (8.6)

with initial conditions f(0) =3 and f'(0) =17.
Solution: Applying Laplace transform on both sides of the equation and its linearity

property, we have

L{f"y —6L{f"} +5L{f} =0
[SL{f} — sf(0) = f/(0)] —6[sLL{f} — F(0)] +5L{f} =0 (8.7)
(s = 6s+5)L{f} — (s —6)f(0) — f'(0) = 0.

Substituting the initial values f(0) = 3, f/(0) = 7 gives us

3s — 11

Hit=g—61s

(8.8)
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8.3 The inverse transform

The last example in the previous section shows us how Laplace transform converts a
differential equation into an algebraic equation , which can be easily solved
to get . The next question is, given £{f}, how can we obtain the solution to
the original differential equation, which is f? Obviously, we seek an inverse mapping
for the Laplace transform. From Theorem [8.1] it follows that such inverse, denoted

by £, exists and is unique, and

L7HF ()} = L7HL{f O} = f(D)

as is expected.

The inverse Laplace transform is formally defined in terms of complex integral (also
known as Fourier-Mellin integral). However, it is beyond the scope of these notes
and for problems involving inverse transform in this chapter, we will use Table
together with algebraic techniques, such as partial fractions. The linearity property
of the inverse transform follows naturally from the linearity of the Laplace transform

itself, and is often very useful.

1
s+3°

Example 8.6. Find the inverse Laplace transform of F(s) =
Solution: From Table it is clear that

T e = T

Example 8.7. Compute the inverse Laplace transform

E_l{ ss2t19}'

Solution: Note that

R e R =

= cosh3t+£‘1{% 523— 9}

1
= cosh 3t + 3 sinh 3t¢.
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Example 8.8. Find the inverse Laplace transform of

1

Fls)= —— .
(5) 52 4+ 6s+ 13

Solution: We approach this problem by first completing the square.

1 1
s2+6s+13  (s2+6s+9)+4
B 1
N CEE
1 2
T2 (s—(=3))2+22

From Table and by translation property (8.4)),

2 1 1 .
(s — (—3))2 + 22 = §F(3 —(=3)) = 5/3{6_3 stt},

N |

which follows that

1
5—1{7 } = 56_‘% sin 2t.

8.4 Solving initial value problems

Our goal now is to use the Laplace transform and inverse transform to solve initial
value problems for linear differential equations with constant coefficients. We have
learned several techniques for this in Chapters [3| and Those methods require us
to first find the general solution to the equation, and then by using the given initial
conditions, we find the desired solution. However, with Laplace transform, finding a
general solution is not needed. We return to Example to illustrate this method.

Example 8.9. In Ezample[8.5, we found the Laplace transform

3s —11

F(S):E{f}:m

to the equation f"(t) —6f'(t) +5f(t) = 0. Compute the inverse transform and verify

that it is the solution to the given equation.
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Solution: We first rewrite F'(s) as partial fractions

3s-11 _ A B
s2—6s+5 s—-5 s—1’

which gives us the equation
3s—11=A(s—1)+ B(s —5).
By substituting appropriate values for s, we find A = 1 and B = 2. Thus by linearity,

R IR P R by

= e 4 2¢".

Verifying that f(t) = e® + 2¢! is indeed the solution to the differential equation is
easy. Since
f'(t) = 5’ + 2¢* and f7(t) = 25¢° + 2¢,

clearly

() = 6f'(t) + 5f(t) = 25€>* + 2e! — 6(5¢> + 2¢!) + 5(e% 4 2¢') = 0
f(0)=3 and f(0)=T.

In the next example, we will show how we solve a linear differential equation that
involves discontinuous function using Laplace transform. Many physical problems
is often modeled using discontinuous applications. Some examples are the on/off
switching of electrical circuit, signaling pulse, or the sudden invasion of a species to
an existing population. It may not be so convenient to solve a differential equation
with discontinuity using methods in Chapters [3] and [d Laplace transform provides
a tool to deal with it.

Example 8.10. Solve the initial value problem

dy
—~__3 t), y(0) = —2
7 y +u2(t), y(0) ,
where
0 t<2
us(t) =
1 t>2

18 the unit step function with jump discontinuity at t = 2.
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Solution: Taking Laplace transform on both sides of the equation we get

[N = sefy) + L)

dt
6—25
sL{y} —y(0) = =3L{y} + —
(s+ 3Ly = 2+
-2 e 2s
Flyt = s+3 * s(s+3)

Now we take the inverse transform to get

)= 5_1{3123} 4 E_l{s(i_j—s?)) } (8.9)

The first term of is easy as from the table we obtain

o { 5123} = 9e73, (8.10)

To compute the second term, we use partial fraction to rewrite

113 1/3
s(s+3) s s+3
Hence,
o5 —2s —2s
5*1{8(Z+3)} Lil{es }_;£1{§+3}
2(s+3)

1, (el
2<t)_§£ { s+3 }
2(t) — SebeBtuy (1)
2

3
)+

1
"3
1
= gu
1
= gu
= %u —e(T3H0) 0 (). (8.11)

Combining (8.10)) and (8.11]), the solution is given by

_ 1 1 _
y(t) = —2e73 + gUg(t) — 3¢ 3605 (t).

