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1 Approximation by trigonometric polynomials

1.1 Introduction

In many practical situations, one needs to construct a model for an input/output process.
For example, one is interested in the price of a stock five years from now. The rating
industry description for the stock typically lists such indicators as the increase in the
price over the last year, the last 5 years, 10 years, life of the stock, P/E ratio, and alpha
and beta risk factors. The buyer is expected to (but instructed not to!) believe that the
price of the stock depends upon these parameters. Of course, no one knows a precise
formula to compute this price as a closed form function of the parameters, but only has
available data on the many stocks traded on the market.

The general situation is as in Figure 1. In general, the model P, has to be constructed

X Actual process —— f(x)

Computed model

Figure 1: The function Pj represents a model for the actual function f of the input x in
some Euclidean space.
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based on finitely many observations on the target function f. Quite often, these are just
the values of f at certain points, but in different applications, they may be the values
of the derivatives, or Fourier coefficients of f, or the coefficients in some other series
associated with f, etc.

There are two kinds of “errors” involved in using P;(x) as a predictor for f(x). The
intrinsic error arises from the fact that we are computing a model rather than the actual
function. The second, often called noise, comes from the fact that the observations on
which the model is based contain errors. The noise comes, for example, from human
errors, instrumentation errors, interference from “nature”, and also, as in the case of the
stock price example above, from our assumptions about what we are modelling. The
subject of statistics deals with the problem of making a model reliable by eliminating or
controlling the noise. The subject of approximation theory deals with the intrinsic error.

The problems of approximation theory can be grouped loosely in four categories. For
explaining these, we take the example where the target function f : R — R is a continuous
2m-periodic function. The norm of f is defined by

I == max [f(z)].
x€[—m,m]

The model for such a function is typically a trigonometric polynomial; i.e., an expression
of the form >, _, cpe*® ¢, € C, k= 0,41,42,---. If |e,| + |c_n| # 0, the integer n is
called the order of the polynomial. The class of all trigonometric polynomials of order at
most n is denoted by H,.

The density problem consists of deciding whether it is possible to approximate the
target function arbitrarily well by choosing more and more complex models. In our
example, the degree of approximation of f from H, is defined by

Ei(f) = inf IIf =TI

The density problem is to decide if EX(f) — 0 as n — oo. (It does; because of the
Fejér-Weierstrass theorem. See remarks following (1.2.9).)

The complexity problem deals with estimating the rate at which E'(f) — 0. We
observe that the target function is typically unknown. Therefore, in theoretical consid-
erations, one makes some assumptions about the function, for example, that it has a
continuous derivative, whose norm is bounded by 1. These assumptions are encoded by
the statement that f € W for some function class W. Since the target function itself is
unknown, one is interested in estimating

sup E;(f)
feEW

as a function of n.

The theory of best approximation deals with the existence and properties of T € Hi,
such that

If =T = E5(f).
The theory of good approximation, on the other hand, deals with the approximation
capabilities of different procedures to compute approximating trigonometric polynomials



based on the values of the function and its derivatives, its Fourier coefficients, etc. These
approximants are sometimes more interesting than the best approximant, 7%, because
they are easier to compute than the best approximant, or because they possess certain
desirable properties, for example, shape preservation, that are not shared by T™.

Approximation theory has widely influenced such other areas of mathematics as or-
thogonal polynomials, partial differential equations, harmonic analysis, wavelet analysis.
Some modern applications include computer graphics, signal processing, economic fore-
casting, and pattern recognition.

In the next five lectures, I will focus on certain aspects of the complexity problem
and the theory of good approximation, particularly as they apply to neural networks.
In the first three lectures, I will discuss these issues as they relate to approximation of
periodic functions by trigonometric polynomials. In the fourth lecture, I will discuss the
connection between neural networks and trigonometric approximation, and in the fifth,
the connection between neural networks and algebraic polynomial approximation.

1.2 Favard inequality

In this section, we are interested in the approximation of continuously differentiable 27-
periodic functions. Let C* denote the class of all 27-periodic continuous functions on R,
and W denote the class of all r times continuously differentiable 27-periodic functions
on R. If p > 0, p = r + a for some integer 7 > 0 and « € (0,1), we say that f € A} if
f e W and
) () — £
If]l; == sup () fa Wl . (1.2.1)
wvel |z =yl

Although it is not a standard practice, for the simplicity of exposition, we will make the
convention that for integer p > 1, A7 = W7 and

LFI = 1LF@ (1.2.2)

Our main objective is to prove Theorem 1.2.1 given below. We find it convenient to
adopt the following convention regarding constants. The symbols ¢, ¢y, - - - denote positive
constants depending on the fixed parameters of the problem, such as r, but independent
of f and n. Their value may be different at different ocurrences, even within the same
formula.

