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Abstract

A zonal function (ZF) network is a function of the form x 7→∑n
k=1 ckφ(x · yk), where x and the yk’s are on the on the unit sphere

in q+1 dimensional Euclidean space, and where the yk’s are scattered
points. In this paper, we study the degree of approximation by ZF
networks. In particular, we compare this degree of approximation with
that obtained with the classical spherical harmonics. In many cases
of interest, this is the best possible for a given amount of information
regarding the target function. We also discuss the construction of ZF
networks using scattered data. Our networks require no training in
the traditional sense, and provide theoretically predictable rates of
approximation.
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1 Introduction

In many applications in geophysics and meterology, the data is collected over
the surface of the earth by satellites or ground stations. One then seeks to
find a functional model for the mechanism that generates this data. The
data is typically noisy, and statistical techniques must be used to eliminate
this noise. However, even with statistically pure data, it is a major problem
to find a suitable model that makes no assumptions about the nature of the
actual relationships within the data. The actual relations are likely to be too
complicated to be understood precisely, or even totally unknown.

In recent years, neural networks have provided a versatile tool for mod-
elling such phenomena. The classical methods from approximation theory
also provide many important tools for such a modelling, but one advantage
of the neural network model is that it allows a fast, parallel computation,
which in addition, can be implemented in hardware. The complexity prob-
lem in this connection consists of determining the size of the network under
minimal assumptions on the unknown target function. In the theoretical in-
vestigations, these assumptions are encoded by the statement that the target
function belongs to some function space, such as the Sobolev space. A survey
of some of the results in this direction can be found in [5], where the theory
is described for generalized translation networks, a concept that encompasses
both neural networks and radial basis function networks.

The need to assume that the target function belongs to some function
space, but is unknown otherwise, imposes certain inherent limitations on
how well one can approximate the function using any reasonable process
depending on a fixed, finite number of parameters. In the case of many im-
portant function spaces, these limitations have been explored in the theory
of n-widths in classical approximation theory (cf. [11], [1]). It is perhaps sur-
prising that the classical polynomial or linear approximation methods provide
a degree of approximation that already achieves the order of magnitude of
these lower bounds in the case of many function spaces. Thus, the possibil-
ity of nonlinear approximation using neural networks does not automatically
yield a better approximation; whether it does or does not do so depends upon
the a priori assumptions on the target function. One object of this paper is
to construct neural (and radial basis function) networks that can compete
with the known optimal classes of approximants with respect to the degree
of approximation that can be achieved.

In this paper, we study the approximation of a function on the (surface
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of the) unit sphere in a Euclidean space of dimension q + 1, where q ≥ 1 is
an integer that will be fixed throughout the rest of this paper. We note that
if ϕ is a univariate function, and x, t are on the sphere, then

ϕ(‖x− t‖2) = ϕ(2− 2x · t).

Therefore, restricted to the sphere, RBF networks (with centers on the
sphere) and neural networks (with weights on the sphere) have the same
form. Accordingly, we define a zonal function network (ZF network) to be
a finite linear combination of functions of the form x 7→ φ(x · y). In the
same vein as in [6], we will compare the degree of approximation by ZF net-
works with the degree of approximation provided by spherical harmonics.
We will obtain very general estimates, valid for essentially arbitrary target
functions, and all φ under certain minimal conditions. For certain natural
function classes to which the target function may be assumed to belong,
and φ satisfying additional conditions, our results will be close to optimal.
We will give explicit constructions of linear operators which accomplish the
approximation.

Although our results are optimal for the approximation of functions from
the same classes for which approximation by spherical harmonics is optimal,
there are many reasons to work with ZF networks rather than spherical har-
monics. In particular, computation of spherical harmonics is expensive, ma-
trices whose entries consist of evaluations of spherical harmonics are known to
be highly unstable, and finally, Gibbs-like phenomena in polynomial approx-
imations provide ample reason to consider these alternative approximation
schemes.

In the next section, we summarize certain central facts about polyno-
mials on the sphere, including the Marcinkiewicz-Zygmund inequalities and
quadrature formulas proved in [7]. In Section 3, we review the approxima-
tion properties of polynomials on the sphere. We also develop linear methods
involving discretized delayed means operators to construct spherical harmon-
ics, based on the values of the target function at scattered data, that give
a near-best order of approximation to the target function. In Section 4, we
will use the operators constructed in Section 4 to describe the approximation
properties of ZF networks. Section 5 provides two examples illustrating the
salient aspects of the theory.
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2 Polynomials on the sphere

2.1 Spherical Harmonics

Let q ≥ 1 be an integer which will be fixed throughout the rest of this paper,
and let Sq be the (surface of the) unit sphere in the Euclidean space Rq+1,
with dµq being its usual volume element. We note that the volume element
is invariant under arbitrary coordinate changes. The volume of Sq is

