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Abstract

We discuss the problem of detecting the location of discontinuities of derivatives
of a periodic function, given either finitely many Fourier coefficients of the function,
or the samples of the function at uniform or scattered data points. Using the
general theory, we develop a class of trigonometric polynomial frames suitable for
this purpose. Our methods also help us to analyze the capabilities of periodic spline
wavelets, trigonometric polynomial wavelets, and some of the classical summability
methods in the theory of Fourier series.

1 Introduction

Let f: IR — € be a 2m-periodic function, » > 0 be an integer, and xy € [—7,7]. We
say that z( is a singularity of order r of f if f is r times continuously differentiable in
a deleted neighborhood of x,, but the derivative f) has a jump discontinuity at zo. In
many such applications as signal processing and numerical analysis, one needs to discover
the location of singularities of f of different orders (cf. [12]). In recent years, wavelet
analysis has provided many popular and powerful tools for this purpose (see [14], [15]).
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In order to apply these techniques, one needs to know the wavelet coefficients of f. In
practical applications, one starts with a large number of samples of f and computes these
coefficients using numerical integration and the refinement equations for the wavelets ([2]).

If the information available about the function consists of its trigonometric Fourier
coefficients, then it is natural to explore trigonometric operators similar to the classsical
summability methods. A very general class of wavelets based on this idea has been devel-
oped and studied in [3], [11], [20] and [19]. In [18], we have constructed “fast decreasing”
trigonometric polynomial operators to detect singularities. An interesting aspect of these
investigations is that the Fourier coefficients of f represent global information about f.
The ability of the various operators to detect singularities of f thus describes the localiza-
tion properties of these operators. Some other ideas towards the solution of this problem,
as well as references to further applications of this research can be found, for example, in
the recent papers of Eckhoft [6], [7], Gelb and Tadmor [8], [9].

One objective of this paper is to study in general the abilities of different operators
to detect singularities of different orders. Typically, we expect the “large” values of these
operators at certain points to indicate the presence of a singularity “near” these points.
We seek to provide a precise quantitative description of this property.

In some applications, we may not start with the Fourier coefficients of the function,
but may sample the function at several points. It is customary in wavelet analysis to start
with a large number of such samples, and then “compress” this data into a small number
of large wavelet coefficients. The second objective of this paper is to explore a paradigm
in the opposite direction. We start with a “small” number of samples to construct a
trigonometric operator. We will modify these operators step-by-step by taking more and
more samples as needed until the singularities are detected with a desired accuracy.

In Section 2, we discuss “spectral methods”, i.e., operators based on the Fourier coef-
ficients of the function. In Section 3, we discuss the “build-up methods”, i.e., operators
based on samples of the functions. In Section 4, we apply the general theory to analyze
specific examples. In Section 5, we present a few simple numerical examples to illustrate
the theorems in Section 4.

2 Spectral Methods

In this section, we are interested in detecting the singularities of a function, given its
trigonometric Fourier coefficients. If f : IR — € is 27-periodic and Lebesgue integrable
on [—m, 7, its Fourier coefficients are defined by

fk) - L /ﬁ F(t)e ™ at, ke Z,

" 21 )a

and for integer m > 1, the partial sum of its Fourier series is given by

sm(fox) = Y flk)e*e.

|k|<m



For the “saw-tooth” function defined on (—m, 7] by

—nm—x, if —7w<x<0,
Fo(x) :=¢ 0, if =0,
T—x, if O0<x<m,

and extended to IR as a 2m-periodic function, one has

ik ik
Lo(z) = Z/ - > - lim s, (T, ), x € [—m, 7.
ez R rezvjoy R meee

We observe that 'y is continuous on [—m, 7] \ {0}, and T'o(0+) — I'g(0—) = 27. Conse-
quently, for integer r > 0, the periodic integral
r(z)=%" e € IR
r\L) = . ) X )
o (Zk:)rJrl

is a 2m-periodic function with r continuous derivatives at each point on [—7, 7|\ {0}, and
a singularity of order r at 0.
We say that a 27-periodic function f : IR — C is piecewise R-smooth, if there exist
points
— T =Y < < < Yp="7

such that the restriction of f to (y;,yix1), 0 < i < m — 1, is R times continuously
differentiable, and f™(y;+) and f)(y;41—) exist as finite numbers for 0 < r < R. (Here,
ym and yo are identified as usual.) Many applications of analysis involve piecewise R-
smooth functions; for example, a periodic spline is a piecewise R-smooth function for a
suitable integer R. The function 'y is not just a typical example of a piecewise R-smooth
function, but any such function can be expressed in a cannonical form (2.1) as follows:

f(x) :Ziwj,rFT(x—yj)—i-F(x), z € IR, (2.1)

r=0j=1

where w;, € C, and F'is an R times continuously differentiable 2m-periodic function on
IR. In the recent papers of Eckhoff [6], [7], Gelb and Tadmor [8], [9], the authors have
described some applications to the theory of shock detection which require the detection
of the location of the points y; in the above representation.

Our research is motivated by the problem of detecting hidden periodicities [12], which
arises in certain meteorological and astronomical problems and in analysis of tides. Math-
ematically, the problem is as follows. We are given readings of the form

= ng exp(—ikyy),
=1
for k=0,+£1,---, N for some large integer N, and are interested in finding the number
m and the points y,. In [12], the method given to solve this problem is essentially to
consider the peaks of | X<y grptr exp(ikz)|. We observe that
ikx m
1 i€

— Tplz —

> (ik)EHL Z:lwf r(@ = ye)
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is a piecewise R-smooth function with singularities exactly at y,.
In [5], Z. Divis has studied the asymptotic behavior of {s,,(I'g,-)} as m — oco. It
follows from her work that if f is of the form

R
x) =Y wirlr(z — z;r) + F(2),
=1

where ') is a continuous function having bounded variation on [—, 7], then for odd
integer R (and as n — o0),

SERCR(1 4 o(1)), ifw=aim j=1,... ke,

|20 (f5 @) = su(f, )| = Oxn( 1 ) | (2.2)

— otherwise.
nR

One may think of (2.2) as a method to detect the R-th order singularities of f. The
left hand side can be computed using only the coefficients {f(k)}2"'. Tt is large at the
singularities, and small away from them. We observe that

smlf.2) = salfo2) = 5= [ F0)(Da = D)~ 1)

2T
where D, is the Dirichlet kernel >, €**. All of the wavelet transforms in [11], [20]
and [19], as well as the construction given in [12] for the detection of hidden periodicity
can also be expressed as a convolution of f with some function dependent upon a scale
parameter n. Therefore, in this section, we are interested in studying the convolutions

o [ F @0t~ 0t = 3 FGY (),

2m J- jez

(f * %)(1’) =

where the series will converge under suitable conditions on ,.
For functions f of the form (2.1), we need to show that F %1}, is uniformly small, and
study the asymptotic behavior of (I, % 1,)(z) for all x (in contrast to (2.2)) as n — oc.
Let 1 < p < oo, and A C IR be a Lebesgue measurable set with positive measure. If
f: A — C is Lebesgue measurable, we write

1/p
[ir@par) i 1< p <o,
A

ess sup | f(z)], if p=oco.
€A

[ fllp.a =

The class LP(A) consists of all functions f for which || f][, 4 < oo, with two functions
considered equal if they are equal almost everywhere. The symbol X?(A) will denote the
class LP(A) if 1 < p < oo, and the class of all continuous functions on A (vanishing at
infinity if A is unbounded) if p = co. If A = [—m, 7|, we will omit the mention of A from
the notations, and assume that the functions involved are 2m-periodic. In this case, we
will also write

1£llp = 1) P fllpjmm, 1< p< o0,



From the point of view of the detection of singularities, perhaps X is the only
interesting class. However, in light of the connections with wavelet theory, we will obtain
estimates also on ||f * ¢,||, for all p, 1 < p < oo. These estimates will be in terms
of the degree of approximation to f by trigonometric polynomials, as well as certain
trigonometric polynomials associated with .

