Polynomial frames for the detection of singularities
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Abstract

We propose a class of algebraic polynomial frames, which are computationally easier
to implement than polynomial bases. We also discuss the weighted LP- stability of our
frames for 1 < p < oo. Our analysis is based on orthogonal polynomials with respect to
the weight in question, but the frame bounds are independent of the system of orthogonal
polynomials used. In spite of the fact that algebraic polynomials are inherently nonlo-
cal, our frames provide good localization properties. In particular, they can be used to
detect discontinuities in derivatives of all orders of a function. We describe asymptotic
expressions for the frame coefficients in the vicinity of a discontinuity.

1 Introduction

Let I be an open real interval, f : [ — IR, and r > 0 be an integer. In this paper,
a point zo € I will be called a singularity of f of order r if the (r — 1)-st derivative,
f=1 is absolutely continuous in a neighborhood of zy, and f) is continuous in this
neighborhood, except for a jump discontinuity at xy. In many applications, for example,
image and data compression, prediction of time series, and antenna technology, one needs
to determine the location of the singularities of a function of various orders.

There has been a tremendous amount of research on the problem of detection of
singularities using wavelets, see for example, the recent book of Meyer [14] and references
therein. Of course, to apply the wavelet analysis, one needs either to know or to compute
the wavelet coefficients of the target function. In some applications (e.g., [25]), the known
information about the function consists of the Fourier coefficients of the function or the
coefficients in some orthogonal polynomial expansion. Since the function is not smooth, it
is not economical first to compute an approximation to the function, and then to use this
approximation to compute the wavelet coefficients. We also observe that the ability of the
wavelets to detect singularities stems from their vanishing moment property. Therefore, a
single compactly supported wavelet cannot detect singularities of all orders. (cf. Figure 1).
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In [3], the authors constructed certain “wavelets” consisting of trigonometric polyno-
mials. This idea has been developed in [21], [22]. For a more general approach to periodic
multiresolution analysis and corresponding wavelets, compare [23], [12], [19], [9]. An im-
portant application of this domain of ideas is in the construction of optimal order bases
for the class of 2m-periodic continuous functions [13], [10].

There have been efforts to construct a “multiresolution analysis” consisting of algebraic
polynomials, for example [11]. However, it is not possible in general to construct wavelets
consisting of translations of an algebraic polynomial. For example, it is proved in [16,
Theorem 11.3.1] that it is not possible to construct a polynomial P of degree 2n and
points zq, - - -, x, such that

u@P@—xﬂR@e@@fﬂh:O

for all polynomials R of degree at most n.

A different construction of polynomial wavelets was given in [5], where certain “gen-
eralized translates” were used instead of the usual translations. Motivated by the work
[5], we propose in this paper a variety of polynomial “frames” which span the previously
studied polynomial spaces. Compared to the wavelets studied in [5], it is computationally
easier to obtain a decomposition of a function in terms of these frames. Further, unlike
the wavelets in [5], the frame bounds (with respect to suitably weighted LP norms) for
our frames is independent of the system of orthogonal polynomials used. To examine the
localization properties of our frames, we discuss how they can be used to detect singular-
ities. In fact, we provide a precise quantitative description of how the frame coefficients
may be used to detect the singularities of all orders.

Finally, we point out that our primary interest is to construct localized polynomials
with properties similar to those of wavelets. Although we use the language of wavelet
analysis, it should be kept in mind that the starting points in the construction of our
frame operators and the classical wavelets, such as the Daubechies wavelets, are different,
and hence, they are not really comparable.

We define our frames in a general setting in Section 2. In Section 3, we specialize to
the case of Jacobi polynomials, and describe the detection of singularities. The stability
properties of our frames are described in Section 4. In Section 5, we discuss a number of
numerical experiments to demonstrate the advantages, disadvantages, and limitations of
our frames, treating the Daubechies wavelets as a bench-mark.

We thank Professor C. K. Chui and Dr. C. A. Micchelli for many valuable discussions
which have motivated this work.

2 Polynomial frames

We denote the class of all algebraic polynomials of degree at most n by IL,. Let u be
a positive Borel measure on IR with infinitely many points of increase and having finite
moments; i.e.,

/HV@M}<&5 r=0,1,2,... .



Then there exists a unique system of polynomials

such that

1, if k=m,
/pm(t)pk(t)d,u(t) - {0 otherwise.

In view of this definition, it is immediately clear that for any P € II,,, we have

/P w(dp; z, t)dp(t), (2.1)

where the Christoffel-Darboux kernel is given by

There are well known closed form formulas for Kn(du; x,t) ([6], [24]), which we do not
need in this paper.