ωq :=

∫
Sq

dµq =
2π(q+1)/2

Γ((q + 1)/2)
. (2.1)

Corresponding to dµq, we have the inner product and Lp(Sq) norms,

〈f, g〉Sq :=

∫
Sq

f(x)g(x)dµq(x) (2.2)

‖f‖Sq, p :=


{∫

Sq

|f(x)|pdµq(x)

}1/p

if 1 ≤ p < ∞
ess sup

t∈S

|f(t)| if p = ∞
(2.3)

The class of all measurable functions f : Sq → C for which ‖f‖Sq, p < ∞
will be denoted by Lp(Sq), with the usual understanding that functions that
are equal almost everywhere are considered equal as elements of Lp(Sq). All
continuous complex valued functions on S

q will be denoted by C(Sq).
For integer ` ≥ 0, the restriction to S

q of a homogeneous harmonic poly-
nomial of degree ` is called a spherical harmonic of degree `. Most of the
following information is based on [9] and [13, §IV.2], although we use a differ-
ent notation. The class of all spherical harmonics of degree ` will be denoted
by Hq

` , and the class of all spherical harmonics of degree ` ≤ n will be de-
noted by Πq

n. Of course, Πq
n =

⊕n
`=0 Hq

` , and it comprises the restriction to
S

q of all algebraic polynomials in q+1 variables of total degree not exceeding
n. The dimension of Hq

` is given by

d q
` := dimHq

` =


2` + q − 1

` + q − 1

(
` + q − 1

`

)
if ` ≥ 1,

1 if ` = 0.
(2.4)

and that of Πq
n is

∑n
`=0 d q

` .
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The spherical harmonics have an intrinsic characterization. To describe
this, we first define the Laplace-Beltrami operator. If we introduce local
coordinates {θ1 , . . . , θq} for a coordinate patch on Sq, then the corresponding
patch embedded in Rq+1 will have the parametrization xi = fi(θ1 , . . . , θq),
i = 1, . . . , q + 1. The metric gj,k on Sq is then induced via restricting ds2 =∑q+1

i=1 dx2
i to Sq; that is,

q∑
j,k=1

gj,kdθjdθk ≡
q+1∑
i=1

( q∑
k=1

∂fi

∂θk
dθk

)2

.

Note that as a matrix (fix the θk’s), gj,k is symmetric and positive definite.
We follow standard conventions in letting gj,k be the matrix inverse of gj,k

and g = det gj,k. The Laplace-Beltrami operator on Sq is given by

∆Sq := g−
1
2

m∑
j=1

m∑
k=1

∂

∂θj

(
g

1
2 gij ∂

∂θk

)
. (2.5)

The operator ∆Sq is an elliptic, (unbounded) selfadjoint operator on
L2(Sq), is invariant under arbitrary coordinate changes, and its spectrum
comprises distinct eigenvalues λ` := `(` + q − 1) ` = 0, 1, . . ., each having
finite multiplicity, dq

` . The space Hq
` can be characterized intrinsically as the

eigenspace corresponding to λ`.
Since the λ`’s are distinct, and the operator is selfadjoint, the spaces Hq

` ’s
are mutually orthogonal relative to (2.2); also, L2(Sq) = closure{⊕` H

q
`}.

Hence, if we choose an orthonormal basis {Y`,k : k = 1, · · · , dq
`} for each Hq

` ,
then the set {Y`,k : ` = 0, 1, . . . and k = 1, · · · , d q

`} is an orthonormal basis
for L2(Sq). One has the well-known addition formula [9]:

d q∑̀
k=1

Y`,k(x)Y`,k(y) =
d q

`

ωq
P`(q + 1;x · y), ` = 0, 1, · · · , (2.6)

where P`(q + 1; x) is the degree-` Legendre polymonial in q + 1-dimensions.
(We note that Müller’s ωq and N(q, `) are the same as our ωq+1 and d q+1

` .)
The Legendre polynomials are normalized so that P`(q + 1; 1) = 1, and

satisfy the orthogonality relations [9, Lemma 10]∫ 1

−1

P`(q + 1; x)Pk(q + 1; x)(1− x2)
q
2
−1dx =

ωq

ωq−1d
q
`

δ`,k. (2.7)
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They are related to the ultraspherical (Gegenbauer) polynomials P
( q−1

2
)

` (cf.