With Laplace transform, the first-order equation in the above example can be
solved simultaneously even though there is discontinuity at ¢t = 2. The problem can

also be solved using the method from Chapter However, one needs to solve two
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A B

Brine
6 lilm
t> 5 min.

Brine
6 lifm
0<t<5min.

100 liters

out
6 li/m

Figure 8.1: Mixing tank

different initial-value problems for different time period, namely

dy _

pri —3y for0<t <2 (8.12)
d
Yo 3y+1 fort>2. (8.13)
dt

The first equation uses initial value y(0) = —2. Having found the solution to this

problem on the time interval (0,2), we compute y(2) and use it as the initial value

for the second equation.

Example 8.11. A storage tank with capacity 100 liters, shown in Figure is full
with brine. Connected to it are two input valves A and B, each of which delivers
brine solution with different concentration. Initially, the tank contains 5 kg of salt
(in 100 liters). At time t = 0, brine solution containing 0.3 kg of salt per liter flows
into the tank from valve A at the rate 6 liters/min. At time t = 5 min., valve A
1s closed and valve B is opened, delivering brine solution, whose salt concentration
is 0.6 kg/liter, at the rate 6 liters/min. The brine is pumped out of the tank also
at 6 liters/min and thus maintaining the constant volume of the tank at all times.
Determine the amount of salt in the tank at any given time t.

Solution: Let x(t) denote the amount of salt (in kg) in the tank at time ¢. Then the
concentration of salt in the tank at time ¢ is 2(¢)/100 kg/liter. The salt is added into
the tank through the input valves at the rate g(t), where

0.3 kg/liter x 6 liters/min = 1.8 kg/min, 0<t <5 (valve A)
0.6 kg/liter x 6 liters/min = 3.6 kg/min, t >5 (valve B).
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On the other hand, the amount of salt leaving the tank is 6x(¢)/100 kg/min. Hence,

the rate of change of the amount of salt in the tank is given by

dx .
P = 1nput rate — output rate,
that is,
dx 6x
hatad - = 14
7 =90 = 15 (8.14)
with the initial condition
z(0) = 5. (8.15)

Before we proceed with Laplace transform, we notice that g(¢) is a step function
with jump discontinuity at ¢ = 5. Thus, we need to rewrite g(¢) in terms of us(t),
a unit step function whose Laplace transform is simply e=5/s. A quick observation
tells us

g(t) = 1.8 4+ 1.8us(t)

and equation (8.14) now becomes

d
di; — 1.8+ 1.8us — 0.06z. (8.16)

We take the Laplace transform of (8.16) and substitute the initial value (8.15) to
get

L{z'} = 1.8L{1} + 1.8L{us} — 0.06L{x}

1.8 e o
sL{z} —x(0) = ~ +1.8 P 0.06L{x}
1.8 —5s
(s +0.06)L{x} =5+ = + 1.8° -
5 1.8 1.8e75¢

B} = 5006 T 554 0.06) T 50+ 0.06)°

The solution is then given by

—bs
o=~ “_l{s,(sfé.ofs)} “_l{fm}’

where the first term is

L—l{ > }256_0'06t (8.17)
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and for the last two terms we again consider partial fraction

1 1/0.06  1/0.06

s(s +0.06) s s+0.06’

from which it follows that

ﬁl{s@ii.om} R .

= 30 — 30e 006 (8.18)

and

e

ﬁl{s(l‘ge_%} - £1{1.8(1/0.06)i55} - £’1{1.8(1/0.06)S +_05j906}

s +0.06)
—5(s+0.06) ;0.3
= 30us(t) —30L S —
us(t) { s + 0.06 }
= 30us(t) — 30e%3e 70000 y5 (1)
= 30us(t) — 30e~006¢=2)y5(¢). (8.19)

From (8.17)), (8.18) and ({8.19)), we have the solution

x(t) = —25¢7006% 1 30 + 30us(t) — 306_0'06“_5)“5(@’
or equivalently,

0, 0<t<5
z(t) = —25e709% 130 430 - :
1— e—0.0G(t—E})’ t> 5

8.5 Exercises

1. Use Definition to determine the Laplace transform of the following func-

tions:
(a) f(t) =3¢
(b) f(t) =sint
(c) f(t) =te™
(d) f(t) =e 3t cos2t
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0, 0<t<4
(e) f(t)=