Theorem 1.2.1 Let p >0 and f € Aj. For integers n =1,2,-- -, we have
EL(f) < en”?[If1[5. (1.2.3)
In particular, if r > 1 is an integer,

Ey(f) <en™" | fO". (1.2.4)



In order to prove this theorem, we introduce some notations. For a 27-periodic inte-

grable function f, and integers k € Z, m,n > 1, we write

Gl = /f e,
S;kn(fv JJ) = (f)elkxa

|k\<m 1
* 1 - *
or(f,x) = EZsm(f,x
m=1

We will obtain an integral expression for s;, and o). First, we observe that

sin(u/2) Z etk
-1
+ cosku)
1

|k|<m—1
= ﬂm@ﬂ)+§:@m@ﬁévmu—$Mk—1ﬂﬁ0

E

N | —
el
Il

= 2sin(u/2) (

= sin(m — 1/2)u,

and hence,

ik _ sin(m — 1/2)u
Z sin(u/2)

|k|<m—1

Using a similar argument, it is easy to verify that
1 & 1 (sin(nu/2)\”
u) = — D; (u) = — (7 .
n ; n \ sin(u/2)
Therefore, using the first two equations in (1.2.5), we obtain

swlfow) = oo | SO X &M |

k|<m-—1

::%KP@%@4W:%[}@4WWW

Similarly,

m:%[}mmm%w:%[}u4WMﬁ

(1.2.5)

(1.2.6)

(1.2.7)

(1.2.8)

(1.2.9)

It is well known that there exists f € C* for which s%,(f) does not converge uniformly
to f, while the Fejér-Weierstrass theorem asserts that o (f) converges uniformly to f for
every f € C*. However, the rate of convergence is not what is required by Theorem 1.2.1.
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To accomplish this rate, we introduce a modification of F7, called the Jackson kernel. For
integer n > 1, we define
K*(u) == (MY (1.2.10)
e sin(u/2) ) o

Since Fr € H,, it is clear that K € Hy,. Denoting, in the remainder of this section
only, the integer part of n/2 by n’, and

1 ™
A= — K*()d,

" s

we define
/f DK (2 — )d /fx—tK* Dt (1.2.11)

It is easy to verify that J,(f) € H,,. We summarize certain properties of the operator J*.
In the sequel, we write A ~ B to denote the fact that cA < B < ¢; A.

Lemma 1.2.1 For0<a<2andn=1,2,3,---, we have
/ lu|* K (u)du ~ n~. (1.2.12)

In particular,

Ay < en”?, / lu| K (u)du < en®. (1.2.13)

PRrROOF. Using the mean value theorem and the fact that the function x — sin(x/2) is
concave on [0, 7], we obtain that

< sin(t/2) < t e 0,7). (1.2.14)

DO =+

t
s

So, with t = nu,

/ \u\aK;(u)du:Q/ u* K (u)du
0

—T

~ /sin4(nu/2)ua_4du:n3_a/ sin®(t/2)t*dt. (1.2.15)
0 0

Now, since a — 4 < 0,

1 = i/ sin(t/2)dt
31 Jo
3—a ™
8” / sin®(t/2)t**dt

=) S

IN




Also, since o — 4 < —2,

0 < / sin®(¢/2)t**dt

o0 a—3
< / potgp =
” 33—«

Thus,
3 nm - 4 7T1+oz 7.(.0173
< t/2)t*dt < .
87r3—a—/0 sin*(t/2) =6 3.4
Along with (1.2.15), this leads to (1.2.12). O

Proposition 1.2.1 For 0 <p <1, f € Aj andn =2,3,---, we have

1f = Ja (DI < en™ [ 15 (1.2.16)

PROOF. Let x € [—m, 7]. Using (1.2.11) and the definition of A, we obtain

f) = B = oA / F) K (1)t — 5 / f(w — K2 (t)dt

= G R CEC

Since f € A}, |f(x) — f(z—t)| < [¢[°|| ||} (If p < 1, then this is clear from the definition.
If p =1, we use the mean value theorem.) Therefore, using (1.2.13), we obtain

[f(x) = Ti(f )l <en|IfN; [ [HPEG (B)dt < en™™ £},

O
Next, we establish a connection between E*(f) and E*(f™).
Proposition 1.2.2 Let f € W*. Then for integer n > 1,
* C * r
(1) < B (0). (1.2.17)

Proor. We prove this proposition by induction on r. First, let » = 1, and f € Wy
There exists T} € H,, such that

1" = Tull" < 2E5(f).

