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Abstract

Let X be a compact, smooth, connected, Riemannian manifold without boundary, G : X x X — R
be a kernel. Analogous to a radial basis function network, an eignet is an expression of the form
Zjle a;G(o,y;), where a; € R, y; € X, 1 < j < M. We describe a deterministic, universal algorithm
for constructing an eignet for approximating functions in L?(u; X) for a general class of measures p
and kernels GG. Our algorithm yields linear operators. Using the minimal separation amongst the
centers y; as the cost of approximation, we give modulus of smoothness estimates for the degree of
approximation by our eignets, and show by means of a converse theorem that these are the best
possible for every individual function. We also give estimates on the coefficients a; in terms of the
norm of the eignet. Finally, we demonstrate that if any sequence of eignets satisfies the optimal
estimates for the degree of approximation of a smooth function, measured in terms of the minimal
separation, then the derivatives of the eignets also approximate the corresponding derivatives of the
target function in an optimal manner.

Keywords: Data dependent manifolds, kernel based approximation, RBF networks, direct and converse
theorems of approximation, simultaneous approximation, stability estimates.

1 Introduction

In recent years, diffusion geometry techinques have developed into a powerful tool for analysis of a
nominally high dimensional data, which has a low dimensional structure, for example, it lies on a low
dimensional manifold in the high dimensional ambient space. Applications of these techniques include
document analysis [7], face recognition [18], semi—supervised learning [2, 1], image processing [12], and
cataloguing of galaxies [13]. The special issue [6] of Applied and Computational Harmonic Analysis
contains several papers that serve as a good introduction to this subject.

An essential ingredient in these techniques is the notion of a heat kernel K; on the manifold X in
question, which can be defined formally by

Ki(z,y) =Y exp(—Ot)p;(x)p;(y),  t>0, 2,y €X,
>0

where {¢;} is an orthonormal basis for L?(u; X) for an appropriate measure y, and ¢;’s are nonnegative
numbers increasing to co as j — oo. A multiresolution analysis is then defined by Coifmann and Maggioni
[7] for a fixed € > 0 by defining the increasing sequence of scaling spaces

span {y, : exp(—277£2) = e} = span {¢ : £ < (27 log(1/€))}.

The range of the operators generated by Ks—; being “close” to the space at level j, one may obtain
an approximate projection of a function by applying these operators to the function. In turn, these
operators can be computed using fast multipole techniques. The diffusion wavelets and wavelet packets
can be obtained by applying Gram Schmidt procedure to the kernels Ky-;. On a more theoretical side,
Jones, Maggioni, and Schul [20] have recently proved that the heat kernel can be used to construct a
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local coordinate atlas on manifolds, preserving the order of magnitude of the distances between points
within each chart.

Since an explicit formula for the heat kernel is typically not known on all but the simplest of manifolds,
in numerical implementations, one considers in place of the heat kernel an approximation by means of
a suitable radial basis function, typically a Gaussian. The error in this approximation is investigated in
detail by several authors, for example, [23, 31, 3, 4]. In a different idea, Saito [30] has advocated the use
of other kernels which commute with the heat kernel, and hence, share the invariant subspaces with it,
but for which explict formulas are known.

Several applications, especially in the context of semi-supervised learning, signal processing, and
pattern recognition can be viewed as problems of function approximation. For example, given a few
digitized images of handwritten digits, one wishes to develop a model that will predict for any other
image whether the corresponding digit is 0. Each image may be viewed as a point in a high dimensional
space, and the target function is the characteristic function of the set of points corresponding to the digit
0. We observe in this context that even though K;f — f (uniformly if f is continuous) as ¢ — 0, where
Kt is the heat operator defined by the kernel K, the rate of convergence provided by this simple minded
approximation cannot be the optimal one for smooth functions, since the K;¢; # ¢; except when ¢; = 0.
In this paper, for L > 0, an element of II; := span {¢; : {; < L} will be called a diffusion polynomial
of degree at most L, as in [25]. In [28, 25], we have developed a different multiscale analysis based on
II5; as the scaling spaces. We have obtained a Littlewood—Paley expansion, valid for functions in all L”
spaces including p = 1,00. This expansion is in terms of a tight frame transform, which can be used to
characterize different Besov spaces related to approximation by diffusion polynomials. Our tight frames
can also be chosen to be highly localized.

The main objective of this paper is to consider the approximation properties of a generalized transla-
tion network of the form ZJM:1 a;G(o,y;), where G is a fixed kernel, G : X x X — R, M > 1 is an integer
(the number of neurons), the coefficients a;’s are real numbers and the centers y;’s are distinct points
in X. We will deal with kernels of the form G(z,y) = Z;io b(¢;)¢;(x)¢;(y). For this reason, we will call
the network an eignet. This paper is the first part of a two part investigation. In this paper, we consider
the case when {b(éj)éf } remains bounded as j — oo; in a sequel, we plan to develop analogous theory
for the case when {b(¢;)} tends to 0 exponentially fast as j — oo, in particular, including the case of the
heat kernel itself as G.

To explain our objectives in further detail, we describe first the general paradigm in approximation
theory. Typically, one considers a metric space X and a nested, increasing sequence of subsets of X:
VocWVi C-- Vi C Vipgr C ---. Elements of V,,, provide a model (approzimant) for a target function
f € &; the index m is typically related to the model complexity. The density theorem is a statement
that Use_y Vi, is dense in X. Let d(X;f,g) denote the distance between f,g € X. A deeper, and
central problem of approximation theory is to investigate the rate at which the degree of approximation,

dist (X; f, Vi) :=infpey,, dist (X; f, P), converges to 0 as m — oo, depending upon certain conditions

on f. These conditions are encoded by a statement that f € W for a subset W C X, usually called a
smoothness class. In the most classical example, the trigonometric case, X is the space of all continuous,
2m—periodic functions on R, equipped with the supremum norm on [—, 7], and V;,, denotes the class of all
trigonometric polynomials of order at most m; i.e., expressions of the form ZI jl<m @ e'°. The well known
equivalence theorem in this case states [§] that if 0 < o < 1, and r > 0 is an integer, then dist (X; f, Vi) =
O(m~"=%) if and only if f has r continuous derivatives and | f(")(z) — £ (y)| = O(|z —y|*), =,y € R. To
cover the case when a =1 is allowed, one needs to introduce higher order moduli of smoothness; a more
modern approach is to consider K functionals. We observe that this theory is applicable to individual
functions, rather than being an assertion about the existence of a function to demonstrate that the rate at
which the degree of approximation converges to zero cannot be improved. In the general case, of course,
the interesting questions are to determine what one should mean by the model complexity, and what
smoothness classes are characterized by a given rate of convergence of dist (X; f, V;;,) to 0 as m — co. In
the context of approximation by Gaussian networks, we have demonstrated in [27, 26] that a satisfactory
theory can be developed by using the minimal separation amongst the centers as the measurement of
model complexity, with the smoothness classes defined in terms of certain weighted Besov spaces.

The main goal of this paper is to demonstrate equivalence theorems of approximation theory in the
case of eignets, where the complexity of the model is measured by the minimal separation amongst the



centers and the smoothness of the target function is measured by a suitable K functional as in [25]. In
this paper, we will show that the smoothness classes characterized by the degrees of approximation by
eignets with minimal separation ¢ amongst the centers are the same as those characterized by the degrees
of approximation by Il /4, ¢ — 0.

There are several consequences of our approach, which we find interesting. First, we will give an
explicit, stable, construction of an eignet, which is universal in the sense that it is defined for every
function in LP (or every continuous function, depending upon the data available for the function). At the
same time, the approximation error for any individual function in a smoothness class is commensurate
with the degree of approximation by the class of all eignets with the same minimal separation amongst the
centers. Our operator will automatically minimize (up to a constant multiple) a regularization criterion,
but does not require the solution of an optimization problem to achieve this.

Second, for an arbitrary eignet, we will estimate the size of the coefficients in terms of the norm of the
eignet itself. This estimate will be in terms of the minimal separation amongst the centers. In particular,
if one wishes to interpolate using eignets, our result gives an estimate on the stability of the interpolation
matrix. Finally, we will consider the question of simultaneous approximation: if ¥ is an arbitrary eignet,
and one knows an upper bound for || f — ¥||,, we estimate the error ||[(A*)"f — (A*)"¥||,, where A* is a
pseudo—differential operator.

One of the referees has pointed out kindly that our work here has several potential applications: signal
processing, Paley Wiener theorems in inverse problems, computer vision, imaging, geo-remote sensing,
among others, and that further hints can be found in [11, 9, 10, 33, 34].

The paper is organized as follows. In Section 2, we will describe the general set up, including the
conditions on the manifold, the system {¢;}, the kernel G, etc., including some basic facts. The main
results are described in Section 3. The proofs of these results involve a great deal of estimations involving
many sums and integrals. These estimations being very similar, we prefer to present them concisely in a
somewhat abstract setting. This setting and the appearance which the various objects in Section 3 take
is explained in Section 4. Several preparatory lemmas and propositions of a technical nature are proved
in Section 5. In Section 6, we use these to prove the new results in Section 3. In a first reading, one may
wish to skip Section 5, and refer back to it as needed from Section 6.

We thank the referees and the editor for their many valuable suggestions for the improvement of
the first draft of this paper. We thank Jiirgen Prestin and Frank Filbir for their encouragement and
discussions during the preparation of this paper.

2 The set up

Our results in this paper involve a number of objects: the Riemannian manifold X, the geodesic distance
p on X, a measure p on X, the system {¢;}, the sequence {¢;}, the kernel G for the eignet, etc. In this
section, we introduce the notations and various assumptions on these objects.