[14], [9, p. 33]), and the Jacobi polynomials, P
(α,β)
` , with α = β = q

2
− 1, via

P
( q−1

2
)

` (x) =

(
` + q − 2

`

)
P`(q + 1; x) (q ≥ 2) (2.8)

P
( q
2
−1, q

2
−1)

` (x) =

(
` + q

2
− 1

`

)
P`(q + 1; x). (2.9)

When q = 1, the Legendre polynomials P`(2; x) coincide with the Chebyshev

polynomials T`(x); the ultraspherical polynomials P
(0)
` (x) = (2/`)T`(x), if

` ≥ 1. For ` = 0, P
(0)
0 (x) = 1. From the fact that Πq

n =
⊕n

`=0 Hq
` , and the

addition formula (2.6), we obtain that for any P ∈ Πq
n and x ∈ Sq,

P (x) =

n∑
`=0

dq
`

ωq

∫
Sq

P (y)P`(q + 1;x · y)dµq(y). (2.10)

In addition to the inner product and norms defined above on S
q, we will

need the following related inner product and norms for [−1, 1], with weight
function wq(x) := (1− x2)

q
2
−1:

〈f, g〉wq :=

∫ 1

−1

f(x)g(x)wq(x)dx, wq(x) := (1− x2)
q
2
−1 (2.11)

‖f‖wq, p :=


{∫ 1

−1

|f(x)|pwq(x)dx

}1/p

, if 1 ≤ p < ∞,

ess sup
x∈[−1,1]

|f(x)|, if p = ∞.
(2.12)

Finally, we note that the Funk-Hecke formula [9, Theorem 6] implies
the following useful connection between integrals over Sq and integrals over
[−1, 1] with respect to the weight function wq. For any φ ∈ L1

wq
[−1, 1],

y ∈ S
q, and any Y` ∈ Hq

` , we have∫
Sq

φ(x · z)Y`(z)dµq(z) = ωq−1Y`(x)

∫ 1

−1

φ(t)P`(q + 1; t)wq(t)dx (2.13)

=:
ωq

dq
`

φ̂(`)Y`(x). (2.14)

We remark that our definition of φ̂ in (2.14) is chosen so that the Legendre
expansion of φ has the form

∑
φ̂(`)P`(q + 1; ·).
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2.2 Inequalities

In this subsection, we review certain facts about polynomials which will be
utilized often in the sequel.

Let C be a finite set of distinct points on Sq. The mesh norm of C is
defined to be

δC := sup
x∈Sq

dist(x, C). (2.15)

The following theorem summarizes the Marcinkiewicz-Zygmund inequal-
ities ((2.18) below) and the quadrature formula ((2.17), (2.16) below) given
in [7]. In the sequel, we adopt the following convention regarding constants.
The letters c, c1, · · · will denote positive constants depending only the dimen-
sion q, and the different norms involved in the formula. Their value will be
different at different ocurrences, even within the same formula. The symbol
A ∼ B will mean cA ≤ B ≤ c1A.

Theorem 2.1 There exist constants αq and Nq with the following property.
Let 1 ≤ p ≤ ∞, C be a finite set of distinct points on S

q, and n be an integer
with Nq ≤ n ≤ αqδ

−1
C . Then there exist nonnegative weights {Aξ}ξ∈C and

{aξ}ξ∈C, with ∑
ξ∈C

aξ

Aξ
≤ c, (2.16)

such that for every P ∈ Πq
n,

1

ωq

∫
Sq

P (x)dµq(x) =
∑
ξ∈C

aξP (ξ), (2.17)

and

‖P‖C,p ∼ ‖P‖Sq,p, (2.18)

where

‖P‖C,p :=


(∑

ξ∈C
|P (ξ)|pAξ

)1/p

if 1 ≤ p < ∞,

sup
ξ∈C

{|P (ξ)|} if p = ∞.

(2.19)

Further,

|{ξ : aξ 6= 0}| ∼ nq ∼ dim(Πq
n). (2.20)
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In [7], we have defined a partition of Sq, such that each element R of this
partition contains at least one point of C, and satisfies some other technical
properties that do not concern us in this paper. As pointed out in [7], we

may then choose a subset C̃ of C, such that each element of the partition
contains exactly one point of C̃. We have then defined Aξ as the surface

area of the element containing the point ξ if this point is in C̃. For points of
C \ C̃, Aξ (and aξ) are chosen to be equal to 0, with the convention that the
corresponding quantitiy aξ/Aξ in (2.16) is also equal to zero. In [7], we have
discussed algorithms to compute aξ.

In addition to the quadrature formula, we will need these Nikolskii in-
equalities.

Proposition 2.1 Let 1 ≤ p < r ≤ ∞, n ≥ 1 be an integer, and P ∈ Πq
n.

Then
‖P‖Sq,p ≤ ω1/p−1/r

q ‖P‖Sq,r ≤ cnq/p−q/r‖P‖Sq,p, (2.21)

where the constant c depends only on q.