Since [ f'(t)dt = 0, we see that |(1/(2m) [T _Ti(t)dt| < 2E7(f'). Therefore,

Ty(x) =T (x) — % /_: Ty (t)dt
satisfies
If' = Ta||* < 4E;(f). (1.2.18)
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Now,

Riz) = / Ty(t)dt € H,,
and (f — R)" = f' — Ty. Therefore, by Proposition 1.2.1 and (1.2.18), the polynomial
T := R+ J:(f — R) € H,, satisfies

If =TI = If = R= J;(/ = BI < ~(f = RYII" < ~Ex(F).

This proves (1.2.17) in the case r = 1. We obtain the general case easily by a repeated
application of the case r = 1. O

PrROOF OF THEOREM 1.2.1. The theorem follows immediately from Propositions 1.2.2
and 1.2.1. O

1.3 Shifted average operator

During the proof of Theorem 1.2.1, we gave a recursive construction for the trigonometric
polynomial that approximates the target function with the correct rate. However, since
we don’t know the target function, it is desirable to get some construction which works
without knowing the number of derivatives of the target function in advance. The best
approximation will work, but there is a substantially easier construction which gives a
good approximation.

Theorem 1.3.1 For an integrable, 2w-periodic function f, and integer n > 1, let

vp(f) = % i 13m(f)- (1.3.1)
(a) We have o
v (f, 1) = 5544 (f,2) + ;i;l (2 - %) (cE(f)e™ + ¢ (e ™). (1.3.2)
In particular, v3(T) =T for all T € H,.
(b) With
Vi(u) = Sm(nzé 123 S(lzgnu/ 2 (1.3.3)

v (fs @ 27T/f - :—/ flz = t)Vr(t)dt. (1.3.4)

(c) For f € C*, we have vi(f) € Hy,_1, and

[on (DI < 3IAIT Ega () S I = op(HIIF < AEL(S). (1.3.5)
(d) We have
IVX* < 3n, / V¥ (u)|du < 6. (1.3.6)



PROOF. The proof of parts (a) and (b) are simple computations, using the definition
of s¥, and interchange of summation for part (a), and the integral representation (1.2.8)
for part (b). From the definitions, we see that v’ (f) = 203,(f) — o’ (f). Now, (1.2.8)
implies that [|o(f)||* < ||f||* for all n; which implies the first estimate in (1.3.5). Since
Un(f) € Hap—1, it is clear that E3,_,(f) < [|f — v (f)II*. If T € H,, then vy (T') =T, and

1f =on(DIF = I(f =T) = o (f =D < 1 =TI + o (f =T < 4llf =T

Since the left-most term of this estimate is independent of T, we may take the infimum
over all T' € H,, to arrive at the last estimate in (1.3.5). The first estimate in (1.3.6)
is clear from (1.3.3). We get the second estimate in (1.3.6) from the observations that
Ve =2F; —Fr Fr(u) >0 (ue[—mn]),and [ Fr(u)du=2mform =12, O

1.4 Multivariate extension

Let s > 1 be an integer. The class of all continuous functions f : R®* — R which are
2m-periodic in each of the variables is denoted by C%. For f € C%, we write

71 = e |Go)l

x€[—m,7

The class of all functions in C} having continuous partial derivatives up to order r in each
variable is denoted by W,. As usual, the notation D;f denotes the partial derivative of
f with respect to its j-th variable, and for k = (ky,---,ks) € Z°, k > 0 (i.e., k; > 0 for
1 < j <), D*f denotes D" .. DM f. The class of all trigonometric polynomials in s
variables will be denoted by H,, ;. Finally, for f € C, we write

B (f) = inf |f =TI

All constants in this section will depend upon r and s.

Theorem 1.4.1 Let r > 1 be an integer. For integer n > 1 and f € W, we have
* C - r *
j=1
PROOF. In this proof, we write
* 1 " *
vn,j(ﬁ X) = % / f(xla oy Lj-1, L5 — ta Tjp1, 0y $S)Vn (t)dt7

o) = oG (ona () -), o) = .

In view of (1.3.5), we get for j = 1,---,s, qu[{}(D;f)H: < 37||Djf||z, and hence, using
(1.2.4),

[oB) = oD = lons @80 = o)
D3l = —IoE D5

C
;HD;‘fH:-

IN

IN
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So, for the polynomial vr[f](f) € Hy,,—1 s, we have

[e(F) = £l < D IR =i~z < = DT ID;
j=1 j=1

O

We remark that the dimension of H,  is O(n®). Hence, the number of parameters in-
volved in approximating an arbitrary function in W, within an error of € > 0 is O(e7/%).