We will need another representation, which is a discretized version of the above rep-
resentation. It is well known (see e.g. [6], [24]) that for each m = 1,2,..., the polynomial
pm(dp) has m distinct zeros, all in the smallest interval containing the support of du. We
denote these zeros by xy , = T m(du), with the ordering

T (dp) < Ty m(dp) < -+ < 21 (dp)
The Cotes’ numbers are defined by

1
)\k,m = )\k,m(d,u/) = {Km(d,ua Tm, xk,m)} .

In this paper, an important role is played by the (Gauss) quadrature formula

/p d,LL Z)\km ka peHmela m2071727"" (22)

As a result of the quadrature formula, we have the following representation for all
Pell,, m>n+1,n=1,2,---,

which is actually the Lagrange interpolation formula (cf. [6, §1.4]).
Next, we define an analogue of the multiresolution analysis as in [5]. For integer n > 0,
we let N = 2". We write V,, := Ily, and

W, = {P €V, /P(t)R(t)du(t) —0, ReV,).

We note that the dimensions of V,, and W,, are N + 1 and N respectively. The formula
(2.3) shows that the functions Ky(du;-, xx n+1) form a basis for V,,. In [5] (cf. [16]), it
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is shown that the functions 235 ~N+1Pj(xr,n)p; form a basis for W),,. Using the dual basis
consisting of multiples of the Lagrange fundamental polynomials in W,,, one can obtain
a representation similar to (2.3) with m = N. A simpler representation, with better
stability properties, is obtained in the frame case, m > 2N + 1, i.e., in the case when
the “oversampling” m is bigger than two times the dimension of W,,. One of the major
themes of this paper is to describe a class of such frames.

Let G = {gk¢}r=0,r0=12.. be a triangular matrix, and for integer ¢ > 0, let

¢
Ko(Gsx,t) := Ky(dp, G5 x,t) .= grepr(x)pr(t).
k=0

One may think of K/(G) as a summability kernel.
We now define the frame operator by

TZ(G§ 1 Z‘) = Tf(dﬂa G; f, JJ) = /f(t)Kf(G; t x)dﬂ(t)a

whenever the integral is well defined, and write

Te,k,m(G; f) = Tf,k,m(d,uaG§ f) = /f(t)Ke(G;t, xk,m)dﬂ(t)- (2-4)

We will say that G is a scaling matriz if g,y # 0, k = 0,...,¢, and that G is a
frame matriz if groe =0, K =0,...,0; gro # 0, k =€+ 1,...,20. More generally, for
0 < s < N, the matrix G will be called a (s-) partial frame matriz if gy 20 = 0,0 < k < s;

Groe 7 0, 8 < k < 2. For a triangular matrix G, the matrix Gl is defined for integer o
by

gM:{%wiMu#Q
kit 0, otherwise.

Theorem 2.1 Let £ > 0 be an integer, G = {gro} k=0, t4=12..., H =
{hie}i=0.00=12,.. be triangular matrices, GH = {gohke}k=o,00=12... Then for m >
(+1

Z MoK o(Gyt, T ) Ko(H; @, T ) = Ko(GH; 2, t). (2.5)
k=1

If G is a scaling matrix, then for every P € V,,, N =2", and m > N + 1,

P(JZ’) = Z )\k,mTNJg,m(G; P)KN(G[_I};x,xk,m) .

k=1

If G is a scaling or partial frame matriz, then for every P € W, and m > 2N + 1,

P(JZ’) = Z )\k,mTQN,k,m(G; P)KQN(G[il};x,x]“m). (26)
k=1

Moreover, if G is a frame matriz, the functions Kon(GIY; - Tm) € W



PRrOOF. Using the quadrature formula (2.2), we obtain

S N (Gt ) Koy (H 2, ) = / Ky (Gt u) Kn(H; 2, 0)dp(u).
k=1

The formula (2.5) follows from the orthogonality relations. The remaining assertions of
the theorem are now immediately clear from (2.1). O

If f is a Lebesgue measurable function, we may write

ak(f):ak(d/i;f):/fpkd/ia k:()?la"'a

whenever the integrals are well defined.
If fe Lfm, and n > 0 is an integer, the orthogonal projection of f onto W), is given
by

2N

Z ak(f)pk .

k=N+1
Further, if G is a frame matrix then we can use Theorem 2.1 to obtain for the frame
decomposition (convergent in L7,):

2 co m
f = Z ar(f)pk + Z Z TQN,k:,m(G; f)\lln,k,my
r=0

n=0 k=1
where m = m,, > 2N +1,n = 0,1,... and the frame elements V¥, ; ,, are defined for
integers k =1,....,m, n=20,1,..., by

\Ijn,k,m(x) = \Ijn,k,m(Gv I) = )‘k,mKQN(G[_H; X, xk,m) .