2.1 The manifold

Throughout this paper, X is assumed to be a (C*°) smooth, compact, connected, Riemannian manifold,
p denotes the geodesic distance on X, pu is a fixed probability measure on X, not necessarily the manifold
measure on X. For z € X, r > 0, let

B(z.r):={yeX : p(z,y) <r}, Az,r) =X\ B(z,r).
We assume that there exists o > 0 such that
w(B(x, 1)) < cr, zeX, r>0. (2.1)

Here, and in the sequel, the symbols ¢, ¢y, - - - will denote generic positive constants depending only on
the fixed parameters in the discussion, such as p, p, the system {¢r}, and the norms, etc. Their value
may be different at different occurrences, even within a single formula. The notation A ~ B means that
ClA S B S CQA.



If X C X is p-measurable, and f : X — C is a y-measurable function, we will write

ZD
ZD . <
[ fllxp == {/ |f(2)|Pdp(x } . if1<p< oo,

p—ess supgex | f(x)], if p=o0.

The class of all f with || f||x, < co will be denoted by L?(X), with the usual convention of considering
two functions to be equal if they are equal p—almost everywhere. If X = X, we will omit its mention
from the notations. For 1 < p < oo, we define p’ = p/(p — 1) with the usual understanding that 1’ = oo,
oo =1.If fy € LP, f, € L¥' then

(fr.f2) = / £1(2) fola)dp(z).

If feLP, W C LP, we define
dist (p; f,W):= inf ||f—P
IS (pa ) ) Flgﬂ' H Hpa

an abbreviation for dist (L?; f, W).

Let {¢;} be an orthonormal system of functions in L?, such that each ¢; is continuous on X (and hence,
both integrable and bounded). We assume that ¢o(z) = 1 for € X. Let {¢;} be a nondecreasing sequence
of real numbers such that ¢y =0, ¢; 1 oo as j — oo. For L > 0, we write II;, :=span {¢; : {; < L}. An
element of Il := Ur>oll; will be called a diffusion polynomial. For P € Il, the degree of P is the
minimum integer L such that P € II;. The LP closure of Il will be denoted by XP.

For t > 0, x,y € X, we define the heat kernel on X formally by

y) =Y exp(—L3t)g;(x)d;(y). (2.2)
§=0

Although K satisfies the semigroup property, and

/X Ki(z,y)du(y) =1,  z€X, (2.3)

K; may not be the heat kernel in the classical sense. In particular, we do not assume that K; is
nonnegative. The only assumptions we make on K, are the following: With o > 0 as in (2.1),

| Ki(z,y)| < ext™*exp(—ep(z,y)/t),  te (0,1, 2,y €X, (2.4)
and for any of the first order directional derivatives 0 with respect to a normal coordinate system,
10, Ke(,y)| < ert="> exp(—cp(a,y)2/t),  te (0,1], z,y € X. (2.5)

We note that our assumptions imply that K;(z,y) is well defined for all z,y € X and ¢ € (0,1]. It is
proved in [14] that (2.4) implies that

> ¢i(x)<el*, L>0. (2.6)
£;<L

In the case when ¢4 ’s (respectively, £;’s) are the eigenfunctions (respectively, eigenvalues) of the square
root of the negative Laplacian on X, the assumptions (2.4) and (2.5) can be deduced from the bounds on
the spectral functions 33, _; ¢7(2), 3=, <1 (0¢;)*(x) proved by Bin Xu [32] (cf. [14]), and the finite speed
of wave propagation. Kordyukov [22] has proved similar estimates in the case when X has bounded geom-
etry, and ¢y’s are eigenfunctions of a general, second order, strictly elliptic partial differential operator.
Other examples, where p is not the Riemannian measure on X are given by Grigoryan in [17].

The bounds on the heat kernel are closely connected with the measures of the balls B(z,r). For
example, it is proved in [17] that the conditions (2.3), (2.1), and (2.4) imply that

w(B(x, 1)) > cr®, 0<r<1, zeX (2.7)



In view of (2.1), this shows that u satisfies the homogeneity condition
W(B(, B) < o(R/r)°u(Blw, ), w€X,re (1], R>0. (2.8)

In many of the examples cited above, the kernel K; also satisfies a lower bound to match the upper bound
in (2.4). In this case, Grigoryan [17] has also shown that (2.1) is satisfied.

In the case when X is the Euclidean sphere, or the rotation group SO(3), the eigenfunctions of the
Laplace-Beltrami operator are polynomials, and hence, if II;, is span of the appropriate eigenfunctions,
Py, P, € 11, imply that P, P, € Ils;,. We are not aware of any concrete examples where this is not true.
In general, when Py, is a span of eigenfunctions of certain elliptic operators, we do not expect such a
precise inclusion. Nevertheless, each of the products ¢;¢; is infinitely often differentiable in this case,
and hence, it is reasonable to expect that dist (co; @0, IL,) — 0 faster than any polynomial in 1/m as
m — oo. Since we are considering an even more general situation, where ¢;, ¢ are not assumed to be
eigenfunctions of any elliptic operator, we need to make the following assumption as our substitute for
the lack of an algebra structure on Il.

PRODUCT ASSUMPTION:
Let A > 2 be a fixed number, and for L > 0,

er, := sup dist (co; ¢k, Ilar). (2.9)
05,0, <L

We assume that Ly — 0 as L — oo for every ¢ > 0. We conjecture that if X is an analytic manifold
and ¢;’s are eigenfunctions of elliptic partial differentiable operators with analytic coefficients, then
limsup;_, o elL/L <1

To summarize, our assumptions on the manifold, the measure, and the systems {¢}, {¢x} are: (2.1),
(2.3), (2.4), (2.5), and the product assumption.

2.2 Data sets and weights

Let K C X be a compact set, C C K be a finite set, . The mesh norm 6(C, K) of C relative to K and the
minimal separation ¢(C) are defined by

§(C,K) = sup p(z,C), q(C) = min  p(z,y). (2.10)
zeK z,yeC, z#y

To keep the notation simple, we will write 6(C) := §(C, X). Of particular interest in this paper are sets C
satisfying
5(C) < 2¢(0). (2.11)

The proof of the following proposition shows one way to construct such sets from arbitary finite subsets
of X. Consistent with our policy of presenting all proofs in Section 6, this proof will be postponed to the
end of this paper.

Proposition 2.1 (a) If C C X is a finite set and € > 0, there exists C C C such that §(C,C) < € < q(C).
In particular, for the set C obtained with € = §(C), 6(C) < §(C) < 26(C) < 2¢(C).

(b) If Co C C1 C X are finite subsets with 6(C1) < (1/2)8(Co) < q(Co), then there exists Cy, with
Co C Cf C Cy, such that 6(C1) < 6(Cy) < 26(C1) < 2¢(Cy).

(c) Let {Cmn} be a sequence of finite subsets of X, with 6(Cp) ~ 1/m, and Cp € Cppy1, m = 1,2,

Then there exists a sequence of subsets {C,, C Cp,}, where, form =1,2,---, §(Cy,) ~1/m, C,, C C~m+1,

6(Cm) < 2q(Cpr)-

In the sequel, for any finite subset C (respectively, C,,,), we will only work with the subset C (respec-
tively, ém) as constructed above. Since the rest of the points in C (respectively, C,,) are ignored in our
analysis, we may rename this subset again as C (respectively, C,,,) and assume that C (respectively, Cy,)
satisfies (2.11).

The following theorem is proved in [14], where do not need the product assumption.



Theorem 2.1 Let C be a finite subset of X (satisfying (2.11)), §(C) < 1/6. We assume further that
(2.1), (2.8), (2.4), and (2.5) hold. Then there exists ¢ > 0 such that for L < ¢§(C)~t, we have

IPlly <2 u(B(x,6(C)|P(x)| < e1||Plly, P el (2.12)
xeC

Consequently, for L < c¢§(C)™1, there exist numbers w,, x € C, such that for each x € C,
lwa| < c2p(B(x,6(C))) < e36(C)* < aq(C), (2.13)

and

/XP(y)d,u(y) => w,P(x), Pell. (2.14)

zeC

A simple way to find the weights wy is to solve the least square problem of minimizing > w? with

the constraints Y .o wedr(z) = [ ¢rdp, k = 0,---, L [24]. Alternately, one may obtain w,’s so as to
minimize

5 (z wntnlz / ¢>kdu>

0,<L \zeC

Efficient numerical algorithms for computing the weights in the context of the unit sphere can be found,
for example, in [24, 21, 15]. Some of these ideas can be adopted in this context, but our main focus in
this paper is of a theoretical nature, and we will not comment further on this issue in this paper.

In view of (2.7), (2.1), the inequalities (2.12) can be formulated as

IP[[1 < e1a(€)* Y |P(x)] < c26(C)* Y [P(x)] < e5 Y p(B( MIP(@)| < ca||Pll, P ellg.
xecC xecC xzecC
(2.15)
Inequalities of this nature were proved in the trigonometric case by Marcinkiewicz and Zygmund [35,
Chapter X, Theorem 7.28]. For this reason, we will refer to (2.15) as MZ inequalities.

Definition 2.1 Let C C X be a finite set, ay, y € C be real numbers, and d > 0. We will say that {a,} is
d-regular if for some constant ¢ depending only on X and the related quantities described in Section 2.1,
but not on C, r, or d, such that

S ayl < cfp(Ba,r) +dv}, zeX, r>0. (2.16)
yeCNB(z,r)

If L > 0, we will say that {ay} is a set of quadrature weights (or equivalently, a,’s are quadrature weights)
of order L corresponding to C if

/X Pp)du(y) =3 ayPly),  PeTl.

yeC

Thus, for example, the set {w;}.ecc constructed in Theorem 2.1 is a 1/L-regular set of quadrature
weights of order L corresponding to C. We will show in Lemma 5.3 below that the sets {ay}yec, where
each a, = p(B(y,0(C))) (respectively, §(C)%, ¢(C)*) are all 6(C)— or ¢(C)-regular, but of course, not
quadrature weights.

2.3 Eignets

The notion of eignets, analogous to the notion of radial basis function (RBF)/neural networks, is defined
as follows.

