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Abstract

We construct generalized translation networks to uniformly approximate a class of nonlinear,
continuous functionals defined on Lp([−1, 1]s) for integer s ≥ 1, 1 ≤ p < ∞ or C([−1, 1]s). We
obtain lower bounds on the possible order of approximation for such functionals in terms of any
approximation process depending continuously upon a given number of parameters. Our networks
almost achieve this order of approximation in terms of the number of parameters (neurons) involved
in the network. The training is simple and noniterative; in particular, we avoid any optimization
such as that involved in the usual back-propagation.

1 Introduction

One of the important applications of neural networks is to approximate functions defined on a compact
subset of a Euclidean space in a highly parallel manner. (We give precise definitions in Section 2.)
Following the well known initial results of Cybenko [5], Hornik, White and Stinchcombe [11], Park and
Sandberg [23], and Barron [1] among others, there has been a great deal of activity in this area in
recent years. Motivated by the work of Girosi, Jones, and Poggio [8], Mhaskar and Micchelli [18] have
introduced the notion of generalized translation networks, unifying the theme of neural networks, radial
basis function networks, and generalized regularization networks of [8]. They studied in detail how the
choice of the activation function affects the degree of approximation of the target function. Subsequently,
the first named author [17] has constructed generalized translation networks utilizing specific activation
functions to obtain an optimal order of approximation when the only a priori information about the
target function is that it belongs to some Sobolev class.

In this paper, we obtain analogous results when a generalized translation network is used to approxi-
mate functionals on compact subsets of an Lp space, rather than functions of finitely many real variables.
The problem of approximating a functional arises naturally in the study of identification and control of
nonlinear systems. In an identification problem, the hidden states of a nonlinear system are not known,
and one wishes to develop a model merely by observing the input-output relationships of such a system
(cf. Levin and Narendra [12] for a recent discussion). The output at any given time is a functional of the
input signal, which is a function of time. Similarly, a control problem can be thought of as a functional,
which, at any given time, maps the input control signals to an output signal. The actual system itself is
often unknown, and a simple model is desirable (cf. Sontag [28] for a recent review).

Narendra and Parthasarathy [20] have proposed different models which can utilize the approximation
capabilities of neural networks for system identification and control. Levin and Narendra [12] have studied
neural networks for the identification of systems using only observations on the input/output relationships
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of the system. In both of these papers, the output signal at any time is considered as a function of finitely
many samples of the input and output signals, typically taken prior to the moment in question.

A different approach has been suggested by Sandberg [26], where the system is thought of directly
as a functional acting on the input signal, and an “NL”-system is used as a model for this functional.
Here, N is a static neural network, L has a simple representation in terms of bounded linear functionals,
and the model is the composite map N ◦ L. Sandberg has shown that any real continuous functional
on any compact subset of a real normed linear space can be uniformly approximated in this way, and
has given several related results concerning, for example, the choice of the linear functional L that can
be used. He has also studied the case when radial (or elliptic) basis function networks are used instead
of the conventional neural networks. Further research in this direction is also done by Chen and Chen
[2, 3, 4], Dingankar [7], and Modha and Hecht–Nielsen [19].

In this paper, we investigate the question of obtaining bounds on the size of the networks involved in
terms of the desired accuracy of approximation. As expected, the bound will depend upon the properties
of the compact subset of the function space on which the functional acts, and also on the structural
properties of the functional itself. Typically, both of these are likely to be unknown. Therefore, one
is led to the notion of universal approximation; i.e., approximating the functional under minimal a
priori assumptions on the functional and the input signals on which it acts. We prove that there are some
inherent lower bounds for the accuracy of such universal approximation. We will also construct generalized
translation networks which “almost” achieve this lower bound. The networks to be constructed are very
general, and include as special cases, Gaussian networks, thin plate spline networks, neural networks with
the hyperbolic tangent activation function, and a variety of other commonly used networks. Although
our focus is to obtain a theoretical insight into the problem, our proof suggests an explicit formula for the
networks. There is no training involved in the usual sense. In particular, we do not use any optimization
technique, such as minimization of a back- propagation error surface. Thus, the large number of neurons
required for our networks is offset by the extremely simple “training”, and we do not encounter any
problems commonly associated with optimization, such as local minima.