For z > 0, we denote the class of all trigonometric polynomials of order at most x by
IH,. If f € LP, we write

Eup(f) = TIEI}YSJF 1f = Tlp.

Let 0 < a < 8 and x,,p be an infinitely many times differentiable function on IR such
that

)ity <o,
Xasly) = { 0, if ol = 8.
We write )
Xn,a,,@(y) = Xa,,@(g)a (NS lR? n > 07
and )
X8 () 7= X Xmap(d)e”". (2.3)
jez

The first basic result of this section is the following.

Theorem 2.1 Let n, N > 1 be integers, ¥, € L', 1 < p < 00,0 < a < 3 and f € LP.
Then

1S nllp < [[¥nlli Banp () + 2lX5 a8 * Unllall fllp- (2.4)

REMARK. In applications, it is desirable to choose 1), and adjust the parameter N so
that [[X¥ a5 * Unll1/[[¥nlli — 0 as n — co and E,y,(F) has a desired decay for smooth
functions F. With this choice, and the cannonical representation (2.1), Theorem 2.1
shows that F' %1}, is uniformly small. In the statement of the above theorem and in most
of our discussions in this and the next section, the parameter n is really superfluous. We
retain it partly to make the connection between the theory and applications in Section 4
more transparent, and partly to underline the fact that the various constants to appear
are independent of n and ,,.

PROOF OF THEOREM 2.1. Let T' € IH,xN be a polynomial of best approximation to f;
ie.,

1f = Tllp = Eanp(f)-
Using the well known fact that

1P+ Gl < IFllIGll,,  FelLr, GelLl,

we obtain

(A ICf = T) ¢ nllp + [[¢Pn * T,

<
< N¥nlliBanp(f) + [9n + Tllp. (2.5)



Since T' € IH oy, we have T'= x%,, 5 * T', and hence,

[n*Tllp = [[¢n* X505 * Tl
< lon # X R0l 1T
< n# Xnaplls (L =Tl + 11£1lp)
< 2{[Pn * Xy asll L1l (2.6)
The estimates (2.5) and (2.6) lead to (2.4). O

In many examples (cf. [1, 12]), we are interested in the case when

a ]
n
for some function g, on IR. In this case, we will say that 1, is generated by g,,. Of course,

any 1, € L' is always generated by
1 ™

"),

gn(t) : U (x)e” " dx,

or by a variety of interpolation schemes such as cardinal spline interpolants of suitable
orders. Nevertheless, in many examples, it is more natural to take a function g, as a
starting point to construct ¢, via (2.7). Under suitable assumptions on g,, we wish to
obtain an analogue of (2.4) and an asymptotic expression for I', % 1, in terms of the
Fourier transform of g,. First, we review some basic facts which will be needed in the
statement and proof of our result.

If A is an open subset of IR, the class BV (A) consists of functions having a bounded
variation on A and vanishing at infinity if A is unbounded. If g € BV (A), V (g, A) denotes
the total variation of g on A. If ¢ > 0 is an integer, g is a ¢-times iterated integral of a
function ¢(@ € BV(A), and g (and hence, g, 0 < ¢ < q) vanishes at infinity, then we
say that g € BV?(A).

If g € L'(IR), its Fourier transform is defined by

Fy(t) = / g(x)e " dx, te IR,
and the inverse Fourier transform of ¢ is defined by

/ g(x)e™dx, t e IR.

— 00

1
~1o(4) —
Fglt) = o
If both g and Fg are in L'(IR), then

g=F '"Fg=FFy.

An integrable function g : IR — C will be called weakly admissible if the following
Poisson summation formula is valid for almost all x € [—m, 7] and for all A > 0:

> g<§)eij“” =2\ Y Flyg (/\(I + 2k7r)). (2.8)

jez kez
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If (2.8) holds for all x € [—m, 7|, then the function g will be called admissible. Various
conditions under which the function ¢ is weakly admissible, resp. admissible, are de-
scribed, for example, in [1], §5.1.5. In particular, if g is integrable on IR, and F'g €
L'(IR) N BV(IR), then g is admissible. If g is weakly admissible, then we have for every
A >0,

. 2m
> g<i>eij' = /\/ > F (N + 2kn))| da
jeZ A 1 0 |kezZ
< A [IFg0w)de
= 7 gl r. (2.9)
In the sequel, the symbols ¢, ¢1, - - - will denote positive constants depending only on the

fixed parameters in question, and other explicitly indicated parameters, but independent
of n and v,.

Theorem 2.2 Let r > 0, n,q > 1 be integers, and 1, € L' be generated by a weakly
admissible function g, : IR — C. Then
n

1 * Yally < NF 7 gullimEanp(f) + QHJT”(Xa,ﬁ(N

)gn) 1w f1lp- (2.10)
If the function hy, := hy,,, defined by

_ [an®)@t)7 ift #£0,
n(t) = {o, ift =0,

is admissible, and is in BVI(IR), then

2V (h,'?, IR)

n"(n x ') () — 27rf‘1hn(nx)‘ < Ton)r (2.11)
In particular, for x #0, x € [—m, 7],
()
0| # T, (2)] < VL D A1) (2.12)

(nz[)a*!
If g, =: g is independent of n, then there exists an interval J := J(r,g) such that
n'|(Yn x Tp)(2)| > c(g),  nzel (2.13)

If g(t) = 0 for almost all t & [—7,7| for some 7 > 0, and € > 0, we may choose the
interval J with |J| > 2(1 — €)/T, and obtain

n"|(¢Yn x T)(x)] > c(g)e, nx € J, (2.14)

where ¢ is independent of €.



REMARK. In the case of the cannonical representation (2.1), Theorem 2.2 can be in-
terpreted as follows. The estimates (2.13), (2.14) make precise the sense that f * 1), is
“large” near the singularities of f. In view of (2.12), the contribution to f 1, from these
singularities decays as rapidly as the parameter ¢ in this estimate indicates. The estimate
(2.10) implies that the contribution F x1, is uniformly small. Thus, with a proper choice
of g, one expects that the singularities will show up one-by-one as the peaks of | f * 1),].
PROOF OF THEOREM 2.2. The estimate (2.10) follows from (2.4) and (2.9).
The Poisson summation formula (2.8) implies that

WD) = 3 ha(L)e

J€EZ
— 2mnF hy(nx) + 200 S F by (n(x + 2k)).

keZ

Hence,
n" (Y, x ) (x) = / o (t)e™ ™ dt + 2 Z, Fho(n(z + 2km)). (2.15)
> kez
Since h,, € BVY(IR), we may use integration by parts to obtain for z € [—m, 7|, k # 0,

1 oo .
‘Flhn(n(x -+ 2]€7T))‘ = N / hn(t)em(:tJerrk)tdt

‘27? -
V(hn(ﬂl)7 IR)

27 (n|x + 2kn|)at?
V(hn(q),lR)

21 (nm(2|k| — 1))att”

Therefore, for z € [—7, 7],

LV,

‘sz;Elh( (x—f-?k?T))}_ (nn q+1 Z 2k—1q+1
keZ Pl
Along with (2.15) and
00 i 71._2
Z 2k—1 = 2k—1 8’
this leads to (2.11). Since
174 hn(Q),lR
‘/ t) exp mxt)dt‘ W, x#£0,

the estimate (2.12) follows from (2.11).
Next, let g, = g be independent of n, and h := h,,. The function

G(z) = / h(t)exp(izt)dt, =€ C,



is an entire function. Hence, there exists an interval J that is free of zeros of this function.
This proves (2.13). If h(t) = 0 for almost all ¢ € [—7, 7] for some 7 > 0, then G is an entire
function of finite exponential type at most 7. Further, since h € L', G € X*°(IR). Let
|G|,k = |G(a)|. Then the Bernstein inequality for entire functions of finite exponential
type ([24], §4.8.2) implies that

|G(z) — G(a)| < |z — a|T|G(a)], x € IR.
Hence, for x € [a — (1 —€)/7,a 4+ (1 — €) /7], we have
G(z) = Gla)] < (1 = 6)|G(a)];

Le., |G(z)| = €|G(a)].
O

Finally, we wish to examine the behavior of 1, * I',. directly in terms of the Fourier
coefficients of v, without refering to a generating function. If {a;};cz is a bi-infinite
sequence, its forward differences are defined recursively by

0, . .. 1 e gy — (1
Aaj = a;, A'a; = Aaj = a4 — aj,

AT q; = A(A%y), g=1,2,---.