3 Detection of singularities

In this section, we restrict our attention to the case of Jacobi polynomials. These are
defined for a, 3 > —1 by the Rodrigues’ formula:

(1 - 2)°(1 + 2)° P (z) .= (2_7;)!” (di)"{u — @)l 4 x)”+ﬂ}. (3.1)

It is well known that

1 .
(o0, 3) (a,8) . O, if k 7£ n,
/_1 Pn (‘r)Pk: (x)wa”g(x)dx - {hgln@)’ if k= n,
where the Jacobi weight w, g is defined by
_Ja =) +a)f, if-1<x<],
W () = {0, otherwise,

and



h(a”g) L 2a+ﬁ+1 F(n + o+ l)F(n + ﬁ + 1)
" 2nta+B+DT(n+a+B+D(n+1)
Hence, {(h{®?)~1/2p(f)} is the system of orthonormal polynomials with respect to w, g.
Let r > 0 be an integer, and f : [—1,1] — IR have a singularity of order r at some
point y € (—1,1), In this section, we examine the question of approximating y from
the behavior of the frame coefficients {7on 4.m(G; f)}, or more generally, the functions
{mn(G; f)}. A typical example is given by the truncated power function defined by

o {:1:7’, if x>0,
710, otherwise.

In fact, in the general case, if f has a singularity at y with jump equal to d, then the

function f — '(- —y) is r times continuously differentiable at y. Repeating this process,
r

most functions of practical interest can be written in the form

R 1 kr
fx) =)+ 5 S dei(z = yrs)s
r=0"" k=1

where ¢ is R times continuously differentiable on [—1,1], d,;, € IR, and y,, € (—1,1).
For functions of this form,

R kr
Ton (G5 f) = Tan (G5 0) + ) i, > dekon (G (- = Yri)y). (3.2)
r=0"" k=1

In this section, we will examine the sequence of functions {mn(G; (- —y)7 )}
Let g : [0,27] — IR. The matrix G defined by

21k
= k:o...g g:ol...
Gk.e g(é—f-l)’ 5 3 Oy s Ly 5

will be called the matrix generated by g. If g(0) = g(27) = 0, then G is a partial frame
matrix. In this case, we may (and will) assume that g is extended to the whole real line as
a 2m-periodic function, and gj ¢ are defined for all integer k using this extended function.

Let ¢ > 0 be an integer. Let BV]! denote the class consisting of all 2w-periodic
functions h, which can be expressed in the form

1
(¢—1
where h(? is a function having a bounded total variation on [—m,7]. We observe that if

h € BV{, then h®(0) = h®¥)(27) =0, k =0,---,¢q — 1. The total variation of a function
¢ on [—m, ] will be denoted by V().

hz) = ) [ =0T h0@a,  forall v € [, ),
. JO

Theorem 3.1 Let o, 3 > —1, r, q be nonnegative integers. Suppose that g € BVy, and
for some k > 0, g(t) =0 fort € [0,x]. Let G be the matriz generated by g. Let & > 0,
Yy =coso, ¢ € [0, —J].

(a) Uniformly for 6 € [6,m — ¢], x = cosf, we have



NTTQN(wa,,Ba Ga ( - y)TJra I)

7!
B 2a+ﬁ+1waﬂ(x)imwaﬁ(y)m(l - 51:2)71/4(1 - ?JQ)T/Q
wg(t) (2N+1  a+pB+1 i
X K tr+1 (( o t+ 2) )(¢—9)+(T+1)¢— 9 W)dt
+ O(1/N). (3.3)

(b) There ezists a sequence of complex valued continuous functions C,, = C,(r,«, 3) on
[0, ™ — 0]* such that uniformly for z, y as in part (a),

ON + 1" )
< o > TQN(wa,,@7 G7 ( - ?J)+7 ZE)

e [ e -

+0<N;4) (3.4)

In the above theorem, the constants involved in the O(-) terms depend on «, [, ,
g, q, k, and 0 only. In the sequel, the symbols ¢, cq,--- will denote positive constants
depending only on these and other explicitly indicated parameters.

We observe that (3.3) shows explicitly the leading term of the expansion in (3.4). In
particular, it is not identically equal to zero.

Before proving Theorem 3.1, we point out a corollary to highlight some interesting
aspects of the behavior of Ty (wa g, G; (- — ¥)', ) near and away from y.