In the next section, we state and discuss our results. The proofs are given in Section 3. We are
grateful to Professor Dr. I. Sandberg and one of the referees for clarifying the history of this problem, as
well as to both the referees for their valuable suggestions for the improvement of the presentation in this
paper.

2 Main Results

Following the approach in the papers [26], [25] of Sandberg, we think of an arbitrary nonlinear system
as a continuous functional F acting on a compact subset of some Lp space. Let s ≥ 1 be an integer,
which will be fixed throughout the rest of this paper. If A ⊂ IRs is a (Lebesgue-) measurable set, and
f : A → IR is a measurable function, we write

‖f‖p,A :=





{
∫

A

|f(t)|pdt}1/p, if 1 ≤ p < ∞,

ess sup
t∈A

|f(t)|, if p = ∞.
(2.1)

The space Lp(A) is defined to be the class of all functions f : A → IR for which ‖f‖p,A < ∞. As usual,
we consider two functions to be equal if they are equal almost everywhere in the measure theoretic sense.
In this paper, if A = [−1, 1]s, then we will omit the mention of this set from the notation; thus, we write
‖f‖p to denote ‖f‖p,[−1,1]s etc. Further, we will have no occasion to consider functions in L∞(A) which
are not continuous. Therefore, we will simplify our notations by using the symbol L∞(A) to denote also
the class C(A), consisting of bounded, uniformly continuous functions on A.

We also recall a few facts about compact subsets of Lp. There are several known characterizations of
compact sets in Lp(A) ([27]); for illustrating our theorems, we find the following characterization useful,
where we restrict our attention to the case when A = [−1, 1]s. For any real number λ > 0, we denote
the class of all algebraic polynomials in s variables of coordinatewise degree not exceeding λ by Πλ,s. If
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f ∈ Lp and λ ≥ 0 we write
Eλ,p,s(f) := inf

P∈Πλ,s

‖f − P‖p. (2.2)

It is not too difficult to verify (cf. [14], p. 33) that a closed set K ⊂ Lp is compact if and only if there
is a constant MK > 0 and a sequence of positive numbers {εm,K}, converging to 0 as m → ∞, such that
for every f ∈ K,

‖f‖p ≤ MK , Em,p,s(f) ≤ εm,K , m = 0, 1, . . . . (2.3)

For example, for the set of functions satisfying a Hölder condition of order α, one may choose εm,K = cm−α

for a suitable constant c.
Given a system defined by a functional F on a compact set K ⊂ Lp, the objective of system identifi-

cation is to build another functional G on this compact set which will approximate F well, and also serve
as a model with known parameters. Although the whole problem arises because F is typically unknown,
it is reasonable to make some a priori assumptions on a class of functionals to which F may belong; as is
done commonly in the theory of approximation of functions. Moreover, if we wish to consider the system
not as a functional, but as an operator T producing an output signal Tf upon receiving an input signal
f , this operator can be thought of as a set of functionals : each t in the domain of the output signal
defines a functional Tf(t). A model for this operator will achieve uniform approximation of all these
functionals. Thus, in this paper, we are interested in approximating every functional belonging to a class
F , satisfying some minimal conditions, which we now describe.

We recall that a function Ω : (0,∞) → (0,∞) is said to be a modulus of continuity ([13]) if each of
the following properties holds. (a) Ω(h) → 0 as h → 0, (b) Ω is a positive and increasing function, and
(c) Ω is subadditive; i.e.,

Ω(h1 + h2) ≤ Ω(h1) + Ω(h2), h1, h2 > 0. (2.4)

For example, for any α ∈ (0, 1), the function Ω(h) = hα is a modulus of continuity. For any real function
F uniformly continuous on Lp, the quantity sup{|F (f)−F (g)| : ‖f −g‖p ≤ δ}, considered as a function
of δ, is a modulus of continuity (of F ). More generally, if X is a topological space, and T : Lp → C(X)
is a bounded, continuous function, then the quantity

sup{|Tf(x) − Tg(x)| : x ∈ X, ‖f − g‖p ≤ δ},

considered as a function of δ, is modulus of continuity (of T ). For each x ∈ X , the modulus of continuity
of T is a majorant for the modulus of continuity of the functional f → Tf(x). Motivated by this
observation, and the Jackson theorem in the theory of trigonometric approximation, the only assumption
we wish to make about the functional is that there be a known majorant for its modulus of continuity.
Accordingly, we will be interested in this paper in the universal approximation of the class