We say that a 2m-periodic, integrable function v has a linear phase if for some a,b €
[_77-7 ﬂ-]v

() = |0(G)e @, forall j € Z.

In this case, the number a will be called the linear phase of 1. The following theorem
describes the behavior of 1, *I',, near and away from 0. In the case of the cannonical form
(2.1), the estimates (2.16), (2.17) in the following theorem make precise the largeness of
f * 1, near the singularity, while the part (c¢) (along with Theorem 2.1) describes the
decay of f x 1, away from the singularities. An interesting feature of the parts (a) and
(b) is that in the case of an even value of the order r of the singularity, |f * ¢, | has two
“high peaks” straddling the singularity (cf. Figure 1(b), Figure 4, Figure 5(a)), while
there is only one “high peak” near the singularity when r is odd (cf. Figure 2, Figure 3,
Figure 5(b)).

Theorem 2.3 Let n, N > 1, r > —1 be integers, and 1, € L* have a linear phase a,. If
r=20 orr=—1, we assume further that v, € X*°.
(a) If r is odd, then for |z — a,| < 7/(4N),

|thn # D(@)] 2 [n % T (an)] cos(2N (2 — ay)) — 8EN 00 (¥n * I'y), (2.16)
where ¥, x I'_1 == ,.

(b)Let r be an even integer, and 1, be an even function. Then for |x — a,| < 7/(4N),

| |sin(2N(z —a,))| QWEN’OOWR # 1)
2N N '

|thn % Ty ()| > |thn % Ty (an) (2.17)

9



(c) Let ¢ > 0 be an integer, and

O —
bj,n,r = (ij)”—l’ Zf‘] € Z \ {O}’
0, if 7 =0.
If Z bjnr| < 00, then for x # a,,
JEZ
C
|ty * T (2)| < m Z ’AQ+1bj,n,r‘.
n JEZ

In order to prove this theorem, we first review some facts from the theory of Fourier
series.

Proposition 2.1 (a) Let 1 <p < oo, f € LP, N > 1 be an integer, and the de la Vallée
Poussin mean of f be defined by

2N A~ .. ] A~ ..
on(f,a) = = Y. sm(fir)= D f()e+ > ( —m)f(j)e”m'
Nm:N+1 7SN N<|jl<2N N

Then
1f = von(Hllp < 4ENp(f)-

(b) Let {b;};cz be a sequence that satisfies

> 1712717 A%;| < 0.
iz

Then - ;cz bje”’™ converges in the LP norm, and we have

1D bielly < e 3 171717 A%].
JEZ JEZ

PROOF. Part (a) is well known, for example, see [13], §7.1. Part (b) follows by a sum-

mation by parts argument, and the bounds on the norms of the Féjer kernel (cf. [17]).
O

We were unable to find a reference for the following proposition.

Proposition 2.2 Let ¢ > 0 be an integer, {b;} be a bi-infinite, absolutely summable
sequence. Then for x € [—m, x|\ {0},

> bt

JEZ

C
<
- ‘x’qul

> AT D).

jez

10



We will prove this proposition using the method of the proof of Theorem 2.2. Thus, we
will construct a function g such that b; = g(j), j € Z and V (g9, IR) < ¢ Y ez |ATb;].
The most convenient way to do this is to construct a cardinal spline interpolant to the
data {b;}. The following discussion about the cardinal splines is based on [2].

Let m > 2 be an integer. The cardinal B-spline of order m is defined via its Fourier
transform as follows:

2
FNp(u) = exp(—imu/2) (sm (u/2) ) : u € IR. (2.18)
u/2

It is known that N,,(z) = 0 if 2 & [0,m], N,,(z) > 0 if z € (0,m), and for all x € IR,
>rez Nm(z+k) = 1and Ny, (z+m/2) = N,,(m/2—x). The derivative of N, is computed

easily for m > 3:
N (x) = Np_1(z) = Ny (z — 1). (2.19)

The Euler-Frobenius function associated with the B-spline is defined by
= S N (B4 k), zeC. (2.20)
keZ 2

Obviously, ®,,(z) = ®,,(z71). Tt is also known that ®,,(¢) is bounded above and below
by positive constants depending only on m. Hence, the function 1/®,, is analytic on the
complex unit circle, and has a Laurent expansion

@m() g%cémz (2.21)

valid in a neighborhood of the unit circle. Clearly, the coefficients ¢, converge exponen-
tially fast to 0 as |¢| — co. From (2.20) and (2.21), we conclude that

ZCgm m +ZE—€)

leZ

is well defined for all z € IR, and

(1, ifj=0,
Ln(y) = {0, otherwise.

Consequently, if {b;} is an absolutely summable sequence, then

Jm(l') = Z <Z bg_kck7m> Nm(% +x— ﬁ) (222)
(eZ “keZ
is well defined for all € IR, and satisfies J,,,(j) = b;, j € Z. If m > 2 then J,, is an
admissible function.
PrROOF OF PROPOSITION 2.2. Without loss of generality, we may assume that ¢ > 1.
We consider the function J,;3 as defined in (2.22). Repeatedly using (2.19) in the formula
(2.22), we get

Jpes T (z) = 30 (Z Aq+1bg_q—1—kckz,q+3) Ny(

leZ “keZ

qg+3

+ax—1),

11



and hence, that

V(JquS(q)a ZR) = HJquS(qul)HLR < Z Z ‘AqulbfqulkaCk,quS‘ <c Z ’A(Hlbf"
eZ keZ leZ

Now, the Poisson summation formula implies that

> bt =21 > F N us(x + 2jm), x € [—m, 7.
JEZ JEZ

Since J,+3 € BVY(IR), we deduce using integration by parts as in the proof of Theorem 2.2
that for x € [—m, 7],

Z bjeijx

JEZ

< o o2l Vs, )
JEZ
V (459, IR)

< < | ATy,
|x|41+1 |x|q+1 KG%

O

Finally, we prove a lemma concerning the behavior of a trigonometric polynomial near
its absolute maximum on [—m, 7|. Although the result is well known, we were unable to
find a reference.

Lemma 2.1 Let m > 0 be an integer, T € IH,,, and ||T| = |T(x0)| for some zy €
[—m,m]. Then
T
|T(x)| > |T(xz0)|cos(m(x — xg)), |z — 20| < Dy (2.23)
PROOF. Without loss of generality, we may assume that zo = 0 and ||T||.c = 7(0).
Suppose

T(to) < T(O) COS(mto) (224)
for some ty € [0, 7/m). It is easy to verify that the polynomial R(t) := T'(t)—T(0) cos(mt)
has at least one zero in each of the intervals [k7/m, (k + 1)7/m|, k =1,---,2m — 2, and

a double zero at 0. If R(w/m) = 0, then also R'(w/m) = 0. Otherwise, R(w/m) > 0, and
(2.24) implies the existence of some t; € (to, 7/m) with R(t;) = 0. In either case, R € IH,,
has 2m + 1 zeros on [0, 27). Therefore, R is identically equal to zero, a contradiction to
(2.24). Along with a similar argument for [—m/m, 0], we have proved that

T(z) > T(0) - cos(mz), |z < —.