Corollary 3.1 With the notation as in Theorem 3.1, there exist constants a,b € IR and
a positive constant ¢, (all possibly dependent on y), such that

r , . 2N + 1
N ’TQN(wOlﬁa G; ( - y)—H 33')‘ > C, Zf (¢ 9) (&, b) (35)
If ¢ # 0, then
r ) r €1
N |7—2N(w0¢,,@7 G; (- — y)+7 I)| S (N|¢ . 0|)q+1 . (36)
PrROOF OF COROLLARY 3.1. In this proof, let
a+ ﬂ +1 r+1
Y= (@—0)+(r+1)¢ - T

2
The function

27r
z—>/ cos (2t +)dt

is an entire function, and hence, nonzero on some interval [a,b]. For |¢ — 6] < 1/N,
the numbers a and b may be chosen independent of 6. In light of this observation, (3.3)



leads to (3.5). Since the functions g(t)t~"*~1 v = 0,---,q are all in BV, a repeated
integration by parts shows that

L7 eo(P o — oyt )ar = o (V10 - o),

Therefore, (3.4) implies (3.6). O

The proof of Theorem 3.1 involves certain facts concerning the Jacobi polynomials,
which we now recall.

Lemma 3.1 Let a,3 > —1, r be a nonnegative integer, —1 <y <1,d >0 andk >r+1
be an integer.

(a) We have

! r pla (k —-r - 1) a+r r
[ =y B syt = L T BT i priay). - (37)

(b) Uniformly for 6 € [§, 7 — 6], © = cos B, we have
P (cos 0) = (wk/2)" 2w, 5(2)"2(1 — 22)~ 14 cos((k A0 — 7> L O2), (3.8)

where

a++1 1.7
5 , .—(a+2)2.

(¢c) There exists a sequence of continuous complex valued functions ¢, such that for any
integer p > 1 and uniformly for 6 € [6,m — J], we have

A=

1
P (cos 0) —29%{ ’kGZgb Ol 1/2}+O<kp+1/2>. (3.9)

PROOF. Part (a) can be proved easily from (3.1) by induction (cf. [15]). Parts (b) and
(c) are Theorems 8.21.13 and 8.21.9 respectively in [24]. O

Next, we prove a lemma which plays a crucial role in our proof.

Lemma 3.2 Let ¢ > 0 be an integer, h € BV, 0 < § < 1, and |¢| < 27(1 — ), and
W € IR. Then for integer m > 3/, we have

nll 7:2: h(%k) cos(ke + ) — ;ﬁ /02” h(t) cos(%gbt + zp)dt‘
Vﬂi’fj ). (3.10)



PROOF. Let p be the integer part of dm —2. In view of a well known theorem of Ganelius
8], there are trigonometric polynomials @1, Q2 of order at most p, such that

Q1(t) < h(t) < @2(t),  te]0,2n],

and

[ (@ - uitpar < 72, (3.11)

Hence, if ¢ is an integer, |¢| < m —p — 1, then

(e ()

< S e )
< g @7 Eren(" )

and

217T /O% Q1(t)(2 + cos(t +1))dt

L / "R (2 + cos(lt + v))dt

- 2w Jo

1

< o s (1)(2 + cos(tt + 1))t

Now, in view of a quadrature formula valid for trigonometric polynomials (cf. [26, Chap-
ter X, Formula (2.5)]), we have for j = 1,2,

L mzjl Q; (27Tk) ( cos<2ﬁk€ + w>> = ! /27r Q;(t)(2 + cos(ft + v))dt

m = m 271 Jo

Hence, in view of (3.11), we obtain

LER () ron () L ot

m m 27

< o[ @) - @i
V(h(q))

e (3.12)

C1



Using (3.12) with ¢ = 0, we conclude
1=l ok 1 g2 h(@
Zh( i )— / h(t)dt‘ <Vt 1).
m = m 2m Jo ma+
Together with (3.12), this gives
1 m=l /9 9 1 yom ()
Z h< Wk) < Tt —|—¢> - / h(t) cos(ﬁt—I—@/})dt‘ < cv(h )
m

2w Jo mati

Thus, we have proved (3.10) in the case when ¢ is of the form 27¢/m for some integer /.
(Since |¢| < 27(1 — 0), necessarily, |¢(| < m —p —1.) In general,

21(€ + €)
m

o=

for some |e|] < 1 and integer ¢, |{| < m — p — 1. The functions h. := hcos(e) and
hs := hsin(e:) are both in BV{, and V(h. ), V(h,?) are both less than or equal to
¢V (h9). Since

et 0 ) (e,

h(t) cos(n;it + ¢> = he(t) cos(lt) — hg(t) sin(¢t),

we may apply (3.10) once with A, and once with hs (and ¢ + 7/2 in place of 9), and
derive (3.10) in this general case by a simple computation. O

and

PrROOF OF THEOREM 3.1. Using the definition of 7 and (3.7), we obtain

N (G (- —y), v)