F := FΩ,p,s := {F : Lp → IR : |F (f) − F (g)| ≤ Ω(‖f − g‖p), f, g ∈ Lp}, (2.5)

where Ω is a given modulus of continuity.
Our main objective in this paper is to construct generalized translation networks to model every

functional in F . We now proceed to describe these networks. Let 1 ≤ d ≤ D, N ≥ 1 be integers,
and φ : IRd → IR. A generalized translation network with N neurons evaluates a function of the form∑N

k=1 akφ(Ak(·) + bk) where the weights Ak’s are d × D real matrices, the thresholds bk ∈ IRd and the
coefficients ak ∈ IR (1 ≤ k ≤ N). The set of all such functions (with a fixed N) will be denoted by
Πφ;N,D. When d = 1, Πφ;N,D is the set of all outputs of a neural network with N neurons, each evaluating
the activation function φ, and receiving D inputs. When d = D, and φ is a radially symmetric function,
then Πφ;N,D denotes the set of all outputs of a radial basis function network. In [8], Girosi, Jones, and
Poggio have pointed out the importance of the study of the more general case considered here. They
have demonstrated how such general networks arise naturally in such applications as image processing
and graphics, as solutions of certain extremal problems. Our first theorem in this section is the following
Theorem 2.1. For multi-integers k = (k1, · · · , kd),m = (m1, · · · , md) ∈ ZZd, we write k ≥ m if kj ≥ mj ,
1 ≤ j ≤ d. If t ∈ IR, we write k ≥ t if kj ≥ t, 1 ≤ j ≤ d. The set of all k ∈ ZZd with k ≥ 0 will be denoted
by ZZd

+. Throughout the rest of this paper, we adopt the following convention regarding constants. The
letters c, c1, c2 · · · will denote positive constants depending only on p, d, s, φ, K and F (equivalently Ω),
but independent of any other variables not explicitly indicated. Their values may be different at different
occurrences, even within the same formula.
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Theorem 2.1 Let d ≥ 1 be an integer, and φ : IRd → IR be infinitely many times continuously differen-
tiable in some open sphere in IRd. We further assume that there exists b in this sphere such that

Dkφ(b) 6= 0, k ∈ ZZd
+. (2.6)

Let s ≥ 1, N ≥ 1, m ≥ (log d)/s be integers, 1 ≤ p ≤ ∞, K be a compact subset of Lp, Ω be a modulus
of continuity and F be the set as in (2.5). We write D := (2m + 1)s. There exist continuous linear
functionals γk : C(K) → IR, k = 1, · · · , N , and a continuous linear operator Lm : Lp → IRD, with the
following property. For every F ∈ F , there exist d×D matrices Ak := Ak(F ) with rank d, k = 1, · · · , N ,
such that

sup
f∈K

|F (f) −
N∑

k=1

γk(F )φ(Ak(Lm(f)) + b)| ≤ c
{
Ω(εm,K) + Ω(mβN−1/D)

}
, (2.7)

where β := 2s max(1/p, 1− 1/p).

It may seem a bit awkward to define the matrices Ak and operator Lm as we did in the above theorem,
rather than just defining operators from Lp into IRd. The reason for this will be explained during our
discussion of the lower bounds. It is proved in [17] that the condition (2.6) is satisfied for a large class of

activation functions, including each of the following, where for x ∈ IRd, we write |x| :=
( d∑

j=1

x2
j

)1/2:

d = 1, φ(x) := (1 + e−x)−1, (The sqashing function)

d ≥ 1, φ(x) := (1 + |x|2)α, α 6∈ ZZ, (Generalized multiquadrics)

d ≥ 1, q ∈ ZZ, q > d/2, φ(x) :=
{
|x|2q−d log |x|, d even,
|x|2q−d, d odd,

(Thin plate splines)

and
d ≥ 1, φ(x) := exp(−|x|2). (The Gaussian function)