3

Since cos(ma) > 0 for |z| < 7/(2m), this leads to (2.23). O

We are now in a position to prove Theorem 2.3.
PrOOF OF THEOREM 2.3. Without loss of generality, we may assume that a,, = 0, and
that ¢n( ) > 0 for all j € ZZ. First, let r be an odd integer. By our assumption, the

12



Fourier coefficients of vy (1, * I',) are either all non-negative, or all non-positive. Hence,
lon (Yn * T |loo = |un (¥, % T, 0)|. Lemma 2.1 implies that

lon (U % Ty )| > |on (3, * Ty, 0)] cos(2Nz), |z <

< v (2.25)

Hence, using Proposition 2.1 (a) (with p = 00), we obtain

W)n * Fr(x)| > |UN(¢n * F,«,x)| - ||7vZ)n * Iy — UN(¢n * PT)HOO
> |on (¢ %I, 0)| cos(2Nz) — 4EN oo (Y % I'y)
>

[t % T,.(0)] cos(2Nx) — 8EN oo (Y, % T')).

This proves (2.16).
To prove part (b), we observe that since v, is an even function,

in(ﬁ:&n(_]): JEZ.

Since 7 is an even integer, this implies that v, (¢, * [',,0) = 0 for all integer m > 1,
and hence, that ¢, * I',(0) = 0. We use (2.25) with » — 1 in place of r, observe that

N (Y *x T_1) does not change sign on [—7/(4N), 7/(4N)], and integrate to obtain
z |sin(2Nz)| T

| > I, —_— < —.

‘/o Un (P * Dpsq, t)dt] > |on (¢, % T'rq,0)] ON ; 2| < IN

Proposition 2.1 (a) now leads to (2.17).
The part (¢) is only a restatement of Proposition 2.2. a

3 Build-up methods

In this section, we study the analogues of the results in Section 2 in the case when the
information available about the target function consists of the values of the function at
finitely many points. The number of points will increase with the scale parameter n, but
the points may be “scattered” in general.

If Y C [—7, 7] is a finite set, we define the mesh norm of Y by

mesh(Y) := sup min |z —y|.
ze[—m,x] VEY

Thus, for every x € [—m, 7|, there is some point in Y within a distance mesh(Y’). The
following proposition [16, Corollary 4.1] states an important fact which forms the basis of
this section.

Proposition 3.1 Let K > 1 be an integer.

—T =Yy <y<- - <Yg =T
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be points on [—m, 7], Y = {y;}},, and N < {4mesh(Y')}~! be an integer. Then there
exist real numbers wy, - -, Wi _1 such that

|wil < 2(yj41 — ¥5), J=0,--, K—1, (3.1)

and for every T € IH ,
1 T K-1
oo [ Twdt =3 wiT(y)). (3.2)
o =
Ifyj = 2jm/K — 7, j = 0,---, K, we may choose N = K — 1, and w; = 1/K, j =
0, K —1.

Let Y, N, {w;}, and K be as in Proposition 3.1. Analogous to the continuous convo-
lution f * g, we define the Y-convolution of f : Y — € and g : IR — C by

K-1

fry gla) = w;f(y;)glx —y;)- (3.3)

=0

In this section, we are interested in the effect of approximating f * 1), by the discrete
sum f *y 1, that depends only on the samples {f(y;)}. In the applications of classical
wavelet theory, one uses such approximation to compute the projection of f in a “high
level” scaling space. The decomposition algorithm then helps one to compute the wavelet
coefficients. In contrast, the results of this section will show that f xy 1, itself will have
the properties similar to the wavelet transform required for the detection of singularities.
In applications, N and K will grow proportional to n. Thus, we may start with a small
number of samples to compute f %y 11, and take more and more samples as needed to
calculate the higher transforms fxy ), (cf. Theorem 4.3 (b)). In particular, this eliminates
the need to start with a large number of samples, or to investigate separately the error in
evaluating a wavelet transform by numerical integration. (This error bound is “included”
in the statements of the theorems in this section!) Strictly speaking, the parameter n is
again superfluous for the discussion in this section, but we retain it for the same reasons

as in Section 2.
We define the discrete L” norm of f : Y — C by

K-l 1/p
(S wllfr} " i<y <o
j=0

gnax | (i), if p = oo,

£ llpy =

and for x > 0, write
Fepr () = i 1f = Tl

We note that Y being a finite set, there is no conflict of notation with the notation || - ||, 4
for Lebesgue measurable sets A having a positive measure. If g : IR — € is a 2w-periodic,
absolutely continuous function, we define

27|\ g’ ) VP
gl = gl gy + 2=

14



We note that if g € I[H,y for some a > 0, then the Bernstein inequality for trigonometric
polynomials implies that

(4m) =7 llglh < [llglllpy < (47 + 2m0) = 7||g])1. (3.4)
The analogue of Theorem 2.1 is the following.

Theorem 3.1 Let Y, N, {w;}, and K be as in Proposition 3.1, n > 1 be an integer, 1,
be an absolutely continuous, 2w-periodic function, 1 <p<oo, f:Y - C,0<a; < 1 <
Qg < ﬁg, (05} +B2 S 1. Then

174 Gnlly < Beuraar (E)l16nllly
421 * nlllny + 110 = X s * Yrllpo )£l (3:5)

REMARK. The utility of this theorem is most apparent in the case when v, € IH,,n. In
this case, 1, = X¥ 0.8, * ¥n, and (3.4) yields

17 %5 Ynlly < e Bty (Nl + X Yl

which has the same form as (2.4), except for the discrete norms and a constant factor.
In order to prove Theorem 3.1, we first prove two lemmas. In the following lemma,

we give an error bound for an approximation of F(t)dt by 2w Zf o w;F(y;) for any

absolutely continuous function F' on [—7, .

Lemma 3.1 Let F be a 2n-periodic, absolutely continuous function, Y, N, K, and {w;}
be as in Proposition 3.1. Then

K- K-1 H /H1
Z F(3)| €2 3 (0 = ) ()| < 4x{IIF I+ S5t = 1l (36)
Further,
1 ENJ(F’)

PRrROOF. The first inequality in (3.6) follows from (3.1). It is easy to verify that

! 1
2 Yl = in(|z — y;l, [z — yj41]) < mesh(Y) < —.
2 0B o — il = gma x| min(le = g5l 2~ gial) Smesh(V) < 7

Let 0 < j < K — 1 be an integer. Then

Yj+1
[ ol = wlFl| < [ RO - P
< [ /y” | (u)|dudt
Y5 Y5
< L/ |F'(u)|d
N Uu.

15



Hence,

K 1 K—

,_.

Yi+1
‘ [P - <yj+1—yj>rF<yj>r‘ < X [T IR (e — ) [F(3)]
3=0 j=0 "%
1 B2y 2m
< — F'(u = —||F'|.
< QN;)/J | I

This leads to the second inequality in (3.6).
In view of (3.6) and (3.2), we obtain for any 7' € IH y,

e L F O = S| = o [0 = T = X ) - T(ym‘
< C{HF—TI|1+W}. (3.8)

If we choose T' to be the polynomial of best L!-approximation to F from IH y, then by
Favard’s theorem,

Enx1(F
HF—ﬂhggﬁ%Ju (3.9)
Also, a result of Czipszer and Freud [4] implies that for this T,
|F' = T'||1 < cEna(F").
Thus, (3.8) leads to (3.7). O

In the following proposition, we summarize some of the important properties of the
Y -convolution, which we will use often in the sequel.

Proposition 3.2 Let Y, N, {w;}, and K be as in Proposition 3.1.
(a) [fOé,ﬂ > 0, 04+B < 1, T1 € ZHQN, TQ € ZHgN, then

Tl Xy TQ :Tl *TQ.