2, t>4

e, 0<t<4
(f) ft)=19

1, t>4
2. Find the Laplace transform L£{f(t)} of the following functions:
) =% +sin 2t
) = cos? 3t
) =elsin3t — 3 +2
(t) = cos V2t — te? + et

s3

(s —2)°
(c) F(s) = -
c §) = ——
s2—2
3s
s2+2
2s — 8

(s +2)(s—1)

2s — 1
f) Fs)= ——
) Fls) =555, -3

4. Solve the following initial value problems using Laplace transform:

(a) ¥ —y=e", y(0)=1
(b) ¥ + 7y =—1, y(0) = -2
(c) ¥ =5y + 6y =e*, y(0) = 0,¢/(0) = -1
(d) y" — 3y + 2y = sint, y(0) =0,y'(0) = —1
() ¥" —y=g(t), y(0) =2,y(0) = 1, where
1, t<3

g(t) =
0, t>3

(f) Consider the tank problem in Example Suppose at initial time ¢ = 0
valve B is opened for 10 minutes and then switched off and valve A is

opened. Find the amount of salt in the tank at any given time ¢.



Appendix A

Review of Basic Linear Algebra

A.1 Introduction

A vector space V over the real numbers R (often denoted by V/R) is a set of elements

with two operations: “addition” + and “multiplication” - such that

uveV=u+vey
ceRiueV=cuecV
uvweV=>u+(v+w)=(u+v)+w
ceRuveV=c(u+v)=(cu)+(cv)
c,deRueV=c(du)=(cd)u

lu=nu

d0e€Vsuchthat VueV=u+0=u

Let us consider a couple of familiar examples.

The familiar 3-dimensional space R? = {(z,y,2) : z,y,2 € R} is a vector space
over R. Here vector addition is defined by (a,b,c) + (d,e, f) = (a +d,b+e,c+ f)
and vector multiplication by ¢ (z,y, z) = (cx, cy, cz) for any ¢ € R. The “zero vector”
is defined to be 0 = (0,0,0), i.e. the vector whose entries are all zero.

The space of 3 x 3 matrices with real entries,

ail a2 ais

M3x3 = | az1 a2 a3

azr asz2 as3

143
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is a vector space. Vector addition here is the familiar matrix addition:

a1 a2 a3 bi1 b2 bis a1 +b11 aix+bi2 a3+ bis
a1 azx a3 | + | bar bao baz | = | ao1 +b21 az + b a3 + bog
asy azz as3 b31 b32 b33 as1 +bs1 asy +bzy ass + bss

For any scalar c € R,

ai; a2 @13 call caiz €a13
C |l a21 ag2 a3 | = | ca21 cazz Casy
aszr a3z ass cazyp casz €ass

and the “zero matrix” is simply the matrix all of whose entries are 0.

A.2 Linear independence

In a vector space V/R, the vectors vi, vy, -+, v are said to be linearly dependent

if there are constants ci, cs, ..., cg, not all zero, such that
c1vi+covo+ ...+ cpvi = 0.

This simply means that one of the v’s can be written as a non-trivial linear combi-

nation of the others, that is, there is an ¢ such that

k
V; = Z djVj,
j=1
J#i
with at least one of the scalars d;s not equal to zero.
For instance, in R2, the vectors vi = (1,1), ve = (0,3) and v3 = (2,0) are linearly

dependent since

C1V1 + Ccavo + c3vy = 01(1, 1) + 02(0, 3) + 03(2, 0) = (Cl + 2c¢3,c1 + 302) = (0, 0)

if we simply choose c3 = —c1/2,co0 = —c1/3. One obvious choice is ¢; = 6,¢0 =
—2,¢3 = —3 and indeed 6(1,1) — 2(0,3) — 3(2,0) = (0,0).
The vectors vi,va, -, vy are said to be linearly independent if they are not

linearly dependent. Testing vectors for linear dependence is usually not easy! It

often involves solving systems of equations. For example in R3, are the vectors
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(1,2,1),(-3,0,4) and (6, —2,2) linearly independent? To check we try to find con-

stants ¢y, co, c3 such that
Cl(la 2a 1) =+ CQ(_37 07 4) + 63(6a _27 2) = (0’ Oa 0)

that is,
(c1 — 3co + 6¢3,2¢1 — 2¢3,¢1 + 4ca + 2¢3) = (0,0,0),

which is equivalent to solving the system of equations

c1—3co+6c3=0
261 —20320
c1+4co+2c3 =0

It is an exercise for you to show that the only solution for this system is ¢; = ¢o =
c3 = 0 and it follows that the vectors (1,2,1),(—3,0,4) and (6,—2,2) are indeed

linearly independent.