An important special case of the compact set K in Theorem 2.1 is the case when εm,K = O(m−α)
for some α > 0. In this case, the order of magnitude of the quantity on the right hand side of (2.7) is
minimized if we choose m to be a solution of the equation

(2m + 1)s log m =
log N

α + β
; (2.8)

i.e., (cf. [24], Ex. 5.7, p. 14)

m ∼
(

log N

log log N

)1/s

. (2.9)

(Our notation here is different from that in [24]. By A ∼ B, we mean c1B ≤ A ≤ c2B.) The right hand
side of (2.7) is then estimated by

cΩ
(( log log N

log N

)α/s
)

.

We observe that if NP denotes the number of real parameters in the network of (2.7), then this order of
magnitude is also

cΩ
(( log log NP

log NP

)α/s
)

.

This looks like a very weak rate of convergence indeed, but we will prove below that under the weak a
priori assumptions which we have made, this result cannot be improved in general, except possibly for
the factor of log log NP in the numerator above.

Before describing these lower bounds, we take this opportunity to make a few remarks about the
construction of the networks. We observe that the operator Lm is independent of the functionals F or
the input signals f . During the proof, we will give explicit expressions for the quantities Lm, Ak, and the
coefficients γk. It will then be seen that the matrices Ak (and clearly the threshold b) are all uniformly
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bounded, independent of the accuracy desired. It will also be seen that the matrices Ak depend not so
much on F itself, but on the entire class F and on

sup{|F (P )| : P ∈ Π2m,s, ‖P‖p ≤ c(N, m, p, s)}

for some constant c depending upon the indicated parameters only. In particular, if we restrict the set
F to consist of functionals satisfying an a priori bound, then the matrices Ak will also be independent
of F . In function approximation, a bound on the Sobolev norm already implies such a bound on the
norms of the target functions. There are technical reasons for not imposing such a bound at the outset
in this context. Nevertheless, there is no training involved in finding these and other parameters of the
network, and we have avoided all the shortcomings of the usual, optimization based techniques, such as
back-propagation.

Necessarily, the coefficients γk will be unbounded as the accuracy tends to 0; this is inevitable even
in the case of ordinary function approximation [16]. This situation is akin to the case of the familiar
polynomial approximation on the interval. If one writes the approximating polynomials in terms of
the monomials, the coefficients are far from being well behaved. A change of basis to some system of
orthogonal polynomials cures this problem. It will be seen from our proof that this is exactly the situation
here as well. Thus, to implement the networks in practice, one should first implement certain auxiliary
networks. These are independent of the actual systems being implemented, and the extra effort will pay
off in terms of more stable coefficients of the resulting networks in actual approximation of the systems.

In the case of radial basis function networks, our matrices are not all equal to the identity matrix;
i.e., our networks are not pure translation networks. The ideas in [15] can be used to construct Gaussian
networks to achieve the same rate of approximation, where only pure translations are required. We will
not pursue these ideas here. An examination of our proofs here and those in [15] will show clearly how
to do this. No new ideas are involved in this construction.

Now we turn our attention to the lower bounds. These will be obtained for any models, not just for
generalized translation networks. A model can be described mathematically in terms of two functions,
a function π : F → IRN which selects the parameters of the model, and a function MN : IRN → C(K)
which reconstructs the model using these parameters. For any system F ∈ F , MN (π(F )) is the model
simulating F . For example, in the case of a neural network model, N denotes the total number of its
real parameters, including the coefficients, components of weights and thresholds. The training of the
network consists of defining the function π which defines these parameters given a target function. The
mapping M then defines the output of the network itself, given these parameters. In our formulation of
Theorem 2.1, the operator Lm, being independent of F and f , is part of the definition of M. The lower
bounds in the discussion below will apply also even if the weights Ak were to depend upon F in a much
more complicated manner. The split formulation helps us to allow this dependence without introducing
new definitions of “widths” (see below), and also underlines the possible interdependence of π and M.
It is naturally desirable that the function π should be continuous on F , so as to achieve a robust model.
As pointed out by Helmicki, et. al. [10], it is desirable to measure the error in this simulation in the
“worst-case” scenario. Mathematically, this amounts to estimating the quantity

sup
f∈K

|F (f) −MN (π(F ), f)|.