(b) Let f : Y — €, g : IR — ©C be 2m-periodic and absolutely continuous, and 1 < p < oo.
Then

LF v glly < 1F 11y [ gl]p.n- (3.10)

PROOF. Part (a) is clear from (3.2). From the definition (3.3), it follows that

1y glle < [1f 1y gl

From (3.6), we obtain

%ﬂQM}
N[

17 47 glloe < 1 fllooar{4mlglls +

The estimates (3.10) follow by applying the Riesz-Thorin interpolation theorem with the
operator f — f *y g. O
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We can now give a proof of Theorem 3.1.
PrROOF OF THEOREM 3.1. Let () € IH,,n be a polynomial of best approximation
satisfying
If = Qllpy = Eaynpy (f).
Then by (3.10),

I = Q) #y nlly < 1F = Qllpy [[[¥nlllp.n = Eaynpy (D[P0l (3.11)

In contrast to the proof of Theorem 2.1, Q *y 1, may not be equal to @ *y (X 4, 5, * ¥n)-
Nevertheless, since o 4+ 32 < 1, Proposition 3.2 (a) shows that

Q *y (X})V,ag,ﬁg * wn> = Q * (X?V,a27ﬂ2 * 1%) = Q * (X?V,al,ﬁl * wn) = Q *y (X?V,al,ﬁl * 1%)

Hence, using (3.10) again, we conclude that

1@ *y Yullp < 1@ *y (XN as,8 * ¥u)llp + 1@ ¥y (¥n = X az,8 * ¥n)llp
= ||Q *y (X?V,Oq,,@l * 77Z)R)HP + ||Q *y (77Z)TL - X?V,Olg,,@g * ¢n)||p

19l (1 * Bl + 11 = X * Ul

S 2“f||p,Y(|||X?\7,a1ﬁ1 * ¢H|HP,N + |||¢7’l - X?V,ag,,@g * ¢n|||va)

IN

Along with (3.11), this completes the proof. O
The analogue of Theorem 2.3 is the following.

Theorem 3.2 Let Y, N, {w;}, and K be as in Proposition 3.1. Further, let n > 1 be
an integer, 1, be an absolutely continuous, 2m-periodic function having a linear phase a,,
and y € [—m, 7.

(a) If r > 1 is an odd integer, then for |x —y — a,| < w/(4N),

[[¥nlllooy EN/4,1(¢;)}
NT N '

Do = ) 5y u(a)] > [ * ()] cos@N (@ — y — a,)) = of

(b) Let r > 0 be an even integer. We assume that v, is an even function. Then for
|z —y — an| < 7/(4N),

sin(2N(z — y — a,)) ‘ _C{ [[#nllloo,n

Enjai(¥7)
2N + }

|F7‘(_y) *Y¢n(x)| Z |¢n*r7‘—1(an)| NT N

(c) Let ¢ >0, r > 1 be integers, and » thn(§)] < 0. Then for & —y # an,
jez

C

T, (- — y) *y ¥n ()] {Z AT, | nl]loo,v

|lr —y — a,|1H! iz Natr+1

3 ‘Aq“q@n(j)‘} + CL/‘“%), (3.12)

1
+
N7+l = N

where b;,, are as in Theorem 2.3 (c).
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In order to prove Theorem 3.2, we first prove a lemma.

Lemma 3.2 Let 1 <p <oo, f € L, m > 1 be an integer, 0 < o < 3, and X, , g be as
in (2.8). Then
1f = Xomap * fllp < cBamp(f) (3.13)

If £ > 1 is an integer, and f is an (-times iterated integral of a function f € LP, then

£ = O * 1) llp < CEamp(f©). (3.14)
In particular, if f is absolutely continuous, then

0 Eoma (f
15 = X * Al < 222 .15

Further, if ¢ > 0 is an integer, and {f(j)} is absolutely summable, then for x # 0,
x € [—m, 7|, we have

o c = ¢ CFqs
|f(2) = X * [(@)] < W;m U;:lmm f)I- (3.16)

PROOF. It is easy to verify that for any integer m > 1/, the sequence of the Fourier
coefficients of x;, , 5 satisfies the conditions of Proposition 2.1(b) with p = 1. Hence,

IXma,ll < e

Since T * Xy, 05 = T for any T' € IH,y, this leads to (3.13) in a standard way. The
estimate (3.14) follows from (3.13) and the fact that (x;, .5 * HY = Xonap* [, In view

of (3.9),
!
Eama(f) < CEo‘mvil(f)'
m

Consequently, (3.14) implies (3.15).

In this proof only, let b; := f(j), and g; == 1 — Xm.a3(j). Since {b;} is assumed to be
summable, Y ;¢ 7 |b;g;| < oo. Using the Leibniz formula for forward differences, we obtain
for any integer L > 1,

L (L
Al(g;b;) = Z <€>AL_énggbj+L—é‘

=0

The mean value theorem implies that |AYT1~¢g,| < em*=9~1. Therefore,

q+1
> AT (giby)| < em™ Y om0 AT
JEZ =0 |7|=em
The estimate (3.16) now follows from Proposition 2.2. O
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PROOF OF THEOREM 3.2. We observe that the set of points {y; —y} has the same mesh
norm as Y, and for any T € IH,,,

! /ﬂ T(t)dt = QL /ﬂ T(t—y)dt = Z w;T(y; — v).

21 J—x ™ J—7

Hence, substituting the set {y; — y} in place of Y, we may assume that y = 0. Further,
by substituting ¢, (- + a,) in place of 1, we may assume that a, = 0. We will estimate
Tty by (2) =T'xthy (2)]. In this proof only, let Th 1= X3y /4 1%L, and T 1= X371 /4.1 0% ¥
Both T7 and T3 are in IH y/5. Hence, T} %y 15 = T; * I3, and we have

Dty () = Dok pn ()] < (T = Th) #y @u ()] + [T1 %y (Y0 — T2)(2))]
H(Tr = T1) * n (@) + [Ty # (o = T2) ()] (3.17)

Using (3.10), (3.13), and an obvious estimate on the degree of approximation of I', (for
example, using its Fourier series if » > 1), we obtain

¢
(T = T1) *y oo < el|Ty = Tafloo| |90l [|oo,n < NTHW)nH'ooN (3.18)
Similarly,
c
[T = T1) % ¥nlloe < eI = Thllool[¥0nllr < W|H¢n|||oo,N (3.19)
Using (3.15) with p = oo, we get
E /
i~ Tl < Z20800)
The estimate (3.10) now implies that
E /
I3y (W = Tl < el — Dol < 22200 (3.99)
Similarly,
E !/
I3 % (W = Tl < el Tl — Tals < el — Tl < 2808 g
These estimates and (3.18), (3.19), and (3.17) imply that
e

Finally, we note that for any integer ¢ > 0,

ENooTextn) < |0e* 0 — Xnajo1 * Do x Unlloo < 1T = Xa1/21 * Dellool|¥nll1

[|%nl]loo,v
< ol (3.22)

Since

B oo(¥n) < llton = ¥n(0)]loe < clltnll < eNl[tnl]|oo.n,
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the estimate (3.22) holds also if £ = —1. The first two parts of the theorem now follow
from the corresponding parts of Theorem 2.3.

The proof of part (c) is similar, but we need to use the pointwise estimate (3.16) of
Lemma 3.2. Since r > 1, the sequence {I',(j)} is absolutely summable. It is easy to verify
that

mt Y AT, () <em™, £=0,1,---

l7|>c1m

Thus, for |z —y,| < |z|/2, |y;| > |z|/2, and we obtain that
T2 () — Ta(y;)| < N7 ] 707

Hence, using (3.6), we deduce that

¥ wyT) - Tlnle )| < = 62

|z—y;|<|[/2

Next, suppose that y; is such that |z—y;| > |z|/2. Since the sequence {1, (1)} is absolutely
summable, Proposition 2.2 implies that

[n (= yy)] < cla| 971D | AT, (1)

VEZ

Further, in view of (3.6), (3.15) (with p = 00), we have
K-1
> [wi(Te(y;) = Ta(y)| < NI = Thlllsey < eNTTH
=0

Therefore,

Yo willelyy) = Tu(y;)vn(z — y))

|z—yjl=|x]/2

< N7 Y AT ()

JE€EZ

Together with (3.23), this gives

n|||oo 1 T
0 =Ty o)) < e { i + 7 A6}
je

A similar estimate holds also for |(I';, — T7) * ¢, (z)]. In view of Theorem 2.3, these
estimates and (3.20), (3.21), (3.17) lead to (3.12).
|

In the important case when Y = {y; x 1= 2mj/K —7}1, we can obtain an asymptotic

expression for I',. xx ¢, := I, %y 9, analogous to Theorem 2.2. For integer r > 1, we
define the function

£ 1e(x) = i;ﬂ 3 (-1)”

s (.T + V)r+1 )

re€ R\ Z.
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It can be shown (cf. [2], pp. 195-196) using contour integration that

r—1
&k (z) = c(r, K)d—i1 cot(mx) = Trelmz) relR\ Z,

dz" sin”t (rx)’

where T, g is an even trigonometric polynomial in /H,. The analogue of Theorem 2.2 is
the following.