Proof. The first estimate in (2.21) follows from Hölder inequality. To
prove the second estimate, let 1 ≤ s < ∞, |P (x)| = ‖P‖Sq,∞, and 0 < η < 1.
Let Cη,n be the spherical cap {y ∈ Sq : d(y,x) ≤ η/n}. We note that
µq(Cη,n) ∼ (η/n)q. In view of a Bernstein inequality (cf. [3], eqn. (7)), we
have for y ∈ Cη,n,

|P (x)− P (y)| ≤ nd(y,x)‖P‖Sq,∞ ≤ η|P (x)|.
Hence, |P (y)| ≥ (1− η)|P (x)| = (1− η)‖P‖Sq,∞ for y ∈ Cη,n, and∫

Sq

|P (y)|sdµq(y) ≥
∫

Cη,n

|P (y)|sdµq(y) ≥ (1− η)sµq(Cη,n)‖P‖s
Sq,∞.

Hence, for 1 ≤ s < ∞,

‖P‖Sq,∞ ≤ (1− η)−1µq(Cη,n)−1/s‖P‖Sq,s. (2.22)

Taking s = p, this proves the second estimate in (2.21) in the case r = ∞.
Next, if p < r < ∞, the estimate (2.22) (with s = r) yields∫

Sq

|P (y)|rdµq(y) =

∫
Sq

|P (y)|r−p|P (y)|pdµq(y)

≤
( ‖P‖Sq,r

(1− η)µq(Cη,n)1/r

)r−p ∫
Sq

|P (y)|pdµq(y).
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This leads to the second estimate in (2.21) also when r < ∞. 2

3 Polynomial approximation on the sphere

3.1 Degree of approximation

In this section, we review (and comment upon) some results of Pawelke [10]
regarding the approximation properties of functions by spherical harmonics.
For f ∈ Lp(Sq) and integer n ≥ 0, we write

ESq , n,p(f) := inf
P∈Πq

n

‖f − P‖Sq, p. (3.1)

If r ≥ 1 is an integer, the class of functions f for which ∆r
Sqf ∈ Lp(Sq) is

denoted by W p
r (Sq). Pawelke has proved that for 1 ≤ p ≤ ∞, integer n ≥ 1,

and f ∈ W p
r (Sq),

ESq , n,p(f) ≤ cn−2r‖∆r
Sqf‖Sq, p, (3.2)

where c is a positive constant depending only on r and q. We observe that
the number m of complex parameters involved in expressing a polynomial in
Πq

n is O(nq). Hence, the degree of approximation is O(m−(2r)/q) in terms of
the number of parameters in the approximating class.

To examine how good this degree of approximation is, we recall the notion
of nonlinear m-widths, introduced in [1]. Let X be a Banach space, and K
be a compact subset of X. Any approximation process for elements of K
depending on m parameters may be thought of as a composition of two
mappings, the function π : K → R

m selects the parameters of the process
and the function M : R

m → X reconstructs the approximation with these
parameters. The approximation to an element f is then M(π(f)). The
nonlinear m-width of K is defined by

δm(K) := inf
M,π

sup
f∈K

‖f −M(π(f))‖, (3.3)

where ‖ · ‖ is the norm of X, and in taking the infimum, the function π
is assumed to be continuous. Another associated, but somewhat technical,
concept is that of the Bernstein m-width which is defined as follows. Let
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Xm+1 be the set of all linear subspaces of X having dimension not exceeding
m + 1. The Bernstein m-width is given by the expression

βm(K) := sup
Y ∈Xm+1

{ρ : ρf/‖f‖ ∈ K for all f ∈ Y }. (3.4)

According to a result of DeVore, Howard and Micchelli ([1]),

δm(K) ≥ βm(K), m = 1, 2, · · · . (3.5)

Coming back to the topic of spherical harmonics, let K := Kq;r,p be the
class of all f ∈ W p

r (Sq) for which ‖∆r
Sqf‖Sq, p ≤ 1. The estimate (3.2) shows

that δm(K) ≤ cm−2r/q. To see that the reverse inequality holds, we point
out that from [10] we have

‖∆r
SqP‖Sq, p ≤ cn2r‖P‖Sq, p, P ∈ Πq

n, n = 1, 2, · · · . (3.6)

Considering that the dimension of Πq
n is O(nq), we obtain from (3.6), (3.4),

(3.5) that δm(K) ≥ cm−2r/q. In particular, we conclude that the class Πq
n is

the “best class of approximants” for K.
Finally, we remark that the estimate (3.6) implies “converse theorems”

for polynomial approximation on the sphere in terms of properly defined
K-functionals (cf. [2]).

3.2 Delayed mean operators

In classical trigonometric approximation theory, the de la Vallée Poussin op-
erators play an important role. These are uniformly bounded operators vn,
such that for each continuous 2π-periodic function f , vn(f) is a trigonometric
polynomial of order at most 2n − 1, and vn(T ) = T for each trigonometric
polynomial of order at most n. Consequently, these are near-best approxi-
mating trigonometric polynomials (cf. [4]). These operators played a central
role also in the proofs and constructions in [6]. In [12], Stein has developed
similar operators for the ultraspherical polynomial expansions, using higher
order Cesàro means of these expansions. We summarize these results in the
following theorem; the details are explained in [7].