A.3 Bases
Given a vector space V/R, a set of vectors {vi,va,--+, vy} is said to form a basis
for V if for every vector v € V, there exist unique constants ¢y, co, - - - , ¢t such that

vV =cCVy+cave+ -+ cpvi.

The integer k is called the dimension of V. In this case V is said to be finite
dimensional. It is a deep theorem in Linear Algebra, that in a vector space V of
dimension k, there can be many sets of basis vectors! But any basis will contain
exactly k vectors only. In fact, any k linearly independent vectors form a basis!

In R3, of dimension 3, any basis will contain three linear independent vectors.
The standard basis is the familiar set of vectors (1,0,0), (0,1,0) and (0,0,1) (often
referred as i, j, k). But this is not the only basis. The set of vectors {(1,2,1),(2,0,1),
(1,1,0)} is also a basis. It is easy to verify that they are linearly independent. Note
that there must still be three vectors in a basis.

In an n-dimensional vector space (e.g. R™), we require n constants ci,ca, - ,¢p

to determine a vector. For this reason we sometimes say we have n degrees of
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freedom. This point is worth noting for the rest of the course.



Appendix B

Operator Methods with

Complex Coeflicients

B.1 Introduction

In Chapter 4 we considered finding a particular solution for the equation

p(D)y = Q(xz) (B.1)

by using the method of undetermined coefficients and the operator method. However,
while using the operator method we noticed it was easier to deal with some equations
such as

Y+ aQy = cos ax

by reverting to the UC method (Chapter 4 Remark . As you have seen, the UC
method can become very tedious in some cases. If you wondered whether it was at
all possible to avoid the method of undetermined coefficients and continue using the
operator method while dealing with the trigonometric functions cosax, sinax, the
answer is YES! This can be done elegantly by using complex numbers but one needs
to be careful.

The operator method using complex coefficients is particularly useful when Q(z)
in is of the form z* cos ax, z* sin az since the UC method may be very long and

kz cos b

we cannot shift 2%. The method is also useful for those cases where Q(z) = e
Here one can simply shift € and use the usual operator method. But the use of
complex variables is equally well suited.

Recall Euler’s formula,

147
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elaE)T — 9% (o5 by + i sin bir).

In particular €'®® = cosax + ¢sin ax and hence we can write

cosax = R(e%), sinax = I(e%).

Here R stands for the real part and <& for the imaginary part. It is useful to note
that

1/i=—i and €'“*/i =sinax — icosaz.

These facts are used in problems involving complex numbers.

The following may seem a little heavy going at first. But if you study it carefully,
it is no more difficult than the other methods. One just needs to keep track of real
and imaginary parts at all times.

Consider Example from Chapter 4 once again:

Example B.1. Find y, for the equation
Y+ a2y = cos ax

using the operator method.
Solution: We will find the particular solution 7, for the problem y” + a’y = e'or
and use the fact y, = R(n,). We have

1 .
= P2t
. 1
=e"%———— .1 (using exponential shift
(D +ia)? + a2 ( 4
; 1
ax
g _— . 1
“ (D?+ 2iaD)
— iazl 1 . 60:1:
D (D + 2ia)
eiax 1
=5 D 1 (from Remark[1]))
__sinax —icosax
N 2a
Hence, _
x sin ax
Yp = R(np) = o°n

as obtained by the method of undetermined coefficients.
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Notice that as a bonus we have found y, for the problem
y" + a’y = sinax

since in this case
—2 COS ax

2a

also as found by the method of undetermined coeflicients.

Yp = %(np) =

This method is quite powerful! Consider the following example.

Example B.2. Solve the equation

(D* +2a°D? + a')y = cosax.

Solution: First note that the left hand side can be factored as (D? 4 a?)%y. Thus,

the complementary solution is

ye = (Az + B) cosazx + (Cz + D) sinaz.

The method of undetermined coefficients is very involved. On the other hand, pro-

ceeding as in Example B}

1 ax
—e
(D% +a?)
— eiaz 1 5 1
((D + ia)? + a?)
— eia:z: 1 5 1
(D2 + 2iaD)
ez b 1 e
D2 (D + 2ia)?
eia:r 1
= 22D 1 (from Remark[14)
eiaz .732
T 4a?2 2
72
= —W(cosax +isinazx).
a

It follows that

1 ) 22 cos ax

=¥ G = e

9
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Exercises

and the complete solution is

.%'2 cos ax

8a?