Definition 2.2 Let C C X be a finite set, and G : X x X — R. An eignet with centers C and kernel G is
a function of the form 3_ . ayG(o,y), where the coefficients ay € R, y € C. The set of all eignets with
centers C will be denoted by G(C) = G(G;C).



We note that G(C) is a linear space. In the parlace of the theory of RBF /neural networks, the kernel G
may be thought of as the activation function.

As mentioned in the introduction, we are interested in this paper in the case when the kernel G admits
a formal expansion of the form G(z,y) = Z;io b(¢;)¢;(x)p;(y), where the coefficients b(¢;) behave like

é;ﬁ for some 3 > 0. (This is the reason for our terminology “eignet”, to emphasize the formal expansion
in terms of what would usually be eigenfunctions of the Laplace—Beltrami operator on a manifold.) The
following definition makes this sentiment more precise. In the sequel, S > « will be a fixed integer.

Definition 2.3 Let 8 € R. A function b : R — R will be called a mask of type (5 if b is an even, S times
continuously differentiable function such that for t > 0, b(t) = (1 +t)"PFy(logt) for some F, : R — R
such that |F,™) ()] < c(b), t € R, k=0,1,---,5, and Fy(t) > c1(b), t € R. A function G : X x X — R
will be called a kernel of type B if it admits a formal expansion G(x,y) = Z;io b(€;)p;(x)p;(y) for some
mask b of type B > 0. If we wish to specify the connection between G and b, we will write G(b;x,y) in
place of G.

We observe that lim;_,_ o Fp(t) = b(0) is finite. Further, the definition of a mask of type § can be
relaxed somewhat, for example, the various bounds on Fj and its derivatives may only be assumed for
sufficiently large values of |¢| rather than for all ¢ € R. If this is the case, one can construct a new kernel
by adding a suitable diffusion polynomial (of a fixed degree) to G, as is customary in the theory of radial
basis functions, and obtain a kernel whose mask satisfies the definition given above. This does not add
any new feature to our theory. Therefore, we assume the more restrictive definition as given above.

For a S times continuously differentiable function F', we define

I1F(ls:== sup [F®(2)].
0<k<S,z€R

Let b be a mask of type 8 € R. In the sequel, if L > 0, we will write by, (¢) = b(Lt). It is easy to verify
by induction that

k
tkd—Fb(logt)’SC(b)CQ, t>0, kZO,"',S,

g d” 8
(1400 = |

and hence,
k

d
tkw((l/L+t)ﬁbL(t))’ <ceb)esL™®, >0, k=0,---,5, L>0. (2.17)

Since b(t)~! is a mask of type —3, we record that

k

d
tk%((l/L +1)%b(t) 7 < e()erL?,  t>0, k=0,---,8, L>0. (2.18)

Finally, if g : R — R is any compactly supported, S times continuously differentiable function, such that
g(t) = 0 on some neighborhood of 0 then (2.17), (2.18) imply

Ilgbellls < elb,g)L™7,  |lg/brllls < elb,g)LP,  L>1. (2.19)

3 Main results

In the remainder of this paper, we fix a number § > 0, a mask b of type 5, and the corresponding
kernel G. Our main goal in this paper is to construct eignets for approximation of functions in X? and
develop an equivalence theroem for approximation by these. In comparison with the approximation theory
paradigm described in the introduction, we choose X? as the metric space in which the approximation
takes place. We consider a nested sequence {Cp,} of finite subsets of X, each satisfying (2.11), and such
that ¢(Cpn) ~ 6(Cm) ~ 1/m, m = 1,2,---. We let V,,, be the space G(C,,). Clearly, V,,, C V41 for
m=1,2,---. If 8 > a/p’, we will show in Proposition 5.2 below that each V,, C X?. Our initial



choice of smoothness classes is the following. If f € L' + L* and r > 0, we define formally (A*)" f by
(A" foor) = (14 L) (f, dr), k =0,1,---. Let WP be the class of all f € XP such that (A*)"f € XP.
It is proved in [25] (cf. Proposition 5.3 below) that for f € W2 and L > 0,

dist (p; £, 1) < cL7"[(A)" fllp-

Thus, our goal is to approximate a diffusion polynomial in II;, by eignets, keeping track of the errors. For
this purpose, we need another pseudo-differential operator.

Definition 3.1 The operator D = D¢ is defined formally by (Df, o) = (f, dr)/b(lk), k=0,1,---

Clearly, D¢ is defined on Il and it is easy to verify the fundamental fact that
P@) = [ (PaP) )G pin).  Pelle, veX. (31)
X

Our eignets will be discretizations of the integral above. Thus, if C C X is a finite set, and W = {wy }yec
are some real numbers, we define

G(C;W; P,z):=G(G;C;W; Pa)i= > wy(DaP)(y)G(z,y), Pelly, zeX. (3.2)
yel

We note that G defines a linear operator on Il

Our strategy is to approximate a target function f € WP first by a diffusion polynomial P € II;, so
that || f — P||, = O(L™"). With a careful choice of C and W, we will then show that ||P —G(C; W; P)||, =
O(L™"). The results are formulated below as our first theorem. We recall the constant A > 2 described
in the “product assumption” in Section 2.1.

Theorem 3.1 Let C* C X be a finite set satisfying (2.11), L ~ q(C*)~t, W* be a 1/L-regular set of
quadrature weights of order 2AL corresponding to C*. Let 1 <p <oo,3>a/p,0<r <. Let f € W,
and P € 11y, satisfy | — Plly < cL~"[(A*) fll,. Then

If =G5 W Py < er L7 [[(A%)" flp- (3-3)

We comment on the construction of the diffusion polynomial P in the above theorem. In the sequel,
we let h: R — R be a fixed, infinitely differentiable, and even function, nonincreasing on [0, c0), such
that h(t) = 1 if |¢| < 1/2 and h(t) = 0 if |¢| > 1. We will omit the mention of A from the notation, and

all constants c, ¢1, - - - may depend upon h. We define
or(f,x) = orn(h; f,x) =Y h(l/L){f, dr)or(x),  L>0,z€X, feL'+L™  (34)
k=0

It is proved in [25] (cf. Proposition 5.3 below) that ||f — on(f)|l, < cL™"[(A*)" f|lp, L > 0. Thus, if
(f, ¢r) are known (or can be computed) for ¢, < L, we may take or(f) in place of P in Theorem 3.1.
However, if f € X* and only the values of f at finitely many sites C are known, then we may adopt
the following procedure instead. First, we consider L (depending upon §(C)) such that Theorem 2.1 is
applicable, and yields a 1/L-regular set of quadrature weights W = {w, },yec of order 2AL. We then

define

oL (C;W; ) = wy, f(y) {Zhek/wk } Zhék/L D wy f)ek () ¢ di(x),

yel yec
(3.5)
which is similar to o (f), except that the inner products (f, ¢x) are discretized using the quadrature
weights. We will prove in Proposition 5.3 below that

If = on(C;W; flloe < L7 {[[flloo + [(A) flloc},  feW™, L1 (3.6)



Thus, or,(C; W; f) can also be used in place of P in Theorem 3.1 in the case when p = oo to obtain the
bound

If =G W5 oL(CGW; f))lleo < L™ {[[flloo + I(A") flloc},  feWT, L=1. (3.7)

We may choose C* = C and W* = W in this case, but do not have to do so. On the other hand, if one does
not discretize the inner products (f, ¢x) so carefully, then the approximation error might be substantially
worse than that in (3.6), as shown in the case of the sphere in [24]. The eignets G(C*; W*; P) with these
choices of P have the advantage of stability as described in Theorem 3.2 below.

Next, we wish to consider the question whether the estimate (3.3) is the best possible for individual
functions, and whether the method of approximation described is the best possible. We wish we could
say that if there is any sequence s,, € V,, of eignets with || f — s ||, = O(m™") then necessarily f € WP.
However, such a statement is not true even in the classical trigonometric case. For example, for any r > 0,

the function f(z) = S,fll—f

k=1
trigonometric polynomials of degree at most m is O(m~"). However, there is a continuous function f;
sin kx

such that (A*)" f(z) = fi(z)+ ) -
k=1

to enlarge the smoothness class to achieve such an equivalence. This is done via K-functionals. We now
introduce this notion in the present context. Not to confuse the notation with the heat kernel or the
corresponding operator, we will use the notation w for the K-functional, motivated by the equivalence of
the K—functional and a modulus of smoothness in the trigonometric case.

If f € XP, r > 0is an integer, we define for § > 0

satisfies the condition that the uniform degree of approximation to f from

is not continuous. In the classical trigonometric case, one needs

wr(p; f,0) == mf{[[f = fillp + 0" [(A")" fullp : fr € WP} (3.8)
If v > 0, we choose an integer r > v, and define the smoothness class HY to be the class of all f € X7
such that (v: 1. 6)
wrP; J,
[fllgz := sup 5 < 0. (3.9)
6€(0,1]

It can be shown that different values of r > v give rise to the same smoothness class with equivalent
norms (cf. [8]). We note that W? C HP for every integer r > 1. The class HP turns out to be the right
enlargement for characterization by approximation by eignets.

First, however, we wish to state the following version of Theorem 3.1 in the case when the special
polynomials are chosen in place of P in that theorem. A popular technique in learning theory is to obtain
an approximation by minimizing a regularization functional. For example, the quantity w,(p; f,d) is such
a functional. The following theorem shows that the operators G defined with these special polynomials
satisfy, up to a constant multiple, a minimal regularization property.