Theorem 3.1 Let q ≥ 1 be an integer, and kq be the smallest integer greater
than (q − 1)/2. There exists a sequence of univariate polynomials {τ q

n}, and
operators {T q

n} defined by

T q
n(f,x) :=

∫
Sq

f(y)τ q
n(x · y)dµq(y), f ∈ L1(Sq), x ∈ S

q, (3.7)
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with the following properties.
(a) For each integer n ≥ 1, the degree of τ q

n is at most (kq + 1)n.
(b) We have

sup
n≥1

‖τ q
n‖wq,1 ≤ c. (3.8)

(c) For each P ∈ Πq
n, T q

n(P ) = P .
(d) For 1 ≤ p ≤ ∞ and f ∈ Lp(Sq), T q

n(f) ∈ Πq
(kq+1)n, and

sup
n≥1

‖T q
n(f)‖Sq,p ≤ c‖f‖Sq,p. (3.9)

Consequently, for each integer n ≥ 1,

ESq,(kq+1)n,p(f) ≤ ‖f − T q
n(f)‖Sq,p ≤ cESq ,n,p(f). (3.10)

We now define a discretized version of the operators T q
n which can be

computed using the samples of the target function at a scattered data set.
Let C be a set of distinct points on S

q, n be an integer with Nq ≤ n ≤
(kq +2)n ≤ αqδ

−1
C , and the weights {aξ}ξ∈C be constructed as in Theorem 2.1.

In the sequel, we denote by νC the measure that associates the mass aξ with
the point ξ ∈ C. νC may be viewed either as a measure on Sq that restricts
to C or as a measure on C that extends to S

q; we will always write it as being
over S

q. The norms ‖ · ‖Sq,p,νC
are defined for f : C → R by

‖f‖Sq,p,νC
:=


(∑

ξ∈C
|f(ξ)|paξ

)1/p

if 1 ≤ p < ∞,

max
ξ∈C

{|f(ξ)|} if p = ∞.

The discrete operators are defined for f : C → R by

T Cn (f,x) :=

∫
Sq

f(y)τ q
n(x · y)dνC(y), x ∈ S

q. (3.11)

Our conditions on n imply that the quadrature formula (2.17), the estimates
(2.16) and the Marcinkiewicz-Zygmund inequalities (2.18) hold for all poly-
nomials in Πq

(kq+2)n. In particular, since aξ ≤ cAξ, ξ ∈ C, the estimates (2.18)

imply that for 1 ≤ p ≤ ∞, and P ∈ Πq
(kq+2)n, we have

‖P‖Sq,p,νC ≤ c‖P‖Sq,p. (3.12)

Therefore, Theorem 2(b) of [8] and Theorem 3.1 imply the following theorem
regarding the discretized operators T Cn . For the convenience of the reader,
we will give a slightly different proof.
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Theorem 3.2 Assume the notations and conditions just described. For each
P ∈ Πq

n, T Cn (P ) = P . For each f : C → R, T Cn (f) ∈ Πq
(kq+2)n, and for

1 ≤ p ≤ ∞,

‖T Cn (f)‖Sq,p ≤ c‖f‖Sq,p,νC , (3.13)

where the constant c is independent of C and n. In particular, if f ∈ C(Sq)
then

ESq ,(kq+2)n,∞(f) ≤ ‖f − T Cn (f)‖Sq,∞ ≤ cESq ,n,∞(f). (3.14)

Proof. In this proof only, let

Mn := max
x∈Sq

∫
Sq

|τ q
n(x · y)|dµq(y) = max

y∈Sq

∫
Sq

|τ q
n(x · y)|dµq(x).

The estimate (3.9) (with p = ∞) implies that Mn ≤ c for all n ≥ 1. We
observe that for every x ∈ Sq, τ q

n(x · y) ∈ Πq
(kq+2)n as a function of y. Hence,

(3.12) implies that

max
x∈Sq

∫
Sq

|τ q
n(x · y)|dνC(y) ≤ cMn ≤ c.