Since F itself is unknown as well, we are led to consider

sup
F∈F ,f∈K

|F (f) −MN (π(F ), f)|.

The inherent error in modelling is then measured by the nonlinear N -width ([6]), defined by

∆N (F) := inf
MN ,π

sup
F∈F ,f∈K

|F (f) −MN (π(F ), f)|, (2.10)

where the infimum is taken over all continuous functions π : F → IRN and operators MN : IRN → C(K).
The following theorem gives a lower bound for the nonlinear N - width for F in case of certain compact

sets K ⊂ L2. To describe this compact set, we write |k|∞ = max1≤j≤s |kj |, k = (k1, · · · , ks) ∈ ZZs. For
f ∈ L2, let

∑
ak(f)IP k denote the Fourier-Legendre expansion of f (cf. (3.2), (3.5) below).
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Theorem 2.2 Let s ≥ 1 be an integer, α > 0,

K := {f ∈ L2 :
∑

k

|k|2α
∞ |ak(f)|2 ≤ 1}. (2.11)

Let Ω be a modulus of continuity. Then for integer N ≥ 1,

∆N (FΩ,2,s) ≥ cΩ((log N)−α/s). (2.12)

3 Proofs.

In this section, we prove Theorems 2.1 and 2.2. The idea behind the proof of Theorem 2.1 is the following.
From F and K, we will construct a family of functions on a ball in IRD. Each member of this family
will be approximated by a polynomial of a certain degree n, where the rate of approximation is given by
Newman and Shapiro in [22]. Neural networks to approximate such polynomials are developed in [17].

We start this program by recalling the definition and a few facts about Legendre polynomials. A
standard way to define the univariate, orthonormalized Legendre polynomial is by the Rodrigues’ formula
([29]) :

IP n(x) :=
(−1)n

√
n + 1/2

2nn!

(
d

dx

)n{
(1 − x2)n}, x ∈ IR, n = 0, 1, · · · . (3.1)

If ` ≥ 2, k = (k1, . . . , k`) ∈ ZZ`
+, and x = (x1, . . . , x`) ∈ IR`, then we write

IP k(x) :=
∏̀

j=1

IP kj (xj). (3.2)

It is well known that ∫

[−1,1]`
IP k(x)IPm(x)dx =

{
1, if k = m,
0, otherwise. (3.3)

If g ∈ L1([−1, 1]`), its Fourier-Legendre coefficients are defined by

ak(g) :=
∫

[−1,1]`
g(t)IP k(t)dt, (3.4)

and the expression ∑

k∈ZZ`,k≥0

ak(g)IP k, (3.5)

convergent or not, is called its Fourier-Legendre expansion. Even if the expansion might not converge,
the multi-sequence {ak(g)} uniquely determines g.

We develop some further notation. If D is as in Theorem 2.1, a ∈ IRD, then we may index the
coordinates of a by elements of {0, 1, · · · , 2m}s instead of the usual indexing by elements of {1, 2, · · · , (2m+
1)s}. Then the operator IΠ : IRD → Π2m,s is defined by

IΠ(a) :=
∑

0≤k≤2m

akIPk. (3.6)

The quantity |a| will denote the Euclidean norm of a. The following lemma establishes an important
connection between |a| and ||IΠ(a)||p.

Lemma 3.1 Let m ≥ 0 be an integer, D = (2m + 1)s. Then, with

Am,p,s := m2s max(1/p−1/2,0), Bm,p,s := m2s max(1/2−1/p,0), (3.7)

we have
|a| ≤ cAm,p,s‖IΠ(a)‖p ≤ c1Am,p,sBm,p,s|a| = c1m

β−s|a|, (3.8)

where β := 2s max(1/p, 1− 1/p).
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Proof. If 0 < q, r ≤ ∞, ` ≥ 1 be an integer, and P ∈ Π`m,1 is a univariate polynomial, then it is known
([21], p. 114) that

||P ||q,[−1,1] ≤
{

cm2(1/q−1/r)||P ||r,[−1,1], if r < q
c||P ||r,[−1,1], if r ≥ q.