2 Widths and converse theorems

2.1 Introduction

In this chapter, we show that the results of the previous chapters are sharp. We do this in
two ways. We will show that no “reasonable approximation method” based on the same
number of parameters can do asymptotically better than H,, for the whole class W;*. We
will also show that if the degree of approximation is as in (1.2.3) for some noninteger p,
then the target function belongs to ;. For simplicity, we will limit our discussion to the
univariate case. The multivariate case does not offer any new features in this context.

Our proof of both of these results require an intersting fact about trigonometric poly-
nomials, known as the Bernstein inequality. In the next section, we prove this inequality.
In Section 2.3, we explain our first remark about “reasonable approximation methods” by
introducing the notion of nonlinear widths, and obtaining a lower estimate for the widths
for W*. In Section 2.4, we obtain the converse of the estimate (1.2.3).

2.2 Bernstein inequality

In this section, our main objective is to prove the following theorem. For future reference,
we prove it in greater generality than that required in this chapter.

Theorem 2.2.1 Let r,n > 1 be integers, T' € H,,, p > 1. Then
1T < nrfi T (2.2.1)
and
/ T (t)|Pdt < n’“p/ |T(t)|Pdt. (2.2.2)

—T —T

In this section only, we write u;,, = (25 — )n/(2n), j=1,---,2n, n =1,2,---, and
for an integrable 2m-periodic function f, aj(f) == ci(f) +c*(f), k=1,2,---
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Lemma 2.2.1 Letn > 1 be an integer,

n—1
1 1
D (u) := ) + Zcos ku + 5 cosn, u € [—m, 7). (2.2.3)
k=1
Then )
sin nu
D (u) = ———. 2.24
v (W) 2 tan(u/2) ( )
Every S € H,, can be expressed in the form
2n
* 1 k3
S(z) = a(S)cosnx + — Z S(ujn) D (x — ujp), x € [—m, 7. (2.2.5)
n
j=1
PRrROOF. Using (1.2.6), we see that
n—1 .
—1/2
1+ 2;cosku+cosnu = % + cos nu.
This leads to formula (2.2.4).
Next, we observe that for k =0, +1,£2,---,£2n,
1 2n 1, if k= O,
o Zexp(iujvnk) = { -1, ifk= :.|:2n,
j=1 0, otherwise.
Hence,
L2 ci(9), if |k] <n -1,
% S(uj ) exp(—iujnk) = ¢ ¢ (S) —c,(S), if k=n,
j=1 L (8)—c(9), ifk=—n,
A little computation now leads to (2.2.5). 0

PROOF OF THEOREM 2.2.1. We obtain a formula similar to (2.2.5) for 7". Let S € H,,.
From (2.2.5), we obtain

2n

1 * . 1
S'(z) = —na,(S)sinnx + o ; S(ujn) x

{n cosn(x — uj,) cot((x — u;,)/2) — % esc?((x — wj,)/2) sinn(x — u]n)} :

Therefore,
2n ;
1 (_]_)J-i-l
S'0) ==Y S(ujn)— : (2.2.6)
n ; P (2sin(ugpn/2))?
Using this formula with S(z) = T'(x + t), we obtain the Riesz representation formula:
1 (—1)7+?
T't)=—=) T(t+u; t e [—m, . 2.2.
( ) n Z ( + U’]ﬂ’b) (2 sin(ujm/Q))Q’ S [ U W] ( 7)

j=1
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The formula (2.2.6) applied with S(z) = sinnz yields

e N T S
0 2 |G, 7| 2 @t 2P " (228)

For r =1, (2.2.1) follows immediately from (2.2.7), and (2.2.8). The formula (2.2.2) for
r = 1 also follows from (2.2.7), (2.2.8) if we use the Minkowski inequality. The formulas
in the general case are proved by a repeated application of the inequalities in the case
r=1. a

2.3 Widths

It is convenient to introduce the notion of nonlinear widths in the more general context of
normed linear spaces. Let X be a normed linear space (e.g., C*), and K C X (e.g., W}).
Any method of approximation of elements of K using n parameters can be described as
a composition of two mappings : the feature selection map ¢ : K — R" (e.g., if n is
odd, the mapping of a function f in C* to (¢*,,(f), -+, (f)), with m = (n — 1)/2)
and a reconstruction map M : R” — X (e.g., the shifted average operator defined using
only the coefficients, without reference to the underlying function). The approximation
to any f € K is given by M(¢(f)). The worst case error in this approximation is
sup e ||.f — M(o(f))llx, where [ - || x is the norm on X. The nonlinear n-width of K is
defined by

Gu() = 6 (K, X) = nf sup [ = M(6()x. (23.1)

where the infimum is taken over all M : R” — X and continuous functions ¢ : K — R™.
If K is not compact, then the definition depends upon the topology on K. The continuity
of ¢ is required to avoid certain trivialities. In practice, it is a natural requirement in
order to make sure that our parameter selection is stable under noise. The mapping of a
function to all of its Fourier coefficients up to a certain order is continuous, the mapping
to the greatest n Fourier coefficients is not.