Now try doing that with the method of undetermined coefficients!

y = (Az + B)cosazx + (Cz + D) sinazx —

B.2 Exercises

Solve the following equations using the operator method.
1. y" +y=2%cosz.
2. y" + 4y = x cos 2z.

3. (D—2)2%y =eXsinx.



Answers and Hints to Selected

Exercises

Exercises
1. (a) Trivial.

(c) Differentiate the first equation to get v’ = (xy' +y)/+/1 — 22y? and cross
multiply.

(e) Differentiate twice to get y' = acosx—bsinz and y” = —asinx—bcosz =

—y from which y” +y = 0.

2. (a) The isoclines are the lines 2y = ¢, where ¢ is any constant. For any xg,
if y(zp) > 0, then y — 0o as © — oo. If y(xg) < 0, then y — —oo, and
y =0 if y(zo) = 0.

[
[
o
v
RN
VoA
Voo
oA

2

(¢) The isoclines are the parabolas y = z* — ¢, where ¢ is any constant.

151
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(a) 1/y*+1/2* = ¢

(b) Rewrite as dy/y = tanzdz. Solution is y = csec x.

(c) y?/2 + 2y = arctanz + c.

(d) Solution is 2y? = 222 + 2% + ¢. From the initial conditions ¢ = 15, the

unique solution is 2y% = 222 + 24 + 15.

(e) —1/y=123/3—-1/6.

(a) y =923+ ca™
d 2 1 -1

(¢) Dividing by x throughout, el + T y = v . This is linear with
dr = z(x+1) x

P = (22 +1)/(2? + z) so the integrating factor is (22 + z). Hence the
solution is y(z% + z) = 23/3 — = + .

(e) zy =1+ cexp(—y?/2).

(8) yz —x =cy.

(a) Regroup as (3z + z%)dx + (y — y%)dy + 2(ydx + xdy) = 0. Recall that
(ydx + zdy) = d(zy).

(c) The given equation can be rewritten as (6zydz + 3z2dy) + (2y%dx +
4zydy) = 0 and the solution is 3z2%y + 2zy? = c.

(e) If you rewrite it as (1/t){(3s*> — 2)ds} + (s® — 23){;—3“} the solution is

obvious!
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4.

D.

(h) Rewrite as —{dz/z? + dy/y*} + (ydx — zdy)/z* = 0 and remember the
last term is d(y/x).

(i) f(x,y) = 322y + 22y* — 5z — 6y + c.
(¢) After you substitute y = vz, you should get v + z(dv/dx) = vinv from
which one gets dv/(v(lnv—1)) = dx/x. This can be integrated asInv—1 =

cz and the solution is y = zexp(cx + 1).

To = 30 degrees.

Exercises 3.4

10.

11.

13.

. The auxiliary equation is 4m? — 7m + 3 = 0 whose roots are m = 1,3/4 and

the general solution is y = ¢1 exp(z) + c2 exp(%:c).

. The auxiliary equation is (m + 2)? = 0 and has repeated roots -2, -2. The

solution is y = ¢ exp(—2x) + cox exp(—2z).

. The auxiliary equation can be factored as (m?+1)(m +3) = 0 whose roots are

m = +i,—3. The solution is ¢; cosx + ¢z sinz + exp(—3x).

The general solution is y = e3%(cy cos 4z + co sin4x). Applying the initial con-

ditions we get ¢; = —3, co = 2 and the solution is y = €3%(—3 cos 4z + 2sin 47).

. One root of the auxiliary equation is -1.

— o 3 s 3
.y = e *(crcos x4 casin §x).

The auxiliary equation is 8m3 —12m?+6m+1 = 0 which is really (2m+1)3 =0
with repeated roots —1/2,—1/2, —1/2.

The equation of motion of the pendulum is 6(t) = ccos(wt + ), where w =
\/9/¢. The velocity is given by v = —cwsin(wt +4). At t =0,0 = 1 rad, v = 0.
Hence, sind = 0 = § = 0. It follows that ¢ = 1 and hence the equation of motion
is 6(t) = cos(wt). The amplitude is 1, period T is 27 /w = 27 /,/g, the frequency
f =/9/2n. At the equilibrium position § = 0 = wt = £7/2,v = +w = £,/g,

which is the linear velocity. Then angular velocity is vf = +,/g, same as v.