(3.9)

The case q = ∞ is not included on p. 114 of [21]. However, it forms the basis for the proof, and is proved
separately in the form of Theorem 13 on p. 113, and Lemma 5 on p. 108 of [21]. The second inequality
above is, of course, just a consequence of Hölder’s inequality. If P ∈ Π`m,s, we apply the above estimates
one by one to each of the coordinates of its argument to obtain

||P ||q ≤
{

cm2s(1/q−1/r)||P ||r, if r < q
c||P ||r, if r ≥ q.

(3.10)

The estimates (3.8) are now easy to deduce using the Parseval identity. 2

The following lemma gives the first step of our proof: the construction of a family of functions on a
ball of IRD. We assume the notation and conditions of Theorem 2.1.

Lemma 3.2 There exists a continuous linear operator Lm : Lp → IRD such that

|F (f) − F (IΠ(Lm(f)))| ≤ cΩ(εm,K), F ∈ F , f ∈ K. (3.11)

Moreover,
|Lm(f)| ≤ CAm,p,s‖f‖p, f ∈ Lp, (3.12)

where C > 0 is a constant depending only on p and s, but not on m.

Proof. We take any continuous linear operator Vm : Lp → Π2m,s such that

‖f − Vm(f)‖p ≤ cEm,p,s(f) (3.13)

for all f ∈ Lp, where c is a positive constant depending only on p and s, and not on f or m. There are
many such operators known in the literature (cf. [30], [13], [17]), and the actual choice is immaterial for
this proof. We write

Lm(f) := (ak(Vm(f)))0≤k≤2m,k∈ZZs . (3.14)

Then Lm is a continuous linear operator on Lp, and

‖f − IΠ(Lm(f))‖p = ‖f − Vm(f)‖p ≤ cεm,K , f ∈ K. (3.15)

The estimate (3.11) is now clear. From Lemma 3.1, we obtain for f ∈ Lp that

|Lm(f)| ≤ cAm,p,s‖Vm(f)‖p ≤ cAm,p,s‖f‖p. (3.16)

This proves (3.12). 2

Until the end of the proof of Theorem 2.1, we retain the value of the constant C in (3.12).
In order to describe the next step of our proof, we define for any F ∈ F , a function µm(F ) of D

variables by the formula
µm(F, a) := F (IΠ(a)), a ∈ IRD. (3.17)

The next lemma gives a bound on the degree of polynomial approximation of µm(F ), thus completing
the second step in our proof.

Lemma 3.3 With the notation as in Theorem 2.1, for any F ∈ F , and integer n ≥ 1, there exists a
polynomial Q(F ) ∈ Πn,D such that

|µm(F, a) − Q(F, a)| ≤ cΩ(mβ/n), |a| ≤ CAm,p,sMK . (3.18)
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Proof. Using Lemma 3.1, and the definitions of the functions µm, IΠ, we obtain for any a,d ∈ IRD,

|µm(F, a) − µm(F,d)| = |F (IΠ(a)) − F (IΠ(d))| (3.19)
≤ Ω(‖IΠ(a) − IΠ(d)‖p)
≤ cΩ(Bm,p,s|a − d|).

The assertions of Lemma 3.3 now follow from Theorem 3 in the paper [22] of Newman and Shapiro. 2

Finally, we prove another lemma, which will help us to replace the polynomials Q(F ) by generalized
translation networks.

Lemma 3.4 Let φ satisfy the conditions of Theorem 2.1, n ≥ 1 be an integer and k ∈ ZZD
+ and k ≤ n.

Then for every ε > 0, there exists Gk,n,ε ∈ Πφ;(6n+1)D,D such that

(3.16) ||IP k − Gk,n,ε||∞,[−1,1]D ≤ ε.

The matrices involved in Gk,n,ε may be chosen to be matrices of rank d. Further, the matrices in each
Gk,n,ε may be chosen from a fixed set with cardinality not exceeding (6n + 1)D. The threshold of each
neuron in each Gk,n,ε is b as defined in (2.6).