Theorem 3.3 Let r, K,n,q > 1 be integers, 1, be generated by g,, and the function
hn k.r, defined by

- gn(t>gr,K(%t)v ift# Kl/n, e Z,
P () := {O, otherwise,

be admissible and in BV(IR). Further assume that

Un(UK) = gn(%ﬁ) -0, [leZ. (3.24)

Then @
K 1 TV (hnie.r) ™, IR)
(T sk ) (x) = 20F  hy g r(na)| < S(rn)iel

In particular, for x #0, x € [—m, 7|, and K = vn for some integer v > 1, we have

(3.25)

W)V (i), IR)
(nfz[)r+! ‘
If g, =: g is independent of n, and K = vn for some integer v > 1, then there exists
an interval J = J(r, g,v) such that

n'[(Ty xx ¥n) ()] <

n7‘|(1‘\r *K¢n)(x)| ZC(”:Q)? neru

and if g(t) = 0 for almost all t & [—7, 7] for some T > 0, and € > 0, we may choose the
interval J with |J| > 2(1 — €)/7, and obtain

n"|(Ty *x n)(x)] > (v, g)e, nx € J,
where ¢ is independent of €.

PROOF. It is easy to verify that

1 K-1 1\ . _
{( V)Y, ifv=IK,leZ, (3.26)

K jz:% exp(ivy; ) = 0, otherwise.

Since r > 1, the Fourier series for I', converges absolutely. Using (3.26), we obtain for
ke Z,

K-1

1y —ikt g _ Qﬁn(k) r 1 ;
o / (L ) (H)e™dE = K 2 yrit jz:% exp(i(v = k)yj.x)
Uk

- vEZ (”/

) (=™
Z’r—l—l Z W

ez
k+LK 40
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Thus, (3.24) implies that K" (T, # 1),,) is generated by h, g, The proof of this
theorem is now the same as that of Theorem 2.2, where we write h,, g, in place of h,, in
that proof. O

4 Applications

In this section, we discuss the detection of singularities using periodic spline wavelets
constructed by Plonka and Tasche in [21], the trigonometric polynomial wavelets described
in [23], and the classical Euler summability method (cf. [18]). We show that the spline
wavelets are able to detect the singularities up to a certain order. The trigonometric
polynomial wavelets (which are discussed here) can detect, in principle, the singularities
of all orders, but have limited localization properties. The Euler summability method can
also be used to detect singularities of all orders, but our analysis requires the “smooth
part” F in (2.1) to possess a Holder continuous derivative of the order indicated by the
order of the singularity. We will describe the construction of a class of trigonometric
polynomial frames which are free of any of these limitations. We will also describe a
construction for the detection of singularities using the translates of a general “kernel
function”, similar to the ones described by Butzer and Nessel in [1].

4.1 The Euler summability kernel

In this section, we are interested in studying the function

VE(z) = 2"{1 + > (,Z,)e’kx} = 2cos % cos” g (4.1)

|k|<n

In order to use Theorems 2.1 and 2.3, we first prove the following lemma.

Lemma 4.1 Letn > 1, r > —1 be integers. We have

cn /2 < ’Wf“l < cln_l/Q. (4‘2)
Further,
k=1
Proor. We observe that
[l < %/0”/2 cos™ ydy = % < en V2,

w/4
To obtain the lower estimate, we need only estimate / cos” y| cosny|dy from below.
0

Towards this end, we observe that | cos ny|+|sinny| > cos? ny+sin’ny = 1 for all y € IR,
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and hence,

w/4 w/4 w/4
/ cos” y| cos ny|dy +/ cos” y| sinny|dy > / cos” ydy
0 0 0

/2 AN (ntl
/ cos" ydy — cre” " = M —cre” M > en” V2, (4.4)
0

VAT ()

v

Now,
w/4 ) 7 /4+7/(2n) ™
/ cos" y|sinny|dy = / cos" (y — 5 )| cos ny|dy
0 s

/(2n) 2n

w/4
< / cos" (y — 1)|cosny|dy+£.
0 2n n
Further, using the mean value theorem, we obtain for y € [0, 7/4] that

| log cosy — log cos(y — l)\ <

c
2n n’

and hence, that
cos™(y — 1) < ccos"y
2n” ‘
Thus,
/4 ) /4 1
/ cos” y| sinny|dy < c{/ cos” y| cosny|dy + —},
0 0 n
and (4.4) leads to
w/4
/ cos”™ y| cos ny|dy > en"2.
0

In turn, this implies the lower bound in (4.2).
The estimate (4.3) is proved in [18]. O

Theorems 2.1 and 2.3 now lead to the following.

Theorem 4.1 Letn > 1, r > 0 be integers, 1 < p < oo, f € LP. Then

[ * fllp < csn™ 2By (f) + cae™ || Iy, (4.5)
) c r+1 T
[ * Ir(2)] 2 —= | cos(2nz + Ml el = (4.6)
and )
P« T (x gccosnfgcexp . 4.7
" 2 8

PROOF. In Theorem 2.1, we take a = 1/3, f = 5/12, N = n. Since (cf. [10], p. 201)

n
2™ Z <|k|> Scleicna

5
k| < 32
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we deduce that

||Xroz,1/3,5/12 * ¢f“1 < e

The estimates (4.2) and (2.4) now lead to (4.5). We observe that ¢Z is an even function,
with linear phase equal to 0. Also, ¥Z*T", € IH,, for every ¢ > —1. Hence, E,, o (¢YE*Ty) =
0 for £ > —1. In view of (4.3), Theorem 2.3 (with N = n) leads to (4.6). The first estimate
in (4.7) is clear from the definition; the second follows from the fact that log cosy + y*/2
is a concave function on (—7/2,7/2). O

In the simple example where f = I'. + F', where r is an odd integer, and F' is an r
times continuously differentiable, 27-periodic function, the estimates (4.5) and (4.7) show
that

[ # f(@)] < er{n™ B oo(F) + €| Fllog + 7™}, @ #£0,

and .
WE s f@) Zen el < S

Thus, the Euler method is expected to detect the singularity at 0 only if E,/3.(F) =
o(n~""'/2): in particular, if F) is Holder continuous with exponent greater than 1/2.

4.2 Periodic spline wavelets

In this section, we discuss the periodic spline wavelets introduced by Plonka and Tasche
n [21]. Although not all of our theorems are applicable in this case, the methods yield
quantitative estimates on the capacity of these wavelets to detect singularities.

Plonka and Tasche [21] define the periodic spline wavelets as follows. (In our ex-
position, we have adopted a slightly different notation, to make the various functions
2m-periodic, and have different normalizations.) Let M, m be fixed positive integers,
n=M; =2"M, and

#Sx) = J\Jm(%(awr ork)), w€IR, j=0,1,---. (4.8)

keZ
The scaling space is defined by

27k
n

Vn::span{¢§(-— ) ck=0,---,n—1}.

Plonka and Tasche proved in [21] that the spaces {V,, : n=2/M, j =0,1,2,---} provide
a “periodic multiresolution analysis”, and that the wavelet space W,,, defined to be the
orthogonal complement of V,, with respect to V5,, is spanned by the translates of the
function ¢ defined as follows.

Let 9k ok
— 2T T
N, ,

where, with the Euler-Frobenius function ®,,, defined as in (2.20),

V3 (k) = Q(exp(

1—=2
2

Qz) = (—z)ml( )mq>2m(_z).
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The mother spline wavelet is defined by

S(@) = 3 G (ke

keZ

It is proved in [21] that

2k
Wn:span{w5<-—%> ck=0,---,n—1}

For a function f € L?, we may think of (f %) (27k/n) as a wavelet coefficient in the
expansion with respect to the dual wavelet basis for ¢°. The following theorem gives the
analogue of Theorem 2.2.