Theorem 3.2 Let 1 < p < oo, f € XP, 8> afp, 0 <r < fB—afp, L >0,C", W* be as in
Theorem 38.1.
(a) With GL(f,z) =o(C*; W*;0.(f),x), z € X, we have

1f = Gr(Hllp + LA GL()lp < cwr(p; £;1/L). (3.10)

In particular, |GL(f)]lp < c[[ flp-
(b)Let C C X be a finite set satisfying (2.11), W = {wy}yec be a 1/L-regular set of quadrature weights
on C of order 2AL. For GL(C;W;; f,x) = o(C*; W*;0.(C; W; f), z), = € X, we have

1/p
IGLIC;W; fllp < ed Y lwyllfy)P : (3.11)
yel
and
If = GL(C;W; oo + L7 (A*) GL(C; W f)lloo < c{wr(00; £,1/L) + L7 flloc}- (3.12)



We are now ready to state the equivalence theorem for the spaces V,, described at the beginning of
this section. We assume that for each m > 1, ¢(C,,) ~ 1/m, and there exists a set of 1/m-regular set
W,,, of quadrature weights of order 2Am based on the set C,,. For 1 < p < oo and f € XP, let

Gm(f,x) = G(Cin; Wi om(f), x), zeX, m=1,2,---. (3.13)

We note that there is no conflict with the notation in Theorem 3.2, since we may choose C* = Cp,
W*=W,.

Theorem 3.3 Suppose that
Ky(z,z)>ct™/?  zeX te(0,1]. (3.14)

Then the following are equivalent for each v with 0 <~y < 8 — a/p':
(a) f e HE.

(b) 5upyon M = Con()l < ).

() Suppyoy m? dist (P £,G(C)) < c(f):

In the case when p = 0o, each of these assertions is also equivalent to

(d) SuPm>1 M| f = G(Cims; Win; 0 (Cin; Wi )l < e(f)-

Thus, if one considers the class HY in place of WP, then the estimates of the form given in Theorem 3.3
(b) (or (d)) are best possible for individual functions. One may also formulate a similar equivalence
theorem for Besov spaces, defined by replacing the supremum expression in (3.9) by a suitable integral
expression. However, this would only complicate our notations rather than adding any new insight into
the subject. Therefore, we prefer not to do so. We note that in the case when ¢;’s (respectively ¢;’s)
are the eigenfunctions (respectively, eigenvalues) of the negative square root of the Laplace-Beltrami
operator, then Minakshisundaram and Pleijel have proved an asymptotic expression for the heat kernel
in [29], which implies both (3.14) and (2.4). In [19], Hérmander has obtained uniform asymptotics for
the sums > 0,<L (;5? (x) for a very general class of elliptic differential operators on a manifold. It will be
shown in Lemma 5.2 that these lead to (3.14) and (2.4) (with z = y). Further examples are given by
Grigoryan [16] and references therein.

We end this section by recording two interesting facts, valid for arbitrary eignets of type 3. The first
of these facts relates the coefficients of the eignet with its norm. For a sequence (or vector) of complex
numbers a = {a;} and 1 < p < oo, we denote by ||al/¢r, the usual sequential (or Euclidean) ¢’ norm.

Theorem 3.4 We assume that (3.14) holds. Let 1 < p < oo, f > a/p’, C C X be a finite set, a, € R,
y €C, and a = (ay)yec. Then

laller < cq(@)/" =P 3" a,G(o,y)|| - (3.15)

ec
Y P

The second fact describes the simultaneous approximation property of eignets.

Theorem 3.5 We assume that (3.14) holds. Let 1 < p < oo, 0 <y < fB—afp, 0 <~y <r <f,
and f € WP. If U, € Vp, satisfy |f — Umllp < em™7[[(A*)"fllp then also ||(A*)Yf — (A*) VT, |, <
em™"[(AT)" -

4 An abstraction

In our proofs, we need to estimate many sums and integrals. Since these estimates involve similar ideas,
we prefer to deal with them in a unifed manner by treating sums as integrals with respect to finitely
supported measures. We observe that if C C X, and W, « € C, are any real numbers, a sum of the
form Y~ .. W, f(z) can be expressed as a Lebesgue-Stieltjes integral [ fdv, where v is the measure that
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associates the mass W, with each point £ € C. The total variation measure in this case is given by
[V[(B) = > ecBne |Wzl, B € X. Thus, for example, in (3.5), if v is the measure that associates with each
y € C the mass w, € W, then we may write

qwﬁ@:lgwiywumm@m@ww> (4.1)

k=0

in place of the more cumbersome notation or,(C; W; f, z), helping us thereby to focus our attention on
the essential aspects of this measure rather than the choice of C and W. Moreover, if one takes p in place
of v, then or(u; f) = or(f). In addition to being concise, this notation has another major advantage.
If the information available about the target function f is neither the spectral data {{f, ¢x)} nor point
evaluations, but, for example, averages of f over small balls, the notation allows one to treat this case
as well without introducing yet another notation, just by defining v appropriately. In the sequel, with
the exception of a few occasions, we will typically use v to be one of the following measures: (1) p, (2)
the measure that associates the mass w, with each y € C for some C, (3) the measure that associates the
mass ¢(C)® with each y € C, and (4) various linear combinations of the above measures.

To demonstrate a technical advantage, Definition 2.1 takes the following form, where the ambiguity
and tacit understanding about what the constants depend upon can be avoided, and we get the full
advantage of the vector space properties of measures.

Definition 4.1 Let d > 0. A signed measure v defined on X will be called d-regular if there exists a
constant ¢ = c(v) > 0 such that

v|(B(z,r)) < c{u(B(z,r)) + d*}, reX, r>0, (4.2)

where « is the constant introduced in (2.1). Let My denote the class of all signed measures satisfying
(4.2). Then My is a vector space. For v € My, if we denote by ||v||m, the infimum of ¢ which serves in
(4.2), then || o ||m, s a norm on Mg.

For example, p itself is in Mg with ||u]|pm, = 1 for every d > 0. If C C X is as in Theorem 2.1, then we will
show in Lemma 5.3 below that the measures that associate the mass u(B(x,§(C))) (respectively, §(C)%,
q(C)%, wg, |wy|) with x € C are all in M(c) as well as My(c) with [[v||am, e, < ¢, where the constant is
independent of C. It is also easy to see that for any ¢ > 0, Mg C M_q, with ||v|| s, < max(1, c®)||v||m,-
In view of (2.1) and (2.7), the condition (4.2) is equivalent to

w|(B(x, 7)) < clvllma(r + d)* < erllvlamgpn(Bla, r + d)). (4.3)

Finally, we note that since u is a probability measure, the condition (4.2) implies that |v|(B) < ¢(1+d%)
for every ball B C X, and hence, that |v|(X) < ¢(1 + d*) as well.
The quadrature formula (2.14) can be restated in the form

/P@@@:/P@W@, Per, (4.4)
X

X

where v is the measure that associates the mass w, with each y € C. Any (signed or positive) measure
v satisfying (4.4) will be called a quadrature measure of order L; in particular, p itself is a quadrature
measure of order L for every L > 0.

If v is a signed or positive Borel measure on X, X C X is v-measurable, and f : X — Cis a
v-measurable function, we will write

1/p
[ Fllvixp i= {/le(x>|pdlvl(x)} . if1<p< oo,
|V|—€SS Supm€X|f('r)|a lfp:oo

We will write LP(v; X) to denote the class of all v—measurable functions f for which ||f|l..x, < oo,
where two functions are considered equal if they are equal |v|-almost everywhere. To make the notation
consistent with the one introduced before, we will omit the mention of v if v = p and that of X if X =X.

11



In the sequel, for any H : R — R, we define formally

Or(H;z,y) =) H(l;/L)¢j(x)p5(y),  wyeX, L>0. (4.5)

hE

J

Il
=)

For example, G(x,y) = @1, (br; x,y). If v is any measure on X and f € L?, we may define formally

oL(H;v: frz) = /X F)® 1 (H: 2, y)dv(y). (4.6)

As before, we will omit the mention of v if v = p and that of H if H = h. Thus, @1 (z,y) = ®r(h;x,y),
and similarly o, (f, ) = or(h;w; f), o (v; f,x) = or(h;v; f,2). The slight inconsistency is resolved by
the fact that we use u, v, ¥ etc. to denote measures, h, g, b, H, etc. to denote functions, and X, X to
denote sets. We do not consider this to be a sufficiently important issue to complicate our notations. We
note that o, (G(o,y),x) = @1 (hby;z,y).

In the sequel, we define g by g(t) = h(t) — h(2t). We note that g is supported on (1/4,1)U (-1, —-1/4),

and
n

h(2in>_h(t)+l§g(2ik>, teR, n=12,---. (4.7)

5 Technical preparation

In Section 5.1, we prove a few facts regarding the kernels ®,, which will be used very often in the proofs
in Section 6 as well as the rest of the proofs in this section. In Section 5.2, we describe several properties
of diffusion polynomials and approximation by these. Since we do not need all the assumptions listed in
Section 2.1, we will list in each theorem only those assumptions which are needed there.

5.1 Kernels

We will often use the following simple application of the Riesz—Thorin interpolation theorem [5, Theo-
rem 1.1.1] to estimate the operators defined in terms of kernels.

Lemma 5.1 Let v, vy be signed measures (having bounded variation) on a measure space §), supported
on Q1 and Qg respectively, ® : Q@ x Q@ — R be a bounded, |v1| X |va| measurable function, 1 < p < oo,
f € LP(|1n]), and let

Ty (z) ::/f(t)fl)(x,t)dyl(t).

Then with
Ay = sup |2, t)[lj);0,15, Aoo = sup [[P(z, )|[jp, 0,15
te 2EQ
we have
ITs lwaprp < AP ALY U s (5.1)

PROOF. It is clear that || T%|l|v,10,00 < Aol flljp1];0,00- Fubini’s theorem can be used to see that

1Tt lvap:0,1 < Axll flljos0,1- The estimate (5.1) follows by Riesz—Thorin interpolation theorem. O

The starting point of our proofs is to recall the following theorem proved in [25], and in [14] in
somewhat greater generality, stating the assumptions as they are stated in this paper.

Theorem 5.1 Let S > « be an integer, H : R — R be an even, S times continuously differentiable
function, supported on [—1,1]. We assume further that (2.1), (2.4) hold. Then for every x,y € X, L > 0,

cL*|||H|||s
|®L(H; x,y)| < :
max(1, (Lp(z,y))®)

(5.2)

12



Consequently,

sup / B (H; 2, ) du(y) < el |H|lls, (5.3)

and for every 1 < p < oo and f € LP,

low(H; Ny < el Hll[s fll- (5-4)

The following Propositions 5.1 and 5.2 will be used very often in this section, with different interpre-
tations for H and the measures involved.