2N 1
= 3 gean{ VRO @) [ =y PO Owas(t)dt

k=0 y
2N BV 1 (o (k—r—1)r!
= kz:ogk,m{h; A1 pleoh) () or 41k

ka(afrirl Al (y>wa+r+1,ﬂ+r+l(y>'

(3.13)

We will prove part (b). The proof of part (a) is simpler, and we will indicate the dif-
ferences. In the remainder of this proof, the symbols d,, will denote constants dependent
on «, 3, r, and ¢q. They may or may not be positive, and their value may be different at
different occurences, even within the same formula. In view of (3.9), there are continuous
functions p, and functions 4, such that exp(i7,) are continuous, with the property that

P (cos )

(k=1 —=1)""""25,(¢) cos(k¢ — 7(9)) + O(k™*7*/?)

= 2
v=0
oD Ak T h, () cos(ke — A (9)) + O .
v=0 /=0

10



Similarly, there are continuous functions p;, and functions ; such that exp(i9;) are con-
tinuous, with the property that

P (cos §) = Z k=712 p.(0) cos(kO — ~;(0)) + O(k™17%/2) .

7=0

Therefore,

P,ia’m (cos Q)Péff:rl’ﬂﬂﬂ) (cos @)
= YDAk I 5 (9)p;(6) cos(kO — ;(0)) cos(kd — Fu(4)) + Ok~
j=01v=0¢=0
= S Ak I () 0)] cos (KO + 6) — 2(0) — 3u(0))
2 =0 v=0¢=0

+cos(k(6 = 0) +7(0) = 3(0) ) | + O(k")

We expand each of the cosine terms using the addition formula, rearrange the triple sum,
relabel the indices, and collect all O(k~%"!) terms together to obtain

P (cast)F P  (cos )
Zo k“@re{a),,(e, 8) exp (z’k(@ + ¢)) + (0, ) exp (z’k(d) - 9))}
- +O(k™771) | (3.14)

where w, and @, are continuous functions on [§, 7 — §]%, dependent also on a, 3, and r.
Next, by ([20], Eqn. (5.02)), we have

(k—r—1)!

{73 ol

2kt a+B+1Tk+a+pB+1) T(k+1) T(k—r)

B Qa+p+1 I(k+a+1) Tk+pB+1)T(k+1)

— g {Tanrou) (3.15)

Substituting from (3.14) and (3.15) into (3.13) and simplifying as before, we get
7N (G (- = y)} 7)
rl 2N 4

_ wa+r2t1+,ffi;:1ﬂ( ) kz%;)k r—v— 191{2]\/{;)61@]? +O(k q- 1)}
x (?R{d},,(d), 8) exp (z’k(@ + ¢)) + w0 (6, 6) exp (m(d) _ 9))} 4 O(wl))

q

= S kg R{C0.0) exp(ik(0 + 6)) + Culo ) exp k(0 ~ )}

s=0 k=0

+ Ok, (3.16)
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where C, and C, are continuous functions on [6,  — 6]?, dependent also on «, 3, and 7.

Using Lemma 3.2,

2N
> k=" gy an exp(ik(d — 0))
k=0
2 r+s+1 2N 2k —r—s—1
= (2N7j—1) Z(QNW—l—l) 9k:,2N€Xp(ik(¢—0))
k=0
2 r+s 2 2N 1 - (9
= (5rs) {[ e ten (i( ok >t>dt
n O(N—q—l)} . (3.17)

Similarly,

2N
Y kT gran exp(ik(¢ + 0))

k=0

L )L e {2V IO

+ O(Nq1>} .
Since the functions g(t)t~"*"! are all in BV}, a repeated integration by parts gives

2N
Z k5 gy oy exp(ik(¢ + 0))

k=0

= (o) {olyorn)” +o0)

= OQ(N " ah, (3.18)

Substituting from (3.17) and (3.18) into (3.16), we obtain

Ton (G (- — ?J):u )

_ 2(2]\?1 1)T+S§)%{CS(¢, 0) L " (B exp (Z.(2N + ;)T(qb —0) t) dt}

+ O(NTt),
This completes the proof of (3.4).

The proof of part (a) of the theorem is similar; we use the asymptotics (3.8) instead
of (3.9) in (3.14), and keep only the O(k™!) terms in the rest of the proof. O
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4 Stability

Let n > 0 be an integer, P € W, and G be a triangular matrix. We are interested
in comparing suitably weighted LP norms of the sequence {7on i, (G; P)} with suitably
weighted LP norms of P for 1 < p < oo. Obviously, the case p = 2 is the simplest, and
the following proposition summarizes the results for an arbitrary mass distribution.