The following theorem shows that the results of the previous chapters are optimal. In
this section, B} denotes the class of all f € W such that ||f"|* < 1.

Theorem 2.3.1 Let r,n > 1 be integers. We have
6n(BY) > 2"(n+7+2)7". (2.3.2)

The proof of this theorem relies upon the following theorem, known as the Borsuk
antipodality theorem.

Theorem 2.3.2 Let (Y,| - |ly) be a finite dimensional normed linear space, p > 0,
SY,p) ={y €Y : J|ylly = p}, m > 1 be an integer less than the dimension of
Y, and g : S(Y, p) — R™ be any continuous function. Then there exists yo € S(Y, p) such

that g(yo) = g(—yo)-

11



PrROOF OF THEOREM 2.3.1. In this proof only, let
We={feB : f90)=0,j=0-r—1}

Because of Arzela’s theorem, W is a compact subset of C*. Let ¢ : W — R"™ be any
continuous mapping, and M : R” — C* be any function. Let, in this proof only, n’ be
the smallest integer with 2n’ > n —r — 2, and

Y ={T eHyp : TY0)=0, j=0,---,r—1},
and ||T'|ly := ||T']]*. Then Y is a normed linear space of dimension 2n'+r+3 > n. In view
of the Bernstein inequality, S(Y, (n' +r 4 1)~") C W. The Borsuk antipodality theorem
implies that there exists T € S(Y, (n' +r +1)7") such that ¢(T) = ¢(—T). Then
2T = T =M((T)) = (=T = M(¢(=T))II" < |'T =M ((T)["+ | =T = M(o(=T))I"

Hence, at least one of the inequalities ||T'— M (¢(T)||* > ||T||* or || =T — M (p(=T))||* >
| = T'||* must be true. In either case,

sup [|f — M(o(f)" > sup If = MU = NT)" = (0" +7r+1)7".
feB: FES(Y,(n/ +r+1)-7)
Since n’ +r+1 < (n—r)/2+r+ 1, this completes the proof. 0

We remark that the “bad function” for which the lower estimate is true is actually
a trigonometric polynomial T € Hy,1,19)/o with [|[T™)]* < 1. The idea of the proof is
applicable in general. One defines the Bernstein n-width of a subset K of a normed linear
space by
Bn(K):= sup sup{p>0 : S(Y,p) C K}, (2.3.3)
YeX, 11
where we write &), to denote the class of all n+ 1 dimensional subspaces of X, endowed
with the norm of X. The same argument as in the proof of Theorem 2.3.1 then implies
that

Su(K) > B(K). (2.3.4)

2.4 Converse theorems

The purpose of this section is to prove the following Theorem 2.4.1.

Theorem 2.4.1 Let p >0, p €7Z, and f € C*. Then the following are equivalent.
(a) The function f € A3,

(b) There exists a constant B(f) such that

EX(f) < B(f)n=*, n=1,2---. (2.4.1)

12



PRrROOF. The implication (a)=>(b) follows from Theorem 1.2.1. To prove the converse,
suppose that (2.4.1) holds, and p =r+ a, r € Z, a € (0,1). First, we show that f has r
continuous derivatives, and

EX(f") <eB(fyn™@,  n=1,2---. (2.4.2)

Let n > 1 be fixed. We may find a sequence of polynomials R € Hy, such that
|f — Rill* <2E5,, (f). Then the polynomials T} := Rpy1 — Ry, € Hyr+1,, and satisfy

I Tull* < 4E3, (f) < 4AB(f)n=r27%, k=0,1,2,---, (2.4.3)

and (in the sense of uniform convergence)
f=Ro+ ) T (2.4.4)
k=0
The Bernstein inequality implies that
T < 2% | Th|l* < en~@27%B(f),  k=0,1,2,---. (2.4.5)

Hence, the series Ry™ + Z T, converges uniformly. In view of (2.4.4), this implies that

k=0
f has r continuous derivatives, and

£ = R 4 S 1)
k=0
in the sense of uniform convergence. Since Ry™ € H,, we conclude using (2.4.5) that
En(f7) < |If = Roll* < X _IT T < en @ B(f). (2.4.6)
k=0

This proves (2.4.2).
Thus, in order to complete the proof of the theorem, we need to show that if ¢ € C*
and for some a € (0, 1),