Proposition 5.1 Letd >0, S, H be as in Theorem 5.1, and (2.1), (2.4) hold. Let v e My, L >0, and
¢ be the constant that appears in (2.1). Let 1 <p<oo, 1/p'+1/p=1.
(a) If g1 : [0,00) — [0, 00) is a nonincreasing function, then for any L >0, r >0, z € X,

o 2°(c + (d/r))a .
L /A(md) 91(Lp(z,y))d|v|(y) < WHVH/\M /TL/le(u)u du. (5.5)

(b) If r > 1/L, then

/A( : | PL(H; 2,)ldlv|(y) < ex(1+ (dL)*)(rL) "> F | aall | H ] - (5.6)

(¢) We have
/X L (H; 2z, y)|dlv|(y) < c2{ (1 + (dL)*) }HIvmallH s, (5.7)
1P L(H; 2, 0)lluxp < ea LY {1+ (L))} 2|l ana | H - (5-8)

PROOF. By replacing v by |v|/||v||m,, we may assume that v is positive, and [|v||pm, = 1. With a
similar normalization with H, we may also assume that |||H|||s = 1. Moreover, for r > 0, v(B(x,r)) <
w(B(z,r)) +d* < (c+ (d/r)*)r®, where c is the constant appearing in (2.1). In this proof only, we will
write A(z,t) = {y € X : ¢t < p(z,y) < 2t}. We note that v(A(x,t)) < 2%+ (d/r)*)t*, t > r, and

2F 1 92—
/ uafldu — 2Ra
o2R—1 «

Since g; is nonincreasing, we have

o0

L(Lp(@,y))dv(y) = 1(Lp(z,y))dv
L o =3 [ o)

< Z g1 (28 Lyw(A(z, 28r)) < 2%(c+ (d/r)* Z g1 (2%rL)(2%r)

= R=0

2%(c + (d/r)* a1, _ 2%(c+(d/r)%)a a/“ a1
< 5 Z /2 1(urD)u®" du = 5 r s g1 (urL)u® du

_ 2t @), , ot
R ST /ngl(“) "

This proves (5.5).
Let x € X, L >0. Forr > 1/L, d/r < dL. In view of (5.2) and (5.5), we have for z € X:

o0

[ eyl < art [ @) ta) <ater @) [ oSt
A(z,r) A(z,r) rL/2

< co(1+ (dD)>)(rL)=5+<,
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This proves (5.6).
Using (5.6) with » = 1/L, we obtain that

[ e lav) < 1+ (@) (59)
Ale,1/L)
We observe that in view of (5.2), and the fact that v(B(z,1/L)) < c1(1/L+d)* < 1 L=*(1 + (dL)®),
/ [L(H; 2z, y)|dv(y) < cr L%v(B(x,1/L)) < ea (1 + (dL)%).
B(a,1/L)

Together with (5.9), this leads to (5.7).
The estimate (5.8) follows from (5.2) in the case p = oo, and from (5.7) in the case p = 1. For
1 < p < o0, it follows from the convexity inequality

1/p’ 1
1F Nl < IFIME NFIYE,. (5.10)

v;X, 00
O
Corollary 5.1 Let 8 € R, b be a mask of type 8, n > 1 be an integer, v € My—n, and (2.1), (2.4) hold.
Then for integer n > 1,

} 278 if B <0,
sup/ |@an (hban; z, y)|d|v[(y) < cllvlim, . § if =0, (5.11)
veRJx L, if >0,

and for 1 < p < oo,

X 2-nB=a/r) - if B < afp,
[@2n (hban; x,0)||, < clvl[m, ., § ™ if B=a/p, (5.12)
1, if B> a/p.

PRrOOF. We normalize v so that |[v[|sm, ,, = 1. In view of (4.7),

D (b ) Zh (2) 63(2)3(1)

S ()b enw) -3 g ( ) 063(@)65(1)

£;<1 k=1j—0
= ) h()b(L)i(x)d;(y) + D Do (ghae; 7, y). (5.13)
£;<1 k=1

Since h and b are both bounded functions, (2.6) shows that

> k() (2)¢; ()| <e, wyeX (5.14)

£;<1

In view of (2.19) used with b in place of b, and (5.7) used with d = 27", L = 25, H = gbox, we obtain

Sup/ |(I)2k(gl;2k,$,y)|d|l/|(y) < C2ikﬁa k= 15 25 T, N
reX JX

Together with (5.13) and (5.14), this leads to (5.11). The proof of (5.12) is similar; we use (5.8) in place
of (5.7). O

We observe that if C is a finite subset of X, v is the measure that associates the mass q(C)* with
each y 6 C, then an e1gnet W(z) =3, cc ayG(z,y) can be expressed as ¢(C * [y a(y)G(z,y)dv(y), and

or(¥,z) =q(C)~* [y a(y)®r (hbr;z,y)dv(y). One of the applications of the followmg propos1t10n is then
to estimate H\IJ —on(¥ )Hp A different application is given in Lemma 6.1.
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Proposition 5.2 Let 1 < p < oo, 8> a/p’, b be a mask of type 5, and (2.1), (2.4) hold.
(a) For every y € X, there exists ¥, 1= G(o,y) € XP such that (y, ox) = b(lk)opr(y), k=0,1,---. We
have

sup [|G(o,y)lp < c. (5.15)
yeX

(b) Let n > 1 be an integer, v € My—n, and for F € L*(v) N L>®(v), m > n,

Upn(F,z) = / AG(.) = o (Bhansz. ) P )i )

Then
U (F)lp < 27020 1y g N F ot (5.16)

Proor.
Since p € My and ||u||m, = 1 for every d > 0, we conclude from (2.19) and (5.8) (used with g in
place of v, 1/L in place of d, H = gbr,), that

sup [|®L(gbr; y, o), < cLP P L > 1.
yeX

Since 8 > «/p’, we conclude for integers 1 <n < N,

N
sup Z ®o (ghas; y,0)|| < D sup [y (gbas; y, o)l < 27/ A (5.17)
yex j=n-+1 » j:nJrly€
Thus, the sequence
®1(hbr;y,0) + Y Pai(ghas; y,0) = Pon(hban; y, 0) (5.18)
j=1

converges in LP to some function in X?, uniformly in y. Denoting this function by 1, it is easy to
calculate that (i, ¢r) = b({x)ér(y). Thus, the formal expansion of v, is the same as that of G(o,y).
Moreover,

oan(Yy, ) = gan(G(x,0),y) = Pon (hban;y, )

converges to G(z,y) in the sense of L? in z, and uniformly in y. The estimate (5.15) is clear from (5.17)
and (5.18).

To prove part (b), we use a similar argument again. Without loss of generality, we may assume that
v is a positive measure and ||v|a1, , = 1. Let j > n be an integer. Using (2.19), (5.7) with 27" for d,
27 in place of L, and oberving that dL > 1 with these choices, we obtain

sup [ @) (gbasi 0, 9)|dv(y) < 270290, (5.19)
reX JX

Using (2.19), (5.7) with u in place of v, 27 in place of L, and 277 for d, we obtain

sup [ |82 (gbyss,)ldu(y) < 277
reX JX

Hence, Lemma 5.1 with v in place of vy, p in place of vs, implies that

H/ Do (gbas; 05 y) F(y)dv(y ) < @7 /P I B | B (5.20)

Since 8 > «/p’, the sequence

/X B (B 0, y) F (y)d(y) = / ¢1<hb;o,y>F<y>du<y>+; / By (gbys: 0, y) F(y)dv(y)
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converges in the sense of LP to some function in X?. Since ®an(hban;o0,y) — G(o,y) in the sense of LP
uniformly in y, this function must be [, G(o,y)F(y)dv(y). Consequently,

Un(Fo)= Y [ @ulabaion)P)ivty)

j=m+1

in the sense of L, and (5.20) implies that

[OnEMp = 3 || [ @lobasion)Fo)avty)
j=m+1 1/X P

< e/t N gm0l Py, < 2P || Py
j=m+1

We pause in our discussion to show that (3.14) implies a lower bound on the sum ;<L HED

Lemma 5.2 Let C > 0, {a;} be a sequence of nonnegative numbers such that Z;io exp(—{3t)a; con-
verges fort € (0,1]. Then

al® <Y a;<el?  L>0, (5.21)
;<L
if and only if .
est™ 2 <N Texp(—Gt)a; < eat™ P, 1 e (0,1]. (5.22)
j=0

In particular, (3.14) and (2.4) imply that

al®< > ¢(z)< el zeX, L>L (5.23)
0;<L

PROOF. The fact that the upper bound in (5.22) is equivalent to the upper bound in (5.21) is proved in
[14, Proposition 4.1]. In this proof only, let s(u) = Zej<u a;. Then

Zexp(—é?t)aj:/ efuztds(u).
=0 0

Since the sum converges, it is not difficult to verify by integration by parts that

Zexp(—é?t)aj = 2t/ uefuzts(u)du. (5.24)
0

Jj=0

If (5.21) holds, then s(u) > cu® for u > 0, and

2t/ uefuzts(u)du > 2ct/ uCtle v tdy = thc/2/ v eV dy = eyt ¢/,
0 0 0
Thus, the lower bound in (5.21) implies the lower bound in (5.22).