Theorem 4.1 Let p be a mass distribution, G be a frame matriz, n > 0 be an integer,
and P € W,. Then form > 2N + 1

Byo(GIY) /P £)2du(t) <Z/\km72Nkm(GP < B,s(G /P (2du(t) ,  (4.1)

where

Bua@) = e g5l -
Moreover, there exists Py € W, (respectively P, € W,,) for which equality is attained in
the lower (respectively upper) inequality of (4.1).

PROOF. From formulas (2.4) and (2.5), we obtain

Z )‘k,mTJ%f,k,m(Q P)

k=1

= Z)\km/P VEKon (Gt Tg ) dp(t) /P VKon (G5 w, @ ) dp(w)

~ [ e (zmmﬂemkm)m(@uka>) dult)di()
= [ [ POP@)Kan (Gt w)dp(t)dpu(w).

If P= Eii{NH aipr, we have

2N+1

Z Ak 2N+1722N k(G P)

2N+1

//P u) Kon (Gt u)dpu(t) = Y GG

j=N+1

Formula (4.1) can now be deduced easily from the Parseval identity. It is also immediately
clear that the bounds cannot be improved. O

We compare the bounds in (4.1) with Riesz bounds in the case of the basis when
m = N (cf. [5], Theorem 4.1). The frame bounds in (4.1) depend only on G; whereas in
the basis case, the Riesz bounds depend heavily on the system of orthogonal polynomials.
To explain this, we rewrite (4.1) in the form that for every non-vanishing

13



P(JZ’) = Z \/)\k,mTZN,k,m(G; P) ( )\k,mK2N(G[71}; z, xk,m)) )
k=1
we have

_ et Mo Tan e (G5 P)

2 ) sK,m 2

S ypepduny =P 2
On the other hand, it is proved in [5] that

Bn72(G[_1})

\/)\S,NK2N(G[71}; '7xs,N> s S = 1,. . .,N ,

is a basis for W,,. (Actually, it is proved for a frame matrix G with gyony = 0, k =
0,...,N; gron = 1, k = N +1,...,2N, but the generalization is straightforward.)
Hence, every P € W,, has the representation

N
P(z) = Z \/ s, NG AS,NKQN(G[_I];x,IS7N) ,
s=1

where the coefficients |/A; yas are the inner products with the dual functions. The basis
is a Riesz-basis with the upper and lower estimates given by

Ba( G20, 5(A)2 < T NG g ayag (am1)2 4.3
n,2( ) n,2( ) = fP(t)Qdu(t) = n,2( ) n,2( ) ) ( : )

where

A= (PNM(%,N)\/)‘&N)

A1 denotes, as usual, the inverse matrix of A, and 2, 5(A) denotes the spectral norm of
the matrix A. The proof of these estimates is again a simple extension of the proof given
in [5] (Theorem 4.21).

The tightness of the stability estimates (4.2) and (4.3) is given by the quotients

B,.2(G) maxXo<i<an |gi2nN]| B, 2(G) Qn,2(A_1)

Bio(GE1)=1 T ming<i<on |gion] By o (G =1y 0(A) 7Y
We observe that while the first ratio depends entirely on G, the second depends also
on the particular system of orthogonal polynomials in question. If G is generated by a
function g € BV such that ||g|lcc = 1 and V(¢?) = V, then it is easy to see that

)
k,s=1,-,N

B,.2(G) (2N+ 1)q
’ > Vyq! .
Bnyg(G[_l})_l B 2

Thus, there seems to be a trade off between the stability and the ability of detecting
singularities.

At this time, we are able to analyze the case p # 2 only for special classical polynomials;
in particular, the generalized Jacobi polynomials and Freud polynomials. We will discuss
only the case of classical Jacobi polynomials; the generalized Jacobi and Freud polynomials
can be dealt with using the same ideas.
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In the remainder of this section, a,3 > —1 are fixed parameters, du denotes the
measure Wy g(x)dr, and we write w = wa, pp = {h,ga’ﬁ)}_lﬂP,ia”g), etc. For integer
m > 1, v, denotes the measure that associates the mass A, with the point zj ,,,
k=1,---,m. We observe that the estimates (4.1) can be written for P € W,,, m > 2N+1
in the form

Byua(GEN) T Plloy < 178 (G5 P) 2w, < Bua(G)II Pl (4.4)

The upper estimates analogous to these in the L” norms can be deduced using the multi-
plier criteria of Gasper and Trebels [7] in the case 1 < p < oo and «, f > —1/2. We will
use easier ideas to prove estimates applicable for all valuesof o, 3 > —land 1 < p < 0. In
general, our estimates are not comparable to those obtained using the multiplier criteria.
The LP analogues of the estimates (4.4) require certain additional weighting factors,
which we now introduce. Let —1 < v < 1. For integer £ > 1 and z € [—1, 1], we write

Uy () = Qﬂ—xﬂ+;Qv@ﬂ—x+2fﬁﬂ0ﬂ+x+éfﬂm,
Uy,(z) = (1—x2)7/2\/w(x).