Proof. The proof of this lemma is almost verbatim the same as that of Lemma 3.2 of [17]. We omit
the details, but point out only the necessary changes. For w ∈ IRD, we define the d×D matrices Aw by

Aw :=




... wd+1, · · · , wD

diag(w1, . . . , wd)
... · · · · · · · · ·
... 0


 , (3.20)

and write
Φ(w;x) := φ(Awx + b), x ∈ IRD.

Then, as in Lemma 3.2 of [17], we may express every monomial xp (p ∈ ZZD
+) as a multiple of a derivative

of Φ with respect to w. A divided difference then gives a network Φp,h ∈ Πφ;(p1+1)···(pD+1),D that
approximates xp uniformly on [−1, 1]D to any desired degree of accuracy. The network Gk,n,ε is obtained
by expressing IP k in terms of monomials, and then replacing each monomial by the approximating
network. The matrices involved are of the form (3.20). By slight perturbations, one may also ensure the
matrices to be of rank d, and yet ensure that the set of matrices is fixed, independent of k. 2

Proof of Theorem 2.1. If f ∈ K, F ∈ F , (3.12) and Lemma 3.3 gives a polynomial Q(F ) ∈ Πn,D

such that

|F (IΠ(Lm(f))) − Q(F, Lm(f))| = |µm(F, Lm(f)) − Q(F, Lm(f))| ≤ cΩ(mβ/n). (3.21)

From (3.11), we now obtain for all f ∈ K, F ∈ F ,

|F (f) − Q(F, Lm(f))| ≤ c

{
Ω(εm,K) + Ω(mβ/n)

}
. (3.22)

We write
Q(F ) =:

∑

k∈ZZD
+ ,k≤n

dk(F )IP k.

Then
∑

k∈ZZD
+ ,k≤n

|dk(F )| ≤ c(n, m, p, s) max
|a|≤CAm,p,sMK

|Q(F, a)|

≤ c(n, m, p, s) max
|a|≤CAm,p,sMK

|µm(F, a)|

≤ c(n, m, p, s) max
P∈Π2m,s,‖P‖p≤c2(n,m,p,s)

|F (P )|
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We may then use the networks constructed in Lemma 3.4 to arrive (after an elementary rescaling) at
a network approximating Q(F ) to an arbitrary degree of approximation on the ball in IRD of radius
CAm,p,sMK . Moreover, these networks have the form required in Theorem 2.1. In view of (3.22), these
networks evaluated at Lm(f) give the required degree of approximation to F (f). 2

Next, we turn to the proof of Theorem 2.2. As expected, the proof of this theorem relies upon the
notion of the Bernstein widths. If X is a normed linear space, ‖ · ‖ is its norm, A ⊆ X , and N ≥ 1 is
an integer, the Bernstein N -width of A (with respect to X) is defined as follows. Let XN+1 be the set of
all linear subspaces of X having dimension not exceeding N + 1. The Bernstein N -width is given by the
expression

bN (A) := sup
Y ∈XN+1

{ρ : ρf/‖f‖ ∈ A for all f ∈ Y }. (3.23)

In the context of this paper, we take X to be the space C(K) with the natural supremum norm. According
to a result of DeVore, Howard and Micchelli ([6]),

∆N (F) ≥ bN (F), N = 1, 2, · · · . (3.24)

Therefore, we will obtain a lower bound for bN(F). The idea is the same as in Theorem C in [22]. We
provide some details since we are unable to find a precise reference in the context of Bernstein N -widths.
Proof of Theorem 2.2. In this proof, we write F := FΩ,2,s. Let m be an integer such that 2m + 1 ∼
(log N)1/s, and D := (2m+1)s. Following Newman and Shapiro ([22], Lemma 1), we obtain N +1 points
a1, · · · , aN+1 in IRD, such that

|ai| ≤ 1/Dα/s, i = 1, · · · , N + 1, (3.25)

and
|ai − aj | ≥ (2Dα/sN1/D)−1, i 6= j, i, j = 1, · · · , N + 1. (3.26)

Then the functions
fi := IΠ(ai) (3.27)

are in K, and

‖fi − fj‖2 = |ai − aj | ≥ (2Dα/sN1/D)−1 =: 2δ, i 6= j, i, j = 1, · · · , N + 1. (3.28)

Next, we define for f ∈ L2, i = 1, · · · , N + 1,

Fi(f) :=
{

Ω(δ − ‖f − fi‖2), if ‖f − fi‖2 < δ
0, otherwise.