Ey(g) < Blgn™,  n=12--, (2.4.7)

then g € A¥. Let z,y € [—7, 7], © # y, and we choose n so that 277! < |z —y| < 27"
(There is no loss of generality in assuming that |[x — y| < 1/2.) As before, we select a
sequence of polynomials .S, € Hyr such that

lg — Skll* < 2E3.(g) < eB(g)27*, k=0,1,2---.
Then

cB(g)27" + v — ylISplI" < eB(g)27™ +27"||S 7. (2.4.8)

lg(z) — g(y)|

IA A
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We may assume without loss of generality that [|g||* < B(g). Now, using Bernstein
inequality, we obtain (the reader should fill in the ommitted details)

ISLIl < YISk = Skl + ISl
k=2

IN

> 2518k = Sp-all* + 2(1541*

k=2
n

¢y 2" B(g) + c|g|”

k=2
217 B(g).

IN

AN

Along with (2.4.8), this yields

l9(z) — g(y)| < cB(g)27"" < eB(g)|r — y|*.

Thus, we have proved that (2.4.7) implies that g € A%. Applying this fact with f) and
using (2.4.6), we have completed the proof that (b)=-(a). O

3 Approximation with scattered data

3.1 Introduction

In Chapter 1, we studied the construction of the shifted average operator to achieve the
rate of approximation which we observed to be optimal in Chapter 2. This operator
was constructed using the Fourier coefficients of the target function. In this chapter, we
will study the construction of a similar operator using values of the function. In classical
signal processing and approximation theory, one typically chooses the “sites” at which the
values are taken; e.g., at lattice points, or at the zeros of certain orthogonal polynomials,
etc. In many modern applications, one does not have this liberty. Moreover, the values
can be observed only approximately. Therefore, our aim is to obtain a stable method
that depends upon observations of a function at an asymptotically optimal number of
scattered sites. The immediate instinct is to discretize the integral expressions for the
Fourier coefficients. However, in order to do this carefully so as not to disturb the degree
of approximation and the number of sites, one needs powerful quadrature formulas. The
main contribution of this chapter is to develop these formulas.

In Section 3.2, we prove some preliminary results in an abstract form. These will be
applied in Section 3.3 in the setting of multivariate trigonometric polynomials to derive
certain quadrature formulas. In Section 3.4, we will construct the desired approximation
operators, known as quasi-interpolation operators.
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3.2 Preliminary results

The results in this section and the next are motivated by the following quadrature formula:

1 < 27/ 1 [7
T - [T T ¢ H,. 2.1
DD (n n 1) o / (t)et, © (82.1)

=0 -7

The formula (3.2.1) follows immediately from the following identities which can be verified
easily for k=0,1,---,+n:

1, ifk=0,

1 i 2mlki
nr12="P\nr1) T 0, k=1

In place of the univariate trigonometric polynomials, we wish to have multivariate trigono-
metric polynomials. More importantly, instead of the equidistant points 27¢/(n + 1),
we wish to have arbitrary points, and yet have weights with known bounds in place of
1/(n+1). We need some functional analysis to help us here.

Let (X, |- ||x) be a finite dimensional normed linear space, (e.g., H, ) (X*, |- ||x+) be
its dual space, Z = {z7,---,23,} € X*\ {0} (e.g., the point evaluation functionals at the
scattered sites), and z* € X* (e.g., the functional that assoicates with every trigonometric
polynomial its integral). In this section, we will study the question of finding nonnegative
numbers wy, - - -, wy; such that

M
" (z) :ngﬁ(x), r e X.
=1

Obviously, such a quadrature formula does not hold in general. In particular, if the
quadrature formula holds, then z* must be positive with respect to Z; i.e., if x € X, and
xy(z) > 0for £ =1,---, M, then z*(x) > 0. It turns out that we need one more condition.

Definition 3.2.1 Let
S(x) = (27 (x), -, 23 (2)), r € X, (3.2.2)

Il - Il be a norm on RM and || - ||* be its dual norm. The set Z is called a norming set if
there exists a constant o > 0 such that

[zllx <allSE@)l, zeX (3.2.3)

The main theorem of this section is the following.

Theorem 3.2.1 Let Z be a norming set. There exist real numbers wy, - -+, wys such that
M
" (z) = wa}f(z), xr € X, (3.2.4)
=1
and
[ (wr, - wan)[I* < al|2™{|x (3.2.5)
If x* is positive with respect to Z, and there exists some xg € X such that xj(xo) > 0 for
¢=1,--- M, then we may choose the w;’s in (3.2.4) nonnegative.
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We remark that the nonnegative weights might not satisfy (3.2.5). The proof of the
second part of this theorem utilizes a consequence of the Hahn-Banach theorem known
as the Krein-Rutman theorem (Theorem 3.2.2 below), which we state without proof. A
vector space Y is called an ordered linear space if there is a relation <C Y x Y with the
following properties: = is reflexive and transitive, and if x < y then z 4+ 2z < y + z for all
z €Y, and ar = ay for all @ > 0. For example the space C is an ordered linear space
with the ordering f < ¢ if f(z) < g(z) for all x € [—7,7|*. A functional ¢ on Y is called
a positive functional if x <y implies ¢(z) < ¢(y).