Theorem 4.2 Let o, > —1, 1 <p<oo,p =p/lp—1) (Fxifp=1), -1 <y <1,
L>4,n2>0 be an integer, N =2", AN +1 < m < LN be an integer, k > 0, and G be a
kN -partial frame matriz. Let o denote either p or vy, and f € LE. We write

2N

Bn,w(G) = Z(] + 1)

J=0

9i2N — 2Gj+12N + Gj+2.2N],

and define
B (G) — Bn72(G)2/an,OO(G)172/p7 if 2 <p<oo,
T Baw (G), ifl1<p<2.

(a) If 2 < p < o0,
1wl P o (G Fllpo < Bup(G)U2 £, (4.5)
(b) If1 <p<2,
U7 2o (G Pl < By (G287 Fll e (4.6)
(c) If PeW, and 2 < p < oo then
4l PPl < B p(GEN U210 (G5 P) (4.7)
(d) If Pe W, and 1 <p <2 then

’_ — 2/p'—1
|02 = Pllpys < By (G % ™ 7200 (G5 Pl

15



REMARK. If the matrix G in Theorem 4.2 is generated by a function g € BV, such that
g(t) = 0 for all ¢ € [0, k], then it is not difficult to check that the quantities B, «(G) and
hence, B, ,(G) are bounded from above, independently of n. Further, if [a,b] C (—1,1),
then (4.5) with —min(a, 8,1) < v < 1 shows that

17on (G5 F)llocfas) < €ll Flloo,i-1,1-

Since 7oy (G; P) = 0 for all P € V,, this leads to
7o (G F)lsojons < € inf 17 = Plloo .

In particular, it follows from the theorem of Jackson that for an R times continuously
differentiable function ¢ : [—1,1] — IR, we have

T N (G )l sy = 0. (48)

It is not possible to choose v so that the factor w., y is bounded from below as well.
However, if max(«, ) < 0, and f is zero outside [a,b], then instead of choosing v as
above, we may choose 7 with —1 < v < —2max(«, #) — 1 and obtain

| 7on (G5 )lsos=1.1) < | flloofap) < |l flloo,=1,1-

Hence, in this case, one gets

723 (Gs Ploesa € it 1F = Plloogr,)

As before, if ¢ is R times continuously differentiable on [—1, 1], and equal to zero outside
[a, b], then
Jim NPy (G5 0) o1y = O (4.9)

In view of (3.2), the formulas (4.8) (respectively (4.9)), (3.5), and (3.6) demonstrate
why the operators 7y (G; f) can be used to detect singularities of f. We illustrate this
further in Section 5.

PRrROOF OF THEOREM 4.2. The proof relies upon a connection between the operators 7,
and the operator of arithmetic averages of Jacobi expansions of a function. If o denotes
either u or one of the measures v,,, £ > 0 is an integer, and f € L., we write

£ 7

wloi f,0) = 10, | jz:%”;)pk(x)pk(t)}da(t).
In [18], we have proved that
[y cve(pts oo < ellU flloo (4.10)
and
[ty 0e(Wims F)llooe < U F oo pims (4.11)
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if 20 < m < L¢ for some L > 2. In this proof, we may assume that kN > 2, so that
9204120 = Gaer2,2¢ = 0 for all integer ¢ > 1. Using summation by parts twice, we obtain
the following connection between 75, and the operators v;:

20

(G f) = ZAJ‘,%(G)UJ(M; 1) (4.12)

J=0

where

A]vV(G) = (j + 1)(9]# - 2gj+1,1/ + gj+2,1/)7 V= ]-7 27 T

Since G is a kN-partial frame matrix, the summation in the formula (4.12) for on(G; f)
is actually for kN < j < 2N. For these values, we have . ; ~ u, n. Hence, the estimate
(4.10) yields

[ty 8T (G5 [0 < Nty 728 (G ) lloo s
< > 18an( @)l 05 llsou < €Baoo (G Uy flloo - (4.13)

kN<j<2N

Since m > 2N +1, we may use the quadrature formula and the Bessel inequality to deduce
that

1/2
7o Dl = NG Dllaw={ 5 ghovalui )}
kN<j<2N

< Bna(G)fllzp - (4.14)