In the remainder of this proof, it is convenient to let the constants retain their value, which might be
different from what they were in the above part of the proof. Let both the upper and lower inequalities
in (5.22) hold. Then the upper bound in (5.21) holds also. We observe by integration by parts that for
any L > 0, L?*t > C,

0 21\C/2 0
C+1,—u?t _ (L*1) 2 c Cc—1,—u?t
/L u e du = W eXp(—L t) —+ % . u e du
(L)) 2 C [% o1~
S W exp(—L t) =+ 2L2t . u e du,
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ie.

o) C -1
2t/ uCHe gy < (1 - (L%)C72 exp(—L2t)t=C/2,
. 202

Thus, there exists c5 such that

o0
2t/ wCHle=wtgy < S34=C12 12> e
L C2

We conclude from the lower bound in (5.22), (5.24), and the upper bound in (5.21), that for ¢, L > 0,
L2t > Cs,

oo L oo
cst™9? < 2t/ uefuzts(u)du: 2t/ uefuzts(u)du+2t/ uefuzts(u)du
0 0 L
L R oo R
< 2ts(L)/ ue " tdu + 202t/ uC ety
0 L
< s(L)(1 —exp(—L*t)) 4 cst— /2 /2.
Taking t = c¢5L~2, we obtain from here that s(L) > csLC. O

In the remainder of this paper, we adopt the following notation. Let k* > max(2, (1/a)log,(2¢2/c1))
be a fixed integer, where ¢, co are the constants in (5.23). Then for z € X

Z 93 (x) < 227 ok Lo < (e1/2) L

£;<2-k* L

and hence, (3.14) implies that

> ) > (er/2)L (5.25)

2-k* [<0;<L
We further introduce §(t) := h(t) — h(2¥"+t't). Then §(t) > 0 for allt € R, §(t) = 0if 0 <t <27* 2 or
t>1,and g(t) = 1 if 27% =1 <t < 1/2. We note that
lgbellls <eL™P,  L>1. (5.26)
The following lemma will be needed in the proof of Theorem 3.4.

Lemma 5.3 Suppose that (3.14) holds. Let C C X be a finite set, ¢ = q(C) < 1, and v be a measure that
associates the mass q® with each x € C. Let (2.1), (2.8), and (2.4) hold. Then v € My, and ||v||m, < c,
the constant being independent of q. Next, we assume in addition that (3.14) holds. Then for every
integer m with 2™ > ¢!

7

ST [@am(Gbaniay)] < c(q2m)STe2m0 e, (5.27)
yeC, z#y

and
Bom (Ghom; x, ) > 2™ P geX, (5.28)

In particular, there exists ¢y > 0 such that for 2™q > ¢4,

N [ Bon(Gbani @ y)] < (1/2)[@2n (Gansw,2)|,  x€C (5.29)
yeC, z#y

PrOOF. If 2y € X, r > 0 and B(zo,7) NC = {31, --,ys}, then the balls B(y;,q/2) are disjoint, and
_1B(y;,4/2) C B(zo,r + ¢q/2). Using the fact that v(B(z¢,r)) = ¢*J, and recalling (2.7), we obtain

J
w(B(zo,r +q/2)) > (U], B(y;,4/2)) :Zu (Y5,4/2)) > cJq* = cv(B(zo,7)).
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In turn, (4.3) now implies that v € Mg, and |[v||p, < c. Since every point y € C with y # x is in A(x, g),
(5.26) and (5.6), used with ¢ in place of r and d, 2™ in place of L, imply that

¢ Z | Dom (Gbam; x, y)| < C(qzm)75+2a27mﬁ _ an(qzm)75+a2m(a—ﬁ)'
y€eC, Ay

This proves (5.27).
We recall that g(t) = 1if 275 ~1 <t < 1/2 and b(¢;) > cl; # for ¢; > c. Consequently, (5.25) implies
that for any m > ¢, and = € X,

Pom (gbom; x, x) = > 9t /2™)b(4;)¢3 (x) > 2™ > $2(x) > cam(@=P),

2m—k*—2§gj§2m gm—1—k* ngSQm—l

This proves (5.28). Recalling that S > «, we may choose m to make 2™q large enough, yet ~ 1, so that
(5.27) and (5.28) lead to (5.29). O

5.2 Diffusion polynomials

In this section, we summarize various properties of the diffusion polynomials, and approximation by
these. The first statement is only a simple corollary of Theorem 5.1.

Corollary 5.2 Let 1 <p < oo,d >0, H, and the other conditions be as in Theorem 5.1, and v € M.
Then for any L > 0 and P € Il

o (B 55 £)lvzp < (1 + (@L)) Pl XN H s Fllps (5.30)
lon(H; v £)llp < e(1+ (L)) I sl e (5.31)

In particular, if P € 11, then
o 1
1Pl < c(1 + (dL)*)/2 v 521 Pl (5.32)

PROOF. The estimates (5.30) and (5.31) follow from Lemma 5.1, (5.3), and (5.7). Let P € IIy. Then
oar(h; u; P) = P. We use (5.30) with 2L in place of L, h in place of H, and P in place of f to deduce
(5.32). O

The next lemma states some estimates for different pseudo—derivatives of diffusion polynomials.

Lemma 5.4 Let 3 >~v>0,L >0, PeIly, and (2.1), (2.4) hold.
(a) For any r >0,
I(A")"Pllp < cL"||Pllp. (5.33)

(b) If G is a kernel of type B, and Dg is the operator defined in Definition 3.1, then
IDePlly < cLP~7||(A*)7 P, (5.34)

PROOF. Part (a) is proved in [25]. We will prove part (b). In this proof only, let n > 1 be an integer such
that L < 2"~!. In this proof only, let b, (t) = (1+ [t|)7b(t), t € R. Then b5 is a mask of type v — 3 < 0.
For z € X, we have

o0

DeP(z) = ;h(ﬁ> <P( ¢J>¢> (z)

2
B o

7=0

= <I>2n (h/by2n; @, y) (A7) P(y)dp(y)- (5.35)
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We deduce (5.34) using (5.11) with b;l, v — (3 < 0 in place of 8, and Lemma 5.1 with 14 = vy = p.
O

Even though a product of two diffusion polynomials is not necessarily a diffusion polynomial, the
“product assumption” allows us to estimate the error in discretizing an integral of the product of such
polynomials using a quadrature measure. This is summarized in the next lemma.

Lemma 5.5 Let L >0, and (2.1), (2.4) hold. For any p,r, 1 <p<r <oo and P € I,
[Pl < el Py, (5.36)

We assume further that the product assumption holds. If v is a quadrature measure of order AL, |v|(X) <
¢, and Py, Py € Il then for any p,r, 1 < p,r < oo and any positive number R > 0,

/P1P2d,u—/P1P2dV
X X

P(z) = / P(y)®ar (. y)duly).

(5.2) implies that ||Pllcc < ¢L¥||P||1. Therefore, the convexity inequality (cf. (5.10)) implies that
| Plloo < CLa/pHPHp. If r < oo, then

< er L || Pollpl| P2l < c(R)L™FPrlp ] Poll- (5.37)

PROOF. Since

1P = /X |P(2)]"dp(z) < | PP PG < eL/P=D| P,

This proves (5.36).

Next, we assume that the product assumption holds. Let P = >, _ a;¢;, Po = >, _; dx¢y,
and Q;r € Iar be found so that ||¢;jér — Qjkllee < 2 dist (00; 0k, Ilar) < 2¢r. Then, with @ :=
Zj’k a;diQj K, we have for every z € X,

|P1(2)Pa(z) — Q)| = Zajdk (¢ (x)pr(z) — Q) k(z))| < 26L Z |a|d]- (5.38)
J.k 4,k

In view of (2.6),
o+ b=l = 3 [ @hdnto) < cr

<L

Therefore, we conclude using (5.36) and (5.38) that

IP1Py = Qlloe < 26y |ay|ldi| < cL®erallzlldll2 = cLeL|Pil|2]| Pall2 < L**er|[ Py Polly-
3.k

Recalling that [v|(X) < ¢, and [, Qdp = [, Qdv, we deduce that

/Pl(x)PQ(x)d,u(x)—/Pl(x)Pz(x)dV(x)
X X

/ (Py(2) Pa(x) — Q(x))du(x) — / (P1(2) Pa(x) — Q(a))dv(z)
X X
| PPy — Qlloo < cL?er | Py yl| o]

IN

The product assumption implies that L?**f¢; < ¢, leading thereby to (5.37). O

Next, we prove a result regarding approximation by diffusion polynomials. Part (a) of this result is
essentially proved in [25]; we prove it again for the sake of completeness.
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Proposition 5.3 For 1 <p<oo, f€ XP, L>0,r >0, and (2.1), (2.4) hold.
(a) We have

If = oc(Hllp+ L7TIAY) o(Hllp < cwr(p; £,1/L). (5.39)
In particular, if f € WP, then
dist (p; f.1IL) < |If — o (f)llp < cL7T[(A")" fllp- (5.40)

(b) If f € WP, P €11}, satisfies ||f — P||, < ¢, then
[(A%)"f = (A%)"Pllp < e{L"e + dist (p; (A7) f, 111 2)}- (5.41)

In particular, [|(A%)" P, < e(L"e + [[(A%)" fl],)-
(¢) We assume in addition that the product assumption holds. Let v be a 1/L-reqular quadrature measure

of order AL. For any f € W2,
1f = or(@; oo < L™ {[[fllco + I(A™)" flloc}- (5.42)
If f € X, then
If = or(vs flleo + LTTI(A") or(vs )l < cfwr(oo; £ LT + L7 flloo }- (5.43)

PROOF. First, we prove (5.40). This proof is the same as that of [25, (6.4)]. Thus, let J be the greatest
integer with 27 < L. In this proof only, let g;(t) = g(t)/(277 +|t|)", t € R. Recalling that g is supported
on [1/4,1]U[—1, —1/4], we see that |||g;|||s < ¢. Hence, (5.4) implies that

lloas (g5 F)llp = 277" lo2s (955 (A) Hllp < 277" [(A") fllp-

Hence,

dist (p3 £,1IL) < dist (p; f,11o0) < |f —02s ()l < D llozi(g: £l
j=J+1

2 |[(A) fllp < cLTI(AT) fllp-

IN

If P €1l o is chosen so that || f — P||, <2 dist (p; f,II1/2), then (5.4) implies that

If =o(Pllp = Ilf =P =ornlf = P)llp <cllf = Pllp, < edist (p; f,12) < cL7"[[(A%)" fllp-

This proves (5.40). In particular, we note that if @@ € IIj/, is chosen so that [[(A*)"(f — Q)[[, <
2 dist (p; (A*)"f, 11 /2), then

If =or(Hllp = Ilf =Q—0or(f =Q)llp < cL™"[[(A")"(f = Q)llp < cL™" dist (p; (A%)"f, 1L /2). (5.44)

Next, let f1 be chosen so that || f — fillp + L~ "|[(A%)" fillp < 2wr(p; f,1/L). Then using (5.4) and (5.33),
we deduce that

If =or(Plly + LT I(AT) o ()l

< W =Ff=oc(f =l + 1 =on(Fllp + L7 (A" o (f = fllp + (A" oL (f1)llp)
Al = fullo + LT IHAT) fullp + llon(f = f)llp + L7 lon((A")" f1)llp}
Allf = fullp + L77IAY) fullp} < cwr(ps f,1/L).