Theorem 3.2.2 Let Y be an ordered linear space, M be a subspace of Y, P:={y €Y :
y > 0}, and M N P have an interior point of P. Then any positive linear functional on
M admits an extension as a positive linear functional on 'Y .

PrROOF OF THEOREM 3.2.1. The norming set property implies that S is injective. Let
V = S(X). Thus, we may define a functional y : V' — R by the formula y(S(z)) := z*(x),
x € X. We have

sup y(v)[ = sup - a7(2)]
veVll<t zeX,IS(@)lIs1
< sup [t (@)] < afletxe

zeX,||z]|x <o

Therefore, by Hahn-Banach theorem, there exists an extension of the functional y to R
which may be represented by (wy, -+, wy), such that ||(wq, -+, wu)||* < aflz*||x+, and
for x € X,

(@) = y(S(2) = ) werj(2).

For the positivity assertion, we use the Krein-Rutman theorem instead of the Hahn-
Banach theorem. a

REMARK One can always choose ¢, € {—1,1} such that for some zq € X, e} (zo) > 0
for ¢ =1,---, M. In order to prove this, we observe that if this were not the case then

X:U{xGX : xy(z) =0},
=1

By the Baire category theorem, at least one of the sets Ay := {z € X : zj(z) = 0} must
have an interior point, z. Now, if x € X is arbitrary, then for a suitably small § > 0,
d(z — z) € Ay. This leads to z;(x) = 0. Thus, the functional xj = 0, a contradiction.

3.3 Quadrature formulas

Let s > 1 be a fixed integer, and Cy be a set of distinct points in [—, 7|*, with the mesh
norm defined by

de, = max dist(x,Cp) := max min |X — ¥, (3.3.1)
x€[—m,7]® x€[—m,m]® yeCo
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where

’X_y’OO = fgjag(s‘xj _yj’7 X = (5[17"‘,33'55), y= (yla"'ays> e R

The main result of this section is the following quadrature formula for H, ; analogous
to (3.2.1), where the equidistant nodes are replaced by points in Cy, and the equal weights
are replaced by other suitable weights.

Theorem 3.3.1 Let Cy be a set of distinct points in [—m,w]* and n > 1 be an integer
such that dc, < /(2 -3%"n). Then there exist numbers {w¢}eec, such that

C
wel < . €€ Co, (3.3.2)

and for every T € H,, 5,

1
— T(t)dt = wel'(€). 3.3.3
e 0 > el (33.3)

cCo

We may also choose we to be nonegative instead of requiring (3.3.2).

In view of Theorem 3.2.1, this theorem will follow easily from the following
Marcinkiewicz-Zygmund (-type) inequalities.

Theorem 3.3.2 Let e >0, andn > 1, N > (47 - 3° + €)(n/e) be integers. Suppose C is
a set of points in [—m, 7|* such that each cube with sides of length 2w /N contains exactly
one point of C. Let {Re¢}ece be a partition of [—m, w|*, such that each Re is a cube having
side of length 2w /N and containing a point £ € C. Then for any T € H,, 4,

1-0 (%) Sirers [

fec [77‘-77‘-}3

riix<+9 (5) el 63

gec

In order to prove Theorem 3.3.2, we first obtain certain technical estimates on the
shifted average kernels V* introduced in (1.3.3). In the remainder of this chapter, let
e=(1,---,1) € Z*, and

S

Vi) =[] Vi), x=(x1,--, 1) (3.3.5)

Jj=1

Lemma 3.3.1 Letn € (0,1), n,s > 1, N > n be integers, n = n/N. Suppose C is a set
of points in [—m,w|* such that each cube with sides of length 2w /N contains exactly one
point of C. Let {R¢}eec be a partition of [—m, w|*, such that each Re is a cube having side
of length 21t /N and containing a point £ € C. Then

1 _ S
sup Z Vis(u—x) =V (§—x)|du < 47r(67r)5u. (3.3.6)
x€[—m,m]® ¢cec R 1— n
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PROOF. Let x € [—7,m]°. Since we may take the partition {R¢ + x} in place of {R;},
there is no loss of generality in assuming that x = 0. Let ¢ = (c¢1,- - -, ¢e ) be the center
of Re, £ € C. For each £ € C, we have