In equilibrium, the spring is stretched by six inches = 1/2 ft. The only forces
on the object are the restorative force of the spring and its weight 4 lbs. If

the mass of the object is m then 4 = mg,m = 4/32 = 1/8. Assuming that
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the constant of proportionality of Hooke’s law is k, (1/2)k = 4, from which
k = 8. At any time time ¢,since the object stretches it by 1/2 ft, the total
extension of the spring length is y + % The restorative force of the spring

acting upward is k(y + 1/2) = 8y + 4 acting upwards with its weight mg

acting downwards. The net downward force then is mg — (8y + 4) = —8y.
d? d?
By Newton’s law, m%g = —8y, that is, Eg + 64y = 0 and this shows the

motion is simple harmonic. The equation of motion is y = ccos(8t+¢). Hence,
v = —8¢sin(8t + §). Since y(0) = 1/2,v(0) = 0, § = 0, and ¢ = 1/2. Thus,
the equation of motion is y(t) = 3 cos(8t). The period is 27/8 = 7/4 sec, the

frequency f = 4/pi cycels per second. The amplitude is 6 inches.

Exercises 4.5

1. The auxiliary equation is m? + 3m — 10 = 0 with roots m = —5,2. Hence

. The auxiliary equation m

Yo = c1e7 9% + cpe?®. This is Case L. To find y,, let y, = Ae*®. Therefore, y; =
4Ae*, Yy = 16Ae**. Substituting in the original equation we get 18 Ae® = 6e*
that is A = % and the complete solution is y = c1e™ % + cpe®* + %6436.

2 _—m —6=0 has roots m = 3, -2 and y. = c1e3* +
c2e~ 2%, This is Case II with k = 0 since e~2* occurs on the right. We assume
yp = Aze " and get y, = A(e " — 2ze™ "),y = A(—4e " + dze ).
Substitute in the original equation to get —5Ae~2% = 20e~2* that is A = —4.

xT

The complete solution is:y = c1€3* + coe™?* — 4xe~2%. Again note cancelation

of the term xe~2* when we substitute in the original equation.

. From the auxiliary equation m? —2m+1 = 0 we get m = 1,1, y. = (c1 +cax)e”.

This is Case III. The roots m = 1 has multiplicity 2, that is » = 2. The right
side is simply e* so that k = 0. Hence we assume y, = Ax?%e® from which
y, = Ae"(2x+17), y) = Ae"(2+4x+127). Substitute to get Ae” = 6e”, A =3

and y = c1e” + coze® + 3x2e”.

The auxiliary equation being m? + 4 = 0, we have m = +2i,y, = ¢ cos 2z +
casin2x, F = {cos2z,sin2z}, G = {cos2z,cosz,x? z}. The first term in G
is case II, the others are case I. To find y, we break the problem into three
subproblems: (a) y”+4y = 4 cos 2z, (b) y"+4y = 6cos z, (c) y"' +4y = 8z —4x.

We will write ¥, , Yp,, Yp, for the particular solutions of these subproblems.

(a) Here G = {cos2z}, and this is case II. Hence, y,, = x(Asin2z+ B cos 2z).
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11.

13.

15.

This gives y;, = x(2A cos 2z — 2B cos 2z) + (Asin 2z + B cos 2x) and y,,, =
x(—4Asin2x — 4B cos 2x) + (4A cos 2z — 4B sin 2x). Substitute in (a) to
get y,, +4yp, = 4Acos2zx —4Bsin2z = 4cos2r. Thus, A= 1,8 =0 and

Yp, = Tsin 2z.

(b) Here G = {cosz} so this is case I and y,, = Acosxz + Bsinz so that
Yp, = —Asinz+ Bcosz,y,, = —Acosz — Bsinxz. Therefore, y,, +4y,, =
3Acosx 4 3Bsinx = 6cosz, that is, A =2,B =0,y,, =2cosz.

(c) It is trivial to see this is also case I so y,, = Az + Bz + C to get
yh, = 2Ax+B,yy = 2A,y) +4y,, = Az? +4Bx+ (2A+4C) = 8% —4x.
Hence, A=2,B=—-1,C = —150 yp, = 222 —x — 1.

From (i), (ii) and (iii)the particular solution of the original problem is y, =
Ypy + Yps + Yps = xsin2x + 2cosx + 22% — x — 1. The general solution is

Y=Y+ Yp = ¢1 0822 + cosin 2z + xsin 2z 4+ 2cosx + 222 — x — 1.

. Here Yp = %1}236_21‘ = 1057_221.’173 = 106_2$I5/20 = %$5€_2$.
Here yp = DQ%‘DH(IITS — 3.’1:2 =+ ].) = HD%—D(:E:& —31;2 + ].) = {]. — (D2 — D) +

(D? — D)2 — (D> - D)®+ . }(2® =322 +1) = {1 - D>+ D+ D* - 2D3 —
(DS — 3D° +3D% — D3)}(a® — 322+ 1) = {1+ D — D3}(a® — 322 + 1) =
{(23 =322 4+1)4 (322 — 62) —6)} = 23 — 62 — 5, where we have dropped powers
of D higher than 3.