Therefore,

‖T Cn (f)‖Sq,∞ ≤ max
x∈Sq

∫
Sq

|τ q
n(x · y)||f(y)|dνC(y)

≤ cMn‖f‖Sq,νC,∞ ≤ c‖f‖Sq,νC,∞. (3.15)

Next, using Fubini’s theorem, we get

‖T Cn (f)‖Sq,1 ≤
∫

Sq

∫
Sq

|τ q
n(x · y)||f(y)|dνC(y)dµq(x)

≤
{

max
y∈Sq

∫
Sq

|τ q
n(x · y)|dµq(x)

}
‖f‖Sq,1,νC = Mn‖f‖Sq,1,νC

≤ c‖f‖Sq,1,νC . (3.16)

The estimate (3.13) follows from (3.15), (3.16) and the Riesz-Thorin inter-
polation theorem. Since T Cn (P ) = P for every P ∈ Πq

n, the estimate (3.14)
follows easily from the case p = ∞ of (3.13). 2
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4 Approximation by ZF networks

Following the ideas of [6], we first estimate the degree of approximation of
a polynomial by ZF networks. The results in Section 3.2 will then enable
us to obtain a close connection between the approximation of an “arbitrary”
function by ZF networks and polynomials.

Throughout this section, we will assume that φ : [−1, 1] → R is a contin-
uous function, which satisfies the additional condition

φ̂(`) 6= 0, ` = 0, 1, 2, · · · , (4.1)

where φ̂(`) is defined in (2.14). In view of the Funk-Hecke formula (2.13),
the class of all ZF networks is not dense in C(Sq) without this condition; in
fact, if φ̂(`) = 0 for some ` then this class is orthogonal to Hq

` . For integers
n = 0, 1, · · ·, we write

En,p(φ) := min ‖φ− P‖wq,p, (4.2)

where the minimum is taken over all univariate polynomials P of degree not
exceeding n.

Let C be a set of distinct points, and νC the corresponding measure as in
Section 3. For integer N ≥ 1, we define the univariate polynomial of degree
N by

φ+
N :=

N∑
`=0

(d q
`)

2

ω2
q φ̂(`)

P`(q + 1; ·). (4.3)

Next, we define the operators

Φf(x) :=

∫
Sq

φ(x · y)f(y)dµq(y), f ∈ L1(Sq), x ∈ S
q, (4.4)

Φ+
Nf(x) :=

∫
Sq

φ+
N(x · y)f(y)dµq(y), f ∈ L1(Sq), x ∈ S

q, (4.5)

and for f : C → R,

ΦCf(x) :=

∫
Sq

φ(x · y)f(y)dνC(y), x ∈ S
q. (4.6)

We observe that ΦC is a ZF network, obtained by a discretization of the
operator Φ. Further, the relation (2.20) implies that the number of evalua-
tions of φ involved in the computation of ΦCf is of the order of magnitude
δ−q
C .
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In view of (4.3) and the Funk-Hecke formula (2.13) with z 7→ P`(q+1;y·z)
in place of Y`, we see that∫

Sq

φ(x · z)φ+
N(y · z)dµq(z) =

N∑
`=0

(d q
`)

2

ω2
q φ̂(`)

∫
Sq

φ(x · z)P`(q + 1;y · z)dµq(z)

=

N∑
`=0

d q
`

ωq
P`(q + 1;x · y).

Hence, for any P ∈ Πq
N , the formula (2.10) implies that

ΦΦ+
NP = P. (4.7)

It is now reasonable to expect that if Nq ≤ N ≤ αqδ
−1
C , then for any

polynomial P ∈ Πq
N , P = ΦΦ+

NP and ΦCΦ+
NP should be close. The following

theorem gives a quantitative description of this fact.

Theorem 4.1 Let 1 ≤ p ≤ ∞, C be a set of distinct points on S
q, M , N be

integers that satisfy N ≥ Nq and M +N ≤ αqδ
−1
C , φ ∈ C[−1, 1] satisfy (4.1).

We write

β := β(p) := max

(
0,

1

p
− 1

2

)
, mN := min

0≤`≤N

|φ̂(`)|
d q

`

. (4.8)

Then for any P ∈ Πq
N , we have

‖P − ΦCΦ+
NP‖Sq,p ≤ c

Nβ

mN

EM,p(φ)‖P‖Sq,p. (4.9)

In order to prove the theorem, we first prove a lemma.

Lemma 4.1 Let 1 ≤ p ≤ ∞, σ be a signed measure on S
q, and for a uni-

variate function f and a function g on S
q,

f ∗σ g(x) :=

∫
Sq

f(x · y)g(y)dσ(y), x ∈ S
q,

whenever the integral is well defined. Then

‖f ∗σ g‖Sq,p ≤ ω1/p
q ‖f‖wq,p

∫
Sq

|g(y)|d|σ|(y). (4.10)
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Proof. The estimate (4.10) is clear for the case p = ∞, and is easy to
deduce in the case p = 1 using the rotation invariance of the volume measure
(cf. (2.13) with ` = 0). The general case follows from the Riesz-Thorin
interpolation theorem. 2

Proof. In this proof only, let R := Φ+
NP ∈ Πq

N . If Q is any polynomial of
degree at most M and x ∈ S

q then Q(x · ξ)R(ξ) is in Πq
M+N as a function of

ξ. Consequenty, in view of (2.17),∫
Sq

Q(x · ξ)R(ξ)dµq(ξ) =

∫
Sq

Q(x · ξ)R(ξ)dνC(ξ).