Theorem 4.2 Letm > 2, M > 1, and 0 < r < m — 2 be integers. If F' is an r times
continuously differentiable, 2m-periodic function, then

Eev) TN o), k=0 n-1 =M, oo, (49)

where the constant involved may depend upon F', r, and m, but is independent of n and
k. Forn > c(m,r) and x € [—m, x|, we have

n" (v * T,)(7) = 20 F th(nz), (4.10)
where
h(t) = (_1)";+fm_r_ exp(—(2m — 1)m)(%72/2))m@2m(—em), £ 0,

and h(0) := 0. In particular, ¥, x I'.(x) =0 if |z| > ¢/n.
PROOF. Plonka and Tasche have proved in [21] that
k
77Z)S =n Z qk‘¢2n( W)?
keZ
where
. 21mz< )NkaJrl—ﬁ), if0<k<3m-—2,

0, otherwise.

Using this expression and the definition (4.8), it is not difficult to verify that

[nlh < e.

Hence, (2.4) leads to
1 93]l < el flloos feL™.
If P €V,, then (P x*12)(2rk/n) = 0. Hence, the above estimate shows that

2k
(

|(F ) (==)| < emin | F = Pllo.
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The estimate (4.9) now follows from the known approximation properties of the spaces
Vy, (cf. [21]).

Next, we observe that

. k
B =9(),  kez

where )
) 9} ‘
S (ﬂ-t/ )> ®2m(_e—z7rt).
mt/2

The function h in the statement of the theorem is now seen to be g/(i-)"**. As in the
proof of Theorem 2.2, we have

g(t) == (=)™ 4™ exp(—(2m — 1)i7rt)<

n" (S *T,)(z) = /Oo h(t)e™ " dt + 2n Z, F'h(n(z + 2kn)).
- kez

Since ®y,,,(—e~) is a trigonometric polynomial in ¢, we deduce from (2.18) that F~'h is
a finite linear combination of certain B-splines. In particular, it is a compactly supported
function. Therefore, for sufficiently large n, F~'h(n(z + 2k7)) = 0 for all k¥ # 0 and

x € [—m,w]. This leads to (4.10). O

We observe that in the context of wavelet theory, we are interested only in the values
of 1% x f at the points 27k /n. Therefore, one cannot rule out the possibility that all these
values may be small, in spite of (4.10). Our analysis requires the restriction r < m — 2.
The slightly weaker restriction, that » < m — 1, is expected in analogy with the spline
wavelets on the whole line.

4.3 Trigonometric polynomial frames

Let ¢ > 0 be an integer, g € BVI(IR), g(x) > 0 if z € (1,2), and g(z) = 0 if x & [1,2].
We define the trigonometric polynomials

by ()= Y 9(2“{;2'7:r 1)6““”. (4.11)

n<|k|<2n

These polynomials can be used as frames as follows. Let V,, := IH,,_1, W,, :== V5, &V, be
the orthogonal complement of V,, in V5,. We write

by () = Y <g<2|k2|;1>>1eik”.

n<|k|<2n

Then for any T € W,,, and integer N > 4n, we have the representation (cf. [25], Chapter
X, formula (2.5))

T(x) = T % F « " (z) = 1N21 (27% )wF*( —%ﬁﬂr). (4.12)

We also have the following frame bounds which follow easily from (4.12):

[ I T < 1T vy llp < Ny (LTl T € W
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Further, in view of the well known Marcinkiewicz-Zygmund type inequalities for trigono-
metric polynomials, (cf. [25], Chapter X, Theorems 7.5, 7.28), we have

cll\T*wﬂ\pg{ NZ: T*wF (2—M—W>p

VW <aprenr,  @as)
N — n |p

for 1 < p < o0, and also for p = 1,00 (with obvious modifications for the case p = o00)
if N > 4(1+ 0)n for some § > 0. (Since T 1), € IH,, 1, the second estimate in (4.13)
follows for all p from the remark on p. 30, Vol. 2 of [25]. The lower estimate is given only
for N = 4n — 1, but in view of the formulas (2.5), (7.9) in Chapter X of [25], it is obvious
that this lower estimate holds also with any N > 2n in the case 1 < p < co. The cases
p = 1,00 are given explicitly in [25], Chapter X, Theorem 7.28.) We observe that for any
fell
[ ¢5 = (s2n(f) — sn(f)) * 77/)5

For j =1,2,--- let J =27, M; > 4J be an integer,

27l

OJijvf(f) (f * ¢J ) (ﬁ - 7T>

J

and ors
7r
Wi, o) i= 04 (0 = T 7).
J,M],K(x) J x M] g
For every f € L?, we thus have the frame expansion

M1
+Z > Cr e \Il;,Mj,b

JZO

where the convergence is understood in the sense of L?.

In this section, we are interested in studying the behavior of f . If the data for the
function is available only in the form of its values at a discrete set Y, we may approximate
f*0E by fxy 9 as in Section 3. The frame expansion will no longer be valid, but our
theorems in Section 3 will enable us to examine the singularity detection also with this
discrete Y -convolution.

Theorem 4.3 Let ¢ > 1 be an integer, g € BVI(IR), g(x) > 0 if x € (1,2), g(xz) = 0 if
r & (1,2), and Y be defined as in (4.11). Let r > 0 be an integer, and 1 < p < co. In
the following statements, all constants will depend upon g.
(a) For f € LP,

£ 50l < B (114)

We have

1
T, * ¢ (x)| > en™"| cos(4nx + I

)|, lz| < 8_ (4.15)

and the estimate (2.12) holds.
(b) Let Y, N, {w;}, and K be as in Proposition 3.1, and 8n < N < Ln for some L > 8.
Then for f € LP,

|f *y wof“p < cBno1,(f)- (4.16)
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There exists a constant C' > 0 such that if L > C, Cn < N < Ln, then fory € [—m, 7],
we have

Lo =)y ¥ (@) > en"[eos@N(w =), e =yl < = rodd,  (417)
and
I, (- — ) %y 5 (2)] > en | sin(2N (z — 1)), v <l|lz—y| < %, r even. (4.18)
Moreover, for x # vy, and r > 1,
T (- =)y Uy (@) < en™ " o =y 707 (4.19)

In the case when Y is as in Theorem 8.3, and r > 1, the asymptotic expression (3.25)
holds with K = 8n.

PROOF. Since g has a derivative having a bounded variation, and ¢ is compactly sup-
ported, the mean value theorem implies that

20k| + 1 ,
> a2 < evio ).

keZ

Hence, Proposition 2.1(b) implies that ||¢f|; < c. In Theorem 2.1, we take N = n,
a=1-1/n, and § = 1, and observe that x; , /,, * ¢y = 0 to arrive at (4.14). Since
g(t) =0 for t € [0,1] U [2, 00), the function h, as defined in Theorem 2.2 has a derivative
of bounded variation, and hence, F~'h, is an integrable, entire function of exponential
type at most 2. The Bernstein inequality for such functions implies, in particular, that
F~'h, € BV(IR). Thus, the hypotheses of Theorem 2.2 are satisfied. Hence, in particular,
(2.12) holds. Further, in view of (2.11),

g(t)
(=)

Using the Poisson summation formula, it is not difficult to see that (4.20) is valid also
for r = —1. Now, In Theorem 2.3, we take N = 2n. Since wrf x [y € IHq,_;1 for all £,
FEopso(WE*Ty) = 0 for £ = r,r —1. In view of (4.20), the parts (a) and (b) of Theorem 2.3
now lead to (4.15). This completes the proof of part (a).