Yp = piglba’ = —Fprga® = —2(1+ D3/8 + DO/64 + ..)2* = —22.

(D—2)% = e**sinz. The auxiliary equation is (m—2)? = 0 with roots m = 2,2.

Hence, y. = c1e** + cpe?® and Yp = ﬁeh sinz = e%* . # sinz = —e**sinx

and y = 162 4+ c9e?® — 2 gin 1.

Exercises [5.5]

1.

3.

5.

y = cx + dz?, where ¢, d are constants.
y = ce?® + d(x + 1), where ¢, d are constants.

If y = €% is a solution then substituting for y in v + py’ + qy = 0 gives
e* 4+ pe® + ge® = 0 which is possible only if 1+p+ g = 0. Clearly the converse is
also true. This condition applies in this problem since (z—1)—x+1 = 0. Thus,

as can easily be verified y = e” is a solution. To find another solution, in this
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problem p = —z/(z — 1), [(—pdz) = z+In(z — 1), exp([(—p)dz = (z — 1)e”.
Hence, v = [(z — 1)e®/(e**)dz = [(z — 1)e %dx = —ze . Hence yo = —x as

can be verified. The complete solution is y = c1x + coe”.

7. y=c1cosx ~+ cagsinx 4 cosx Incos x + x sin x.

9. yo=c1-14co = €*® and y = y. + 22%€>* — 2ze??.

11. y = x2ew(%lnx — %)

13. y = coszlncosx + xsinx.

4 2

17. The auxiliary equation is 62 — 40 + 6 = 0 with roots 2 4 i1/3. So the solution
is €2!(c1 cos /3t + casin v/3t) = 22(c1 cos V3Inz + ¢y sinv/31n ).

19. The auxiliary equation is (0 — 2)(0 — 1)6 + 2(0 — 1) — 100 — 8 = 0. By
inspection, # = —1 is a root so (6 4+ 1) is a factor. Dividing by (0 + 1) we get

(0+1)(02—20—-8)=(0+1)(0—4)(0+2) =0=y =cre ' +ce 2 + czett =

clx_l + CQx_Q + 03x4.

21. y = c12° + cox ™t — (5/9)22.

Exercises 6.6
L 32 o(n+3)(n+2)(n+ 1)z

(n—2)an+3an—1 n>1

3. ag and a; are arbitrary, as = ag and ap42 = A ()

5. ap = —% ap, Qp+2 = —man, n > 1. One quickly computes that

ag = —(1/2%ag, as = (1/(2*2)))ag, ag = —(1/2°3)ay, .. .,
asn = [(=1)"/(22*nN)]ag . . .

and likewise we have ag = —(1/2-3)a;, a5 = (—=1)%(1/(2%-3-5)),...,a2n41 =
(=D)"/[2"(1-3-5...(2n + 1)]ay, both formulas valid for n > 1.

7. Using Leibniz’s theorem we get

{(1+az)2yn+z+ (7;) 20 Yy 1+ (Z) 2 yn}—{xyn+1+ <Tll> yn}+{xyn+ <71l> yn_1} —0,
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which simplified becomes (1+22)ypn 1o+ (2n—1) 2yp 11+ (N> —2n+2)yp+nyn_1 =
0.

9. apyo = —m{(n - Da, + 2an,2}, n > 2, where ag,a; are arbitrary,

as = %ao, and ag = 0.

(n+1)ant+1—2an—1

Ty n =1 a2 = (1/2)ar and ag, a1 are arbitrary.

11. Ap+2 =

1
(n+2)

13. apqo = —% an, n >0, ag,a; arbitrary.

14. By Leibniz’s theorem, y,4+2 — zyn — ny, = 0 and at z = 0 this becomes
Yn+2 = NYp. After substituting (n + 2)lap4o for y,4+2 and (nq)la,—1 for y,, we

get the recurrence relation a,4+9 = ( n > 1. Since an + 2 is

N S

n+2)(nt1) dn—1
given in terms of a,_1, the subscripts for a, jump by three. From the given
equation, yo = 0 = ag. Hence a2 = a5 = ag = a;1 = ... = 0. In general,

asn+2 = 0, n > 0. From the recurrence formula it is easy to compute that

ag as ag ap
a3 = ——, g = = aqg =
3732765 6.5-3.227° 9.8.6-5-3-2°°7
and likewise
. a4 al a7 al
M= T T 7 6-4-3 T 109 10-9-7-6-4-3"""

These results seem to show that

ao a1

T - bl 21
2.3.5..63n—1)@Bn) T 34.6.7... 6B

asn =

Thus the general solution is

3n

0o . o) x3n+1
y:a0{1+;2,3.5...(3n_1)(3n)}+a1 {H;3-4'6~7---(3n)(3n+1)}'

Exercises [7.5]

_ —2t 1 4t . 2. 92t 1 _4t
1. x = ce +3e7,y=—3ce — g€,

_ -2t 1t 1.3 , _ 1. -2 1.t 1.3t
3. x = cie + g€ + i5¢7, Yy = —3qe g€’ + ze’.