This proves (5.39).
Next, we prove part (b). In view of (5.33), (5.4), and (5.44),

[(A*)"P = (A" fll, < [(A")(P=oc(f)lp+ [(A")"(f —ar(H)llp

[(A%)" (P = or(f)lp + (AT (f) = a((A")" ()
cL"||P —or(f)llp + c1 dist (p; (A)"f, 111 /2)
cL"||P = fllp + cL"||f — or(f)llp + cr dist (p; (A%)" f, 111 /2)
cL"e+cy dist (p; (A™)" f, 1L /2).

(A7
(A7

IAINA

IA N CIA
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This proves part (b).
To prove part (c), let P € Il /o be arbitrary. Since

Pe) = [ POBLe ), v,
we obtain from (5.37) (with r in place of R) and (5.3) that for every = € X,

|P(z) = or(v; P, )

/ Py)®y(z, y)duly) — / P(y)1(x, )dv(y)
X X
AL |z, 0) [ < L7 |[P]lace (5.45)

IN

Hence, if f € W,

If —or@; Nllee < If =or2(Hllec +lloww; f—or/2(f)lleo
Fllow2(f) —orw;oLs2(f))l
< Allf —or2(Nlloe + L7 lons2(F)lleo}
< eLTHIAT) flloo + [ flloo } (5.46)

This proves (5.42). Next, let f € X°°, and
If = filloo + L7 I[(AY)" filloo < 2wp(00; f,1/L).
Then using (5.31) and (5.46) (with fi in place of f), we obtain

If =i Plle < I = filloo +llocw; f = f)lleo + 12 — o(v; 1)l
Al = filloo + L7TMI(AY) filloo + L7 [ fulloo }
cfwr (00 £,L71) + L7 flloo}- (5.47)

IAINA

Applying (5.46) with f1 in place of f, and using part (b) of this proposition, we see that

AT i = (A o fi)lle < A frlloo + [f1lloo + (A frlloo}
< Al = filloo AT filloo + 1 flloo}-

Hence, using (5.33) and the uniform boundedness of the operators o (), we obtain

(A o (w; flle < A oLw; f = fi)lloo + IAT)" fr = (A%) oL(v; f1)lloo + (AT filloo

< AL orws f = fi)lloo + 1 = filloo + 1(A") filloo + 11 flloc}
< AL = filloo + AT filloo + (1 flloo}
< el™{wr(00; f,1/L) + L7 flloo}-
The estimate (5.43) follows from this estimate and (5.47). O

6 Proofs of the main results

In this section, we assume all the assumptions made in Section 2.1, namely, that (2.1), (2.3), (2.4), (2.5),
and the product assumption hold. We start with the proof of Theorem 3.1. Let W* = {wy},ec+, and
v* be the measure that associates with each y € C the mass wy. As explained in Section 4, the eignet
G(C*; W*; P) can be written more concisely as

G(C*; W*; Px) =: G(v*; P,z) := G(G;v*; P,x) = /X(DgP)(y)G(x, y)dv*(y), zeX

The condition that W* is a 1/L-regular set of quadrature weights of order 2AL corresponding to C* can
be stated more concisely in the form that v* € My, [[v*||nm,,, < ¢, and v* is a quadrature measure of
order 2AL. Theorem 3.1 then takes the form of the following Theorem 6.1.
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Theorem 6.1 Let L > 0, v* € Myr, [v*||m,,, < ¢, and v* be a quadrature measure of order 2AL.
Let 1<p<oo, f>a/p,0<r<p, feWP. Let P € Iy, satisfy ||f — Pllp < cL™"||(A*)" fllp. Then

1f =G Pllp < cL"[[(A)" fllp- (6.1)

The following lemma summarizes some of the major details of the proof of this theorem, so as to be
applicable in the proof of some of the other results in Section 3.

Lemma 6.1 Let n > 1 be an integer, v € My, ||[V||pm, , <c Let 1 <p < oo, B>a/p, 0<r<p,
P e 1lyn. We have

X{G(JE, y) = Pan (hbon; 2,y)} DaP(y)dv(y)|| < 27" [[(A%)" Pl < cl[Pllp. (6.2)

p

In addition, if v is a quadrature measure of order A2™, and R > 0, then

Pon (hban; x, y)DaP(y)dv(y) — / Pon(hbon; z,y)DaP(y)du(y)
X X
< e(R)27"EI(AY) P, < e(R)27E| P, (6.3)

and

[P = G(v; P)llp < 27" [[(A%)" P < c[|Plp- (6.4)
Ifo<~y<pB—a/p, and v <r <[, then
[(A")'P = (A*)'G(; P)llp < 2 "D [[(A")" Pl (6.5)

PROOF. Since DgP € Ian, we conclude using (5.32), (5.34), and (5.33) with 27" in place of d, 2" in
place of L and r in place of ~ that

IDGPlluix,p < ¢ DaPllp < 2"~ [[(A) P, < 27| Pl

The estimate (6.2) follows from this and Proposition 5.2(b), used with m = n, DgP in place of F.
Next, for each x € X, (5.37) (with R + 3 in place of R) and the last estimate in (5.11) imply that

Pon (hban; x, y)DaP(y)dv(y) — / Pon (hban; z,y)DaP(y)du(y)
X X
< o(R)27"ED)| Do (hbyn; 2, 0) 1| D Pllp < er(R)27"FET|[(A*) P,

This proves the first inequality in (6.3); the second follows from (5.33).
In this proof only, we write 7 = y — v, and observe that |||, , < c. In view of (3.1), we obtain

P(e) ~Gs P.a) = | Gla.)DeP)do(y)
X
/{G(x, y) — ®2n(hban; 2, y) YD P(y)di(y) +/ Pon (hban; z, y)DaP(y)dv(y). (6.6)
X X
Using the first estimate in (6.2) with © in place of v, we obtain

<27 (AT)Pllp- (6.7)
p

H/X{G("”’ y) = @an (b 2, 9)}Da P (y)di(y)

Together with (6.3), (6.6), this implies (6.4).

In the remainder of this proof only, let G, (x,y) be defined formally by
Gy(z,y) = Z;’;O(l—|—€j)'yb(€j)¢j(x)¢j(y). Then G, is clearly a kernel of type 5§ —~ > a/p’. Let P € Il
For y € X, we have

o0

V=3 26,0 = D6, (A P

%

0 J

J
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Consequently, we obtain for z € X,

@AY6(GiviPe) = [ 6@ )DaPu)drG) = [ G (wn)Pe, (A7) P)u)dr(y)
= G(G’Yaya (A )’YP)
The estimate (6.5) now follows easily from (6.4), used with (A*)YP in place of P, r — 7 in place of r. O

PROOF OF THEOREM 6.1 (AND HENCE, THEOREM 3.1). In this proof only, let n be the greatest integer
such that 2" < L. Then v* is also a 27"~ regular quadrature measure of order 242", and [|v*||m,_, < c.
In view of Proposition 5.3(b), ||(A*)"P|l, < ¢||(A*)" f||p. Our choice of P and (6.4) now imply (6.1). O

PROOF OF THEOREM 3.2. We note that in our current notation, G (f) = G(v*;0.(f)). We let n be as
in the proof of Theorem 6.1. Hence, using (6.4) and Proposition 5.3(a), we obtain

1 =G oy < NIf = oulDlly + lor() = GO 5o ()l
1f = oL(F)llp + L NAY oL (f)llp < cworlpi £.1/L). (68)

Since it is obvious that w,(p; f,1/L) < || f||, (by choosing fi = 0 in the definition of w,), this implies also
that [|G(v*; o (f)llp < ¢l fllp-
Using (6.5) with » = v and o (f) in place of P, we obtain

(A G5 00(f) = (A7) on(Nllp < (A7) or(f)llp-

Hence, using Proposition 5.3(a) again,

(AT G on(Mllp < (AT on(Hllp < eL'wr(p; f,1/L).

Together with (6.8), this implies (3.10).
Next, we turn to part (b). In this part of the proof, let v be the measure that associates the mass w,
with each y € C, so that ||| a4,,, < c. Then in our current notation,

IA A

GL(C;W; f) = G(C*; W a(C; W; f)) = G(v*;01(v; f)).
Using (6.4), (5.31) with d = 1/L, H = h, we obtain

IG5 or(v; )l < cllo(; Hllp < cll fllvxp-

This proves (3.11). The proof of (3.12) is the same as that of (3.10), except that we have to use
Proposition 5.3(c) instead, and the estimates are accordingly as claimed. O

During the rest of this section, we assume that (3.14) (and hence, by Lemma 5.2, (5.23)) holds. Next,
we prove Theorem 3.4. This will be done using Lemma 5.3 and the following general statement about
the inverse of matrices. Proposition 6.1 is most probably not new, but we find it easier to prove it than
to find a reference for it.