Since ¥! € IH,, 1, and |[¢F]1 < ¢, (3.4) implies that ||[¢f]|[,x < ¢. Now, in
Theorem 3.1, we take N = 8n, a1 = (1/8)(1 — 1/n), ae = 1/4, 1 = 1/8, and [y = 1/2.
Since ¢F (k) = 0if |k| < n—1, we have X8n.ar.5 ¥ =0, and similarly, Xg, ., 5, %V = ¥ -
Hence, (3.5) leads to (4.16). Again, we observe that Ey,41((¢f)") = 0. In view of (4.20),
the parts (a) and (b) of Theorem 3.2 now lead to (4.17) and (4.18) by taking N > Cn
for a sufficiently large value of C. Since ¢'? has bounded variation, an application of the
mean value theorem shows that with the notation as in Theorem 2.3(c),

(T % F)(0) ~ /12 dt ~ c. (4.20)

oo
Z |Aq+1bj,n,r| S Cnfrqul

J=1
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and

Z ‘Aq“ ‘ <cn 1.

J€EZ
The estimate (3.12) now leads to (4.19). Finally, since g(¢) = 0 in the neighborhood of
every point of the form 85, j € Z, the hypotheses of Theorem 3.3 are satisfied. O

REMARK. In [23], a class of trigonometric polynomial wavelets is defined as follows. Let
d € (0,1/3), and

0, if |t| <1—d,
%, - d <t <144,

g(t) == e 2 x {1, if 14d<|t| <2—2d,
%, if 2 —2d < |t| <2+ 2d,
0, if |t] > 2+ 2d.

The wavelets are now defined by

0= Lo(g)er

In particular, for any f € L? and n = N; = 2/M, the numbers f * ¢l (kw/n), k =
—n+1,---,n, are the wavelet coefficients with respect to an expansion described in detail
in [23]. Since g € BV!(IR) and is supported on [—2d —2, —1+d]U[1 —d, 2+ 2d], one can
obtain a theorem similar to Theorem 4.3 describing the behavior of f * ¢! and f *y ¥I,
using exactly the same arguments. We omit the details, but observe again that in the
context of wavelet theory, one is only interested in the wavelet coefficients f * I (km/n),
k=-n+1,---,n. Using (2.4), we conclude as before that for an r times continuously
differentiable, 27-periodic function F,

k
n’”\(F*wg)(%)] =o(l), k=-n+1l,...,n, n— oo

Furthermore, the conditions of Theorem 2.2 are satisfied. In particular, we obtain from

(2.12) that
&

n"| (T *¢)( )| oL k=-n+1,...,n, k#0.

4.4 A general construction

Let ¢ > 1 be an integer, G : IR — C be an integrable function in BVI(IR \ [—c, ¢]) for
some ¢ > 0, and FG € BV (IR) N LI(ZR). Then G is admissible and the function

ZG ¢ tim 3 G(E e (4.21)

kez kl<m T

has a bounded variation on [—m, 7] (cf. [1], Proposition 3.1.11, Proposition 5.1.29). In
this section, we construct linear combinations of ¢,, which can be used for the detection
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of singularities. In particular, our discussion will be applicable to the case when ¢, is the
Poisson kernel
1— p2/n
1+ p*m —2pt/cosz’
for some p € (0,1). Many more examples of such kernels can be found in [1].
In this section only, let

X(x) =1 = Xpjanp(2), x € [—m, 7,
and extended to IR as a 2m-periodic function. Let
T.(z) = Z bre™® + b, cos nx
|k|<n
be chosen so as to satisfy
7T—k) = ><(7T—]C

n n

T ( ),  k=0,---,2n—1.

It is well known that

The theorem of Czipszer and Freud [4] now implies that
17 = xOlloo < clognno(x),  £=0,1,--.

Since x is infinitely many times differentiable, this implies that ||7,“ . < c(¢) for £ =
0,1, --. We write

R (z) == |T,(2)]*.
Then R, € IHs,, Ry >0, |Rp9||oe < ¢(f) for £=0,1,---, and

wk 0, if |k| <n/4,
ry = {0 K<

n 1, ifn/2 <|k| <n.

Finally, we let
k k
Ui (@) = Y Ru(—)G(=

- n)ei’“. (4.22)
keZ

It is easy to see that ¢ is a finite linear combination of translates of ¢,.

Theorem 4.4 Let g > 1, G : IR — C be an integrable function in BVI(IR\ [—c,c]|) for
some ¢ > 0, and FG € BV(IR) N L*(IR). Let ¢, be defined by (4.21), and ¥S be defined
by (4.22). If 1 <p < oo and f € LP, we have

1f 5 llp < By p(f)- (4.23)
With
galt) i= Ra(tm)G(2),
the hypotheses of Theorem 2.2 are satisfied.

PROOF. We observe that ¢¢ is generated by g,. Since g,(t) = 0 for |[t| < 1/4, we see that
X1/sa/4 * ¥ = 0. The estimate (4.23) now follows from (2.4) with a = 1/5, 3 = 1/4,
and N = n. The fact, that the hypotheses of Theorem 2.2 are satisfied, is easy to verify.
O
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5 Numerical Experiments

The theoretical results similar to those discussed in Section 4 have been illustrated numer-
ically in various contexts in [22], [8], [17], [18], [21], among others. For the convenience of
the reader, we present a few simple results related to the trigonometric frames introduced
in Section 4.3 and the Fuler means discussed in Section 4.1. We restrict our attention to
the spectral methods. Experiments suggest that the same results are obtained by discrete
convolution methods based on equidistant data, provided that the number of sampling
points is 4n, where n is the scale parameter in ,.
We illustrate our theory in Section 4.3 by analyzing the function

f(z) =10Ty(x — 1) + T's(z + 2), (5.1)

having a singularity of an even order (2) at 1 and an odd order (3) at —2 (cf. Figure 1(a)).
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Figure 1: (a) f(x) = 10Iy(z — 1) + 3(xz + 2)
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We shall compare [+ with three different choices of the function g as in Section 4.3.
The function ¢, is defined by

50(]t) — 1), if 1< || < 1.02,

1, if 1.02 < [t| < 1.98,
D=9 500 ), if1.98 <]t <2, (5:2)
0, otherwise.

This is a piecewise differentiable function, with the derivative having a high total variation.
The functions g, and g3 are defined by

92(t) = N2(2t — 2), g3(t) == N5(5t —5), (5.3)

where the B-spline N,, is defined in (2.18). The function g, is also piecewise differentiable,
but with the derivative having a substantially smaller total variation than gj. The function
g3 is three times continuously differentiable. In this section, the function ¥!** denotes the
function ¢! as in (4.11) with g in place of g.

As Figure 1(b) shows, the discontinuity in the second derivative, f”, at 1 is detected by
two prominent peaks straddling 1, already with f % wﬂgl, in spite of the fact that g, is not
even once continuously differentiable, and the high total variation of gj. The main problem
is the simultaneous detection of the singularity in the third derivative at 2. Figure 2
and Figure 3(a) show that all the frames are capable of such simultaneous detection for
sufficiently large degrees of the trigonometric frames, and also that the smoother the
function g, the smaller the required degree of the trigonometric frame. (Actually, the
singularity at —2 could be detected already with f % @/@3.) We notice also that because
the singularity is of an odd order, there is only one peak in these figures. Figure 4 shows

Figure 2: (a) |f * ¥spal,  (b) [f* isg-

the behavior of | f *wﬁ;k] for k = 2,3. Both of these have two prominent peaks, indicating
the even order singularity at 1. It may be suprizing that the smoother choice of g has led
to an apparent loss of localization. However, Figure 2(b) shows that |f * 55| remains
relatively large even near 0 due to the singularity at 1, while Figure 3(a) shows that the
trigonometric frame |f  ¢g;°| (having order equal to half of that of |f x ¢{52]) has very
little of the residual oscillations near 0, and the peak at —2 is far more prominent than
in Figure 2(b). Even these small residual oscillations near 0 are invisible in Figure 3(b).
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Figure 3: (a) |f *¢gi’],  (b) |f *isal.
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Figure 4: (a) [ ¢15],  (b) |f *ig”).

Finally, in Figure 5, we demonstrate the simultaneous detection of both the singular-
ities using the Euler means f x %, where 1%, is defined by (4.1). We notice that the
exponential decay given in (4.7) allows us the detect both the singularities simultaneously
even with a frame having a small order.
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