(3.29)

Then each Fi is a bounded, continuous, real function on L2. If Y is the linear span of Fi, then Y has
dimension N + 1. Let F =

∑
diFi be an arbitrary element of Y . Then

‖F‖ := sup
f∈K

|F (f)| = Ω(δ) max
1≤i≤N+1

|di|. (3.30)

Using the monotonicity and subadditivity of Ω, if ‖f − fi‖2, ‖g − fi‖2 ≤ δ, then

|F (f) − F (g)| = |di|
∣∣∣∣Ω(δ − ‖f − fi‖2) − Ω(δ − ‖g − fi‖2)

∣∣∣∣ (3.31)

≤ |di|Ω
(∣∣‖g − fi‖2 − ‖f − fi‖2

∣∣
)

≤ ||F ||
Ω(δ)

Ω(‖f − g‖2).

If ‖f−fi‖2, ‖g−fj‖2 ≤ δ and i 6= j, then we pick h, h̃ with ‖h−fi‖2 = δ, ‖h̃−fj‖2 = δ, ‖f−h‖2, ‖g−h̃‖2 ≤
‖f − g‖2. (For example, we may take the “line” joining f and g, and let h and h̃ be the “points” where
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this “line” intersects the balls around fi and fj respectively.) Then F (h) = F (h̃) = 0 and, using the
estimate just proved,

|F (f) − F (g)| ≤ |F (f) − F (h)| + |F (h̃) − F (g)| (3.32)

≤ ||F ||
Ω(δ)

Ω(‖f − h‖2) +
||F ||
Ω(δ)

Ω(‖h̃ − g‖2)

≤
2||F ||
Ω(δ)

Ω(‖f − g‖2).

The case when at most one of f and g are in a ball of radius δ around one of the fi’s is simpler. We have
therefore proved that

|F (f) − F (g)| ≤
2||F ||
Ω(δ)

Ω(‖f − g‖2) (3.33)

for all f, g ∈ L2. Consequently, any F ∈ Y with ‖F‖ ≤ Ω(δ)/2 is in F ; i.e.,

bN(F) ≥ (1/2)Ω(δ). (3.34)

From the definition of D and δ (3.28), we see that N1/D ∼ 1 and δ ∼ (log N)−α/s. Therefore, the proof
of Theorem 2.2 is complete in view of the estimate (3.24). 2

4 Conclusions

Given a continuous, not necessarily linear, functional F on an Lp space, we have constructed generalized
translation networks which provide a near optimal approximation to F in terms of the number of neurons
involved. Our networks evaluate a functional of the form

∑N
k=1 γkφ(Ak(Lm(f))+b), where f is the input

signal in the Lp-space, and φ : IRd → IR is the activation function. This setup covers the conventional
neural networks (d = 1), as well as radial (elliptical) basis function networks, where d = s and φ is a
radially symmetric function.

In our construction, Lm is a linear operator mapping f to a judiciously chosen number of coefficients
in a polynomial approximation to f . In particular, this operator is independent of both the input signals
and the system to be approximated. The remaining parameters are obtained as in [17] to approximate a
function of finitely many real variables, constructed from F and Lm. The parameters Ak’s are full-rank
matrices depending only on a norm of F , but are the same for all F having the same norm bound. The
parameter b depends only on φ. The parameters γk are continuous linear functionals of F . Explicit
formulas are given for all of these parameters; one does not need to train the network in the usual
sense. In particular, our constructions are explicit, deterministic, and do not involve any iterative and/or
optimization techniques, such as back-propagation.

Our main objective is to obtain estimates on the number of neurons in terms of the desired accuracy in
approximation, and the properties of the functional F and the compact set on which the approximation
takes place. Our estimates are valid also when a uniform approximation of a uniformly continuous
operator on Lp, taking values in a class of bounded, continuous functions, is desired. Lower bounds for
the degree of approximation are also obtained.

Although the paper is mainly of a theoretical nature, the proofs suggest actual constructions based
on classical polynomial approximation theory. We have not conducted any numerical experiments, but
the approximation theory tools used here are well tested over the last several decades.
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