Proposition 6.1 Let M > 1 be an integer, A be an M x M matriz whose (i,j)-th entry is A; ;.
1<p<oo,andy€0,1). If

M M
DA <AL Y 1A <al4l, =1 M, (6.9)
=1 =1
i i£]

and A = miny<;<p |Ais| > 0, then A is invertible, and

AT Yl < (A=) Hylle, vy eRM. (6.10)
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PROOF. Let a = (ay,---,ap;) € RM, and y = Aa. First, we consider the case p = co. Let j* be the
. Then, in view of the first estimate in (6.9), we have

M M
lylleee > | = D0 Ajeiai| = A g llage] = > Ay,
1=1 1;:]1*
> (A [ =)[allee = (1 =)A][al g

Therefore, A is invertible. For every y, there exists a = A~'y. Applying the above chain of inequalities
with this a, we have proved (6.10) in the case p = oco.
Next, using the second estimate in (6.9), we obtain

M M | M
Iyle = D lwil=>_1> Aijay

i=1 i=1 |j=1
M M

2 Z Ajjllas| — ZZ|A1J||CLJ|
j=1 j=1 i=1

i#]

M

> Y 14l = Dlagl = A1 = y)lale
J:

This proves (6.10) in the case p = 1.
The intermediate cases, 1 < p < oo, of (6.10) follow from the Riesz—Thorin interpolation theorem. O

PrROOF OF THEOREM 3.4. In this proof only, let ¥ = ZyGC ayG(o,y), and m be chosen so that
2™ > c1¢~ ! and (5.29) holds. Then,with § as defined just before Lemma 5.3,

Com (G0, w) =) §(6;/27) Y ayb(ty)¢(y)i(x) = Y ayPam(Ghom;z,y).
7=0

yec yeC

In this proof only, let d denote the vector (®om(g; ¥, x)).cc, where all vectors are treated as column
vectors, and A denote the |C| x |C| matrix whose (z,y)-th entry is given by ®am (gbem;x,y). Then (5.29)
implies that (6.9) is satisfied with v = 1/2. Also, (5.28) implies that mingec A, , > 2™ 2 € C.
Therefore, Proposition 6.1 shows that A is invertible. Further, (6.10) implies that

lafler < 2™ |d e
Now, let v be the measure as in Lemma 5.3. Then v € M,. So, (5.32) shows that for 2™ > ¢ /g,
Idler = g=/P[|am (G5 0) [l < ca /P27 q)*/P[| D2 (5 0)| -
In view of (5.4) applied with g in place of H, ||®am(g; ¥)||p, < ¢[|¥||,. Hence, for 2™ > ¢ /g,
laller < 200w,

We may now choose m with 2™ ~ ¢~! to arrive at (3.15). O

Next, we turn our attention to the proof of Theorem 3.3. Towards this end, we recall the following
theorem ([8, Chapter 7, Theorem 9.1, also Chapter 6.7]). Our assumption about the centers C,, in the
definition of the spaces V,, being nested implies that the sequence of spaces {V,,} satisfies the conditions
listed in [8, Chapter 7, (5.2)] with the class X? in place of X in [8], where the density assumption can
be verified easily using (3.1) and the fact that §(C,,) — 0 as m — oo. The statement of [8, Chapter 7,
Theorem 9.1] is in terms of the Besov spaces in general, we apply it with the parameter ¢ = oo there.
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Theorem 6.2 Let 1 < p < oo, r > 0. Suppose that for some r > 0,
dist (F,Vp,) < em™"||[(A*)"F||p, m=12,---, Fe WP (6.11)

and
AT, < em"|| ||, VeV, m=1,2---. (6.12)

Then for 0 <~ <r, F' € HY if and only if sup,,>, m" dist (F, V) < c(F).

Theorem 6.1 (used with C,,,, W, in place of C*, W* respectively) already shows that (6.11) holds.
Thus, to complete the proof of Theorem 3.3, we need to establish

Theorem 6.3 Let 1 < p < o0, 0 <r < f—afp,C C X be a finite set, ¢ = q(C), and {ay}yec C R.

Then
1A ayGle, 9l < g "> ayGlo,y)|l,- (6.13)

yec yeC

PROOF. Let v € M, be the measure as in Lemma 5.3. In this proof only, let ¥ = ZyEC ayG(o,y). Then
Proposition 5.2 (b), used with n = [log,(1/q) |, shows that for any F': C — R,

Using 27" ~ ¢, and the function F' defined by F(y) = ay, y € C, this translates into

< 7B 20 m=m) Y| Pl .
p

GX{G(O, y) — ®om (hbam; o, y)} F(y)dv(y)

T — 3 ayan (hbanio,y)|| < 2™ (g2 ¢ /Pl s
yeC

i.e.

v — Z ayP@om (hbam;o0,y)|| < 27 mB=e/P)]||al| .

ec
Y P

In view of (3.15), this yields

U — 3" 4, Bom (hbomio,y)|| < 2B/ go /v B, (6.14)

ec
Y P

Next, we note that the function b,(¢) := (1 + [t])7b(¢), t € R, is a mask of type § — r, and also that
(A*)"G(o,y) = G(by;0,y), y € X. Similarly, (A*)"®@gm (hbam;o,y) = Pom (hbyam;0,y). Hence, we may
apply (6.14) with (A*)"G(o,y) in place of G, 8 — r in place of 3, and deduce that

(A% — (A)" Y ay®om (hbym; 0, y) || < 2777/ g0 /0 =BT (A |, (6.15)

ec
Y P

We now choose m sufficiently large, so that 2™ ~ 1/¢, and c2—m(B—r—a/p’)ga/p' =t < 1/2. Then (6.14),
(6.15) become

U= " a,®am (hbam;o,y)|| < ¥,

ec
Y P

and

(A™)" W — (A" Y ayPam (hbamso,y)|| < (1/2)[[(A") ¥,
yel
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Since ), cc ayPom (hbam;o,y) € llom, these estimates and (5.33) lead to

(A", < 2 (A)" ) ay@am(hbam; o y)|| < 2™ || ay®am(hbamso,y)|| < 2™V,

eC eC
Y p Y p

Since 2™ ~ 1/q, this implies (6.13). O

PrROOF OF THEOREM 3.3. We note that Theorem 6.2 is applicable in view of Theorem 6.1 and The-
orem 6.3. The equivalence (a)<(c) follows from Theorem 6.2. The implication (a)=-(b) follows from
Theorem 3.2. The implication (b)=-(c) is clear.

In the case when p = oo, the implication (d)=-(c) is clear. The implication (a)=-(d) follows from
Theorem 3.2. O

PROOF OF THEOREM 3.5. Using (6.5), Theorem 6.3 (used with « in place of r), and Theorem 6.1, we
obtain

[(A")Yom(f) = (A") W[l < I(A%) om(f) = (A7) Cm(H)llp + I(A") G (f) = (A7) Tl
< cAmTIA) o (Nllp + MG (f) = Vinllp }
< eAmTNAY fllp +m | f = G (Hllp +m7 |1 f = Tl
< em? T [(AT) fllp-
In view of Proposition 5.3, this leads to the desired estimate. O

We end this section with the postponed proof of Proposition 2.1.

PROOF OF PROPOSITION 2.1. In order to prove part (a), let (in this proof only) C = {z;}2,. We define
Ci = CN A(z1,€). By relabeling the set if necessary, we choose z2 € Cj, and set C; = C7 N A(z2,¢).
Necessarily, p(x1,C3) > € and p(z1,22) > €. Since C is finite, we may continue in this way at most M
times to obtain a subset C of C such that ¢(C) > e, and moreover, for any z € C, there is y € C with
p(z,y) < € ie., 6(C,C) <e. It follows that

5(C) < 6(C) <6(C) +e

This completes the proof of part (a).

To prove part (b), we will use some notation which will be different from the rest of the proof. In
view of the fact that §(C1) < (1/2)6(Co) < q(Cop), the points of Cy are already at least §(Ci) separated
from each other. Let C¥ be the subset of C; \ Co comprising points which are at least §(C;) away from
any point in Cy. Let C;” C Cf be selected as in part (a), so that

st ety <) < alcy), (6.16)

and C} := C; UCy. Clearly, C; D Cy, and ¢(C;) > §(C1). If x € C; and there is no point of Cy within
§(Cy) of x, then z € C¥. In view of (6.16), there is a point in C;” within 6(C;) of z. So, in any case, for
any = € Cy, there is a point in Cf within §(C;) of z. Therefore,

§(C1) < 6(CT) < 26(C1) < 2q(CY).

This completes the proof of part (b).
To prove part (c), we note that there exist integers ¢,n > 0 such that

Q2P <oC) <2 TR, k=1,2,---. (6.17)

In this proof only, we define C;, = Coretn+1), k= 0,1,2,---. Then it is clear that C; C C;,, and it is easy
to check using (6.17) that §(C;, ;) < (1/2)d(C;,). With the construction as in the proof of part (a), we

choose C C C{, such that
0(C1) < (1/2)8(Co) < (1/2)6(Cq) < q(Cq)-
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We then use part (b) with C{/ in place of Cy of part (b) and C] in place of C; of part (b) to obtain C} C Cf
such that CY D C{f, §(C1) < 0(Cy) < 26(Ch) < 2¢(CY), and §(Cy) < (1/2)6(C7) < (1/2)6(CY). Proceeding
by induction, we construct an increasingly nested sequence {C; C C;.} with 6(C}/) < 26(C,) < 2¢(C{). We
observe that

(R FDHO =1 < 5(Cr) < 8(CY) < 20(C) < 2(2kEHnFDFm) =L, (6.18)
If m > 1 is any integer, we find integer k such that 28+ < < 2R+ W+ “and define C,, = Cy.
Then Cp, D Coreintny = C, 2 Cjf 2 Cr,. Moreover, since the value of k corresponding to m does not

exceed that corresponding to m 4 1, and the sequence {Cy'} is increasingly nested, then C,, C Cpy1. It
is easy to verify from (6.18) that §(C,,) < 26(C,,) and that 6(C,,) ~ 1/m. O
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