1

5. = cre 3t + coet — %t +5 Y= %t — Beje 3t — cget — 2

g.

7. x =cjcost+cosint —t — 2, y = —(c1 + o) cost + (¢1 — co)sint — 2.
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9. In determinant form this is

D—1 2¢
D—1 ¢t

2D—-1 D-1
D+1 D-1

m:_‘

In this example, pa(D) = ps(D), that is the coefficients of y in both equations
are the same and any attempt to eliminate y will also eliminate y (this is the
degenerate case). We cannot use the determinant method here since this will
introduce an additional factor (D — 1) and hence the additional term cje! in
7.. We eliminate y (and y') simply by subtraction to get 2’ — 2x = e from

2t t

which z = ¢1e?! — el. From the second equation, 3/ —y = e! — 2’ — 2 from which

y = coel — 3cie?t + 3tet.

2t 4t

11. = cre* + c9e™ , Yy=cre*t — coe 2,

12. In determinant form, this problem becomes

D?—-1 D+1
D—-1 D?*+1

D+1 sint

9 =gint — cost
D“+1 cost

m:—‘

or (D* — D?)z = sint — cost and whose solution is

t —t
To=c1 + cot +c3e” 4+ cqe 7,

Tp (sint — cost) = (cost —sint)

B 1 1
- D%(D? - 1) D2 -1

= (sint — cost)/2.

To find y,, we subtract the second equation from the first to get

" " / N s
T, — Yp — (7, — y,) = sint — cost,

that is

1
(D? — D)(x —y)p = (sint — cost), (x—1y),= m(sint — cost)

from which

1-D

—W(sint — cost) = cost.

Ty —yp=(r—y)p=
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It follows that
Yp = % (sint - 3cost).

Finally to find y. we have from the second equation,

(D? +1)y.+ (D — 1)z =0 from which (D? + 1)y, = z. —

o
Hence,

(D? 4+ 1)y, = {61 + cot + c3e! + C4€_t}
— {02 + c;»,et - C4€_t}

= (c1 — ¢2) + ot + 2¢4e7,
from which y. = (¢1 — c2) + cat + cqe™ . Tt follows that

T =c1 + cot + czet +caet F % (sint — cost)

y=(c1 —c2) +cot +cae " + 5 (sint — 3cost).

Exercises 8.5

1. (a) 2/s%
(©) 1/(s +1)2

(¢) The integral becomes [, 2e~*dt, which after taking the limit becomes
(2/5)e™%s.

(e) Write g(t) = 1 —us(t), where ug is a unit step function with jump discon-

tinuity at ¢ = 3. Taking Laplace transform on both sides and simplifying

252 +s+1—e3¢ . . . 9824511
3(3 T 1)(3 — 1) USll’lg partlal fractlons, W =

gives L{y} =
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-1 1 2 —3s _ —e73s 1/2e~38 1/2e3s .
S t a1ty and S(s—&-el)(s—l) = =5+ 51t To=7 - Taking the
inverse transform we have y = e~ + 2’ — 1 4 (1 — 1e7 "3 — 2e!=3)ug(t).

(f) Write the input rate g(t) as g(t) = 3.6 — 1.8ujo(?).

Exercises [B.2

1. (D? + 1)y = 2?cosx. You should not dream of shifting x. Instead we will
use complex numbers. Let z = {1/(D? + 1)}2?e™®. Then y, = R(z) and we

— 1 2 0 iz 1 2 2 _
have z = o re N Oy e K &

e’ (D2j2iD)$2 = e D(D1+2i
sibmbm e = s -8+ &) = 5 {s(* -5+ &)} =
#{%($2+m7%)} _ _ng <§+§7% _ (sin:c—icosx)<ﬁ+@72)’where
we have used 1/i = —i. Since y, = R(2), i

2 3 2 2
:L'/2} + (22 cosz) /4.

N —

follows that y, = (sin x)/2{x3/3 -

3. The auxiliary equation is (m — 2)? = 0 with roots m = 2,2. Hence, y. =

c1€?® + cpe*® and y, = ﬁe% sinz = e - %sinx = —e*sing and y =

162 + c9e®® — 2T gin 1.
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