Hence,(
ΦR − ΦCR

)
(x) =

∫
Sq φ(x · ξ)R(ξ)(dµq(ξ)− dνC(ξ))

=
∫

Sq (φ(x · ξ)−Q(x · ξ))R(ξ) (dµq(ξ)− dνC(ξ))

+
∫

Sq Q(x · ξ)R(ξ) (dµq(ξ)− dνC(ξ))

=
∫

Sq (φ(x · ξ)−Q(x · ξ))R(ξ) (dµq(ξ)− dνC(ξ)) .

Hence, using Lemma 4.1 with φ−Q in place of f , R in place of g and µq−νC
in place of σ, we obtain

‖P − ΦCΦ+
NP‖Sq,p = ‖ΦR− ΦCR‖Sq ,p

≤ ‖φ−Q‖wq,p

(∫
Sq |R(ξ)|dµq(ξ) +

∫
Sq |R(ξ)|dνC(ξ)

)
.

Since this estimate is true for all polynomials Q of degree at most M , and
our assumptions imply that the estimate (3.12) holds for R, we have proved
that

‖P − ΦCΦ+
NP‖Sq,p ≤ cEM,p(φ)‖Φ+

NP‖Sq,1. (4.11)

Next, we denote by P` the projection operator onto Hq
` . Then, using the

Nikolskii inequalities (2.21), we obtain

‖Φ+
NP‖2

Sq,1 ≤ c‖Φ+
NP‖2

Sq,2 = c
N∑

`=0

( d q
`

ωq φ̂(`)

)2

‖P`P‖2
Sq,2

≤
( c

mN

)2 N∑
`=0

‖P`P‖2
Sq,2

=
( c

mN

)2

‖P‖2
Sq,2

≤
(cNβ

mN

)2

‖P‖2
Sq,p.
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Along with (4.11), this completes the proof. 2

We are now in a position to state our approximation theorems for the
case of “arbitrary” functions.

Theorem 4.2 Let n, M be integers, n ≥ Nq, and 1 ≤ p ≤ ∞. Let C be a set
of distinct points on Sq such that (kq+2)n+M ≤ αqδ

−1
C . Let N = (kq+1)n−1.

(a) If f ∈ Lp(Sq), then

‖f − ΦCΦ+
NT q

nf‖Sq,p ≤ c
(
ESq,n,p(f) +

EM,∞(φ)nβ

mN
‖f‖Sq,p

)
. (4.12)

(b) If f ∈ C(S), then

‖f − ΦCΦ+
NTCnf‖Sq,∞ ≤ c

(
ESq ,n,∞(f) +

EM,∞(φ)

mN

‖f‖Sq,∞
)
. (4.13)

Proof. We obtain (4.12) from (3.10) and (4.9) with T q
nf in place of P . The

estimate (4.13) follows similarly from (3.14) and (4.9) with T Cn f in place of
P . We observe that β = 0 in this case. 2

Theorem 4.1 leads to the following “converse theorem”, relating the de-
gree of approximation by polynomials to that by our operators.

Theorem 4.3 We continue the notations and conditions of Theorem 4.2.
In addition, let R > 0, 0 < γ ≤ R and

EM,∞(φ)nβ

mN

≤ cn−R. (4.14)

(a) If ‖f − ΦCΦ+
NT q

nf‖Sq,p ≤ cn−γ then ESq,n,p(f) ≤ cn−γ.
(b) If f ∈ C(Sq), and ‖f − ΦCΦ+

NT Cn f‖Sq,∞ ≤ cn−γ then ESq ,n,∞(f) ≤ cn−γ.

Proof. In view of (4.14), Theorem 4.1 with T q
nf in place of P implies that

‖T q
nf − ΦCΦ+

NT q
nf‖Sq,p ≤ cn−R.

Consequently, our assumption in part (a) implies that ‖f −T q
nf‖Sq,p ≤ cn−γ.

The conclusion of part (a) now follows from (3.10). For the proof of part (b),
we use Theorem 4.1 with T Cn f in place of P , and (3.14) instead of (3.10). 2
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5 Examples

Let r ≥ 1 be an integer. In this section, we are interested in the class Bq,r

of functions f : Sq → R for which ‖∆r
Sqf‖Sq,∞ ≤ 1. We recall from Section 3

that for f ∈ Bq,r, we have ESq, n,∞(f) ≤ cn−2r, and that this is the best order
of approximation (up to constant factors) that is possible for the whole class
Bq,r by any process depending on O(nq) parameters. We will assume that
|C| = O(nq) and examine if the network in Theorem 4.2 yields this optimal
order of approximation for the class Bq,r.
Example 5.1. Let 0 < ρ < 1 be a fixed number. If q ≥ 2, set

φG
ρ (x) := (1− 2ρx + ρ2)−(q−1)/2, x ∈ [−1, 1]. (5.1)

From [9, Lemma 18], we have the expansion

φG
ρ (x) =

∞∑
`=0

ρ`

(
` + q − 2

`

)
P`(q + 1; x).