Vo s(@) =V, (§)[du
Re

s £—1
< [ SIvie T Vi) (V; ) = V(60|
Re | 4= 1J 1 j=0+1
s cej+m/N
< Z (—!v* &) ) H/ V7 () |du
=1 \j=1 j=t+1Y cei=m/N
cget+m/N
X / Vi () = Vi (&o)|due | - (3.3.7)
cgo—m/N

Now, in view of (1.3.6), we see that
2m .

and

ceg+m/N
L ) - vi @l

e0—T/N

Cg,g+ﬂ'/N Up ,
_ / / V¥ (0)dt| dug
cge—m/N 1/ &
Ce, g+7l'/N Cce, g+7l'/N
< WV ()| dtdus
ce—m/N  Jeg g—m/N
v
- Ve ()| dt
N ce—m/N

Therefore, (3.3.7) implies that

Vas(@) = Vi, (§)]du
Re

21 o (6 " £ cgjtm/N “ cectm/N
< (%) I metwi [ e
=1 ¢ ¢

] é—f—l 5]'—7I'/N 575—7T/N

Hence, using (1.3.6) and Bernstein’s inequality (2.2.2) with p = 1, we deduce that

> i) = Vi ()ldu
cec Y Be
I / V22 () / V(1) dt

M — 6mn
< = -
- N N
=1 j=t+1
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N

O

PROOF OF THEOREM 3.3.2. We observe that n := n/N < ¢/(4m-3°+¢). Let T € H,, 5. By
a repeated application of Theorem 1.3.1 to each coordinate, we obtain the representation

1
(27)°

T(u) = /[_ TV, we (3.3.8)

Hence, using Lemma 3.3.1, we deduce that

|(2§) Sl [t

el

< 3 [ 1 - rwdu
gec Re
= / V* (& —x)dx — / T(X)V;s(u — x)dx|du
§€C Re |J[—m,m]® [—m,7]®
1 *
< G /[ NI [ V(e =) = Vi =)
gec
1 _ S
< dr- 3’7(172)/ IT(x)|dx. (3.3.9)
- 7]

In view of our choice of 1, n/(1 —n) < €/(4w3%). Hence, (3.3.9) leads to (3.3.4). O

PROOF OF THEOREM 3.3.1. In this proof, we let ¢ = 1/2, and N := 3**3n. Then
(4m -3 +€)/e < 8T-3*+1< 3T and N > (47 - 3° + €)(n/e). Moreover, 25, < 7/N.
We divide [—m, 7]® into congruent subcubes of side 27/N. Each of these subcubes has at
least one point of Cy, and we may choose a subset C, so that each subcube has exactly
one point of Cy. It is easy to verify that dc, < d¢ < 2d¢, < 7/N. Thus, all the hypotheses
of Theorem 3.3.2 are satisfied, and (3.3.4) holds.

Now, we apply Theorem 3.2.1 with the following choices. We let X be the space H,, ,,

with
= T
For each £ € C, we define z(T) :=T(§), T € H,, and Z := {z{ }¢cc. Further, we let

* ! xX)dx
(1) = /WT( dx,
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and observe that ||z*||x- = (27)~%. Finally, let M :=|C|, and

M
ICyn, - vl =D luwl-
k=1

Then

I sman) I o= masx [y (33.10)

With these choices, (3.3.4) implies that Z is a norming set with « := (3/2) (2)°. The
polynomial Ty(x) = 1 is in H,, ; and satisfies z}(7p) =1 > 0 for £ = 1,---, M. Finally,
we verify that x* is positive with respect to Z. Let T' € H,, ; and T'(§) > 0 for all £ € C.
Arguing as in (3.3.9), and using (3.3.4), we see that

(%)sZT(g)_/mﬂsT(U)du

gec

I—n

< a9 (X)) T

gec

< 3/4( )ZT

el

1 _ S
< 47‘(‘-38u/ |T(x)|dx
_——r

Hence,
/_WT( u)du > (1/4) ( ) Z;T

This proves that x* is positive with respect to Z. Thus, all the hypotheses of Theorem 3.2.1
are satisfied. This implies the existence of nonnegative numbers wg, £ € C, such that
equation (3.2.4) implies (3.3.3). If the w¢’s are not required to be nonegative, the estimate
(3.2.5) takes the form (3.3.2). We define we :=01if € € Cy \ C. 0

3.4 Quasi-interpolatory operators

In this section, we discretize the shifted average operators to obtain their analogues that
depend upon the values of the target function at scattered sites.

Theorem 3.4.1 Let Cy be a set of distinct points in [—m, 7] and n > 1 be an integer
such that d¢, < /(2 - 3°Tn).
(a) There exist numbers {we}