In view of the Stein-Weiss interpolation theorem (cf. [1], Theorem 5.5.2), (4.13) and
(4.14) yield for 2 < p < oo,

lus ¥ P78 (Gs )l < €Ba2(G)? B (G| UL7 fllp

This completes the proof of part (a).
Theorem 1 in [17] implies that the estimates (4.10) and (4.11) lead to

U5 e Pl < ellg e f

and
105 e (s )1 < el g Fllpe
for £ =1,2,---,and f € L, 2¢ <m < L{. From (4.12), this yields as above

U3 7on (G5 Flle < €Buoo(G)luy nfll1n

for o = p, vy,. Along with (4.14) and the Stein-Weiss interpolation theorem, this implies
the estimate (4.6). The part (b) is now proved.

17



To prove parts (c) and (d), we define, in this proof only, H := GI=Y, and

) = %é)hj,mv{ / f (t)pj(t)d’/m(t)}ﬁj(f)‘

Summing by parts twice, we obtain

T(f) = Njon(H)vj(Vm, ). (4.15)
=0
Using (4.11), we get
[y NT(P)lloou < €Bnoo (H)Un fll oo vim- (4.16)

Since m > 4N + 1, the quadrature formula implies that

1=k,
/ PiPidm = {0, otherwise.

Hence, {pj}?fo is an orthonormal system of polynomials in L} . Therefore, Parseval
identity in L7, followed by Bessel inequality in L7 lead to

T, = X K] [Om @)}

kN<j<2N

< w0 Y {[10n0an0}

kN<j<2N

< Boy(H)IfI50,;

ie.,

IT(N)ll2p < Br2(E)f 20 (4.17)

Applying the Stein-Weiss interpolation theorem, we obtain from (4.16) and (4.17) that
for 2 < p < o0,

s WP T ()l < B (T £, - (4.18)
If Pe W, and f = mn(G; P), then (2.6) implies

P(zx) = /TQN(G;P,t)KgN(H;x,t)dl/m(t)
= [ 10 Kan (H: 2, 0)dvn(t) = T(f,2)

Hence, (4.18) leads to (4.7). This completes the proof of part (c).
Theorem 1 in [17] and the estimates (4.10) and (4.11) lead to the estimate

U5 o (Vs )l < el nf -

18



Therefore, (4.15) implies

U T < eBosol ) 7 1 (4.19)
The proof of part (d) is now completed using (4.19), (4.17), the Stein-Weiss interpolation
theorem, and (4.19) as before. O

5 Numerical experiments

In this section, we present the results of some numerical computations. As a test case,
we are interested in detecting the singularities of the function

Fla) i= (o +1/2)% + (o — 1/2)"
Figure 1 shows the wavelet coefficients with the standard Daubechies wavelets (cf. [4],[2])
3 and 4. Here we have plotted

1
P () = [ T O(61— ) at
for x € [-1,1] and L = 3,4.

a
-1.5-107° -4-10

Figure 1: 372 (left) and 477 (right).

The singularity at —1/2 (but not the one at 1/2) can easily be seen by a “spike” in
the wavelet coefficients in the case L = 4. None of the two singularities produce a similar
“spike” in the case L = 3.

In our experiments described below, we considered the case « = § = —1/2. The
matrix G := Gy, is generated by the B-spline of order ¢ + 1, supported on [, 27]. We
recall that this function is in BV}.

Figure 2 shows the behavior of 7515(Gw,; f) on [—1,1] and (a zoomed in view on)
0, 1] respectively. Even though one detects a sharp rise in the value of the transform near
+1/2, the lack of localization is also clear, in spite of the high value of N. In contrast,
Figure 3 shows the detection of the approximate location of both the singularities already
with NV =128 and ¢ = 1, 3 respectively.
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3-107%°
2-107"°

1-107"

0.5 1

-1-107

-2-107"

-3-107"

Figure 2: a) and b) 7512(Gw; f, ).

0.5 1

Figure 3: a) m125(Gw,1; f,¢) and b) my2s(Gws; f, ).

Figure 4 shows the graph of 7512(Gw3; f) on [—1,1] and (a zoomed in view on) [0, 1]
respectively, where a good localization is observed. Comparing these with Figure 5, we
see that the localization is not significantly improved with ¢ = 5, an indication of the

importance of the unspecified constants in (3.5) and (3.6).

3-107°
2-107° 3-10
-11
1.107° 2-10
1.0
-1 0.5 1
-1-107° .
-1-10
-2-107°
-2-107*
-3.107° 31071

Figure 4: a) and b) 7512(Gw3; f, ).
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0.2 0.4 0.6 0.8 1

Figure 5: a) and b) 7512(Gws; f, ).
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