Consequently, φ̂G
ρ (`) = ρ`

(
`+q−2

`

)
. From the expression for d q

` given in (2.4),
we see that

φ̂G
ρ (`)

d q
`

= ρ` q − 1

2` + q − 1
(5.2)

and so, in this case,
mN ∼ ρNN−1. (5.3)

We observe that the function φG
ρ has an analytic extension to the ellipse

|z +
√

z2 − 1| < ρ, where the principal branch of the square root is chosen.
Hence, a well known theorem of Bernstein [4] implies that for any ρ1 > ρ,

EM,∞(φG
ρ ) ≤ cρM

1 , M = 0, 1, 2, · · · .

Choosing ρ1 =
√

ρ and M = 4N , and taking into account (5.3), we obtain

EM,∞(φG
ρ )

mN

≤ cNρN .

The estimate (4.13) now takes the form

‖f − ΦCΦ+
NTCnf‖Sq,∞ ≤ c

(
ESq,n,∞(f) + NρN‖f‖Sq,∞

)
, (5.4)
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if δC is sufficiently small. In particular, for all f ∈ Bq,r, and δC ≤ cn−1 for a
sufficiently small constant c,

‖f − ΦCΦ+
NTCnf‖Sq,∞ ≤ c(ρ)n−2r. (5.5)

2

Example 5.2. This example treats the important Gaussian function,

exp(−‖x− y‖2/(2σ2)) = exp(−σ−2) exp(x · y/σ2), x,y ∈ S
q,

where σ > 0 is a fixed real number. Thus, with ρ = σ−2, we consider the
function

φE
ρ (x) := exp(ρx), x ∈ [−1, 1]. (5.6)

To underline the fact that, in contrast to the theory of interpolation of func-
tions, we do not require φ to be positive definite, we will allow in this section
ρ to be any nonzero real number, positive or negative.

Lemma 5.1 For any integer ` ≥ 1,

φ̂E
ρ (`) = d q

`

(ρ

2

)− q−1
2

Γ

(
q + 1

2

)
I`+ q−1

2
(ρ) (5.7)

=
d q

` ρ`

2` Γ(` + q+1
2

)

(
1 +O(1/`)

)
, (5.8)

where In(·) is the order nth order modified Bessel function of the first kind.

Proof. From [15, Chapter XVII, problem 37], we have for ν > 0,

eρx = 2ν−1Γ(ν)

∞∑
`=0

(ν + `)ρ−νI`+ν(ρ)P (ν)(x).

If we set ν = q−1
2

, with q > 1, then, from the expression for d q
` in (2.4)

and the connection between the Legendre polynomials and the ultraspherical
polynomials in (cf. [14], [9, p. 33]), we have

φE
ρ (x) = eρx = Γ(

q + 1

2
)
(ρ

2

)− q−1
2

∞∑
`=0

d q
` I`+ q−1

2
(ρ)P`(q + 1; x)
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This establishes (5.7) for q ≥ 2. The q = 1 case can be obtained by direct
computation or by using a limiting argument. Equation (5.8) follows from
(5.7) and the standard series expansion for I`+ q−1

2
(ρ), with ρ fixed. 2

Thus, for φE
ρ , we have

mN ∼ |ρ|N
2NΓ(N + q+1

2
)
.

It is straightforward to check, using the power series for eρx that

EM,∞(φE
ρ ) ≤ c

|ρ|M
M !

.

Let t > 0 be a fixed number, and take M = bN(1 + t)c; clearly, M ! =

Γ(M +1) ≥ Γ
(
(1+ t)N

)
. Using Stirling’s approximation and some standard

manipulations, we arrive at

EM,∞(φE
ρ )

mN
≤ c(ρ)N−tN/2.

Thus, estimate (4.13) now takes the form

‖f − ΦCΦ+
NTCnf‖Sq,∞ ≤ c

(
ESq ,n,∞(f) + c(ρ)N−tN/2‖f‖Sq,∞

)
. (5.9)

if δC is sufficiently small. In particular, for all f ∈ Bq,r, and δC ≤ cn−1 for a
sufficiently small constant c,

‖f − ΦCΦ+
NTCnf‖Sq,∞ ≤ c(ρ)n−2r. (5.10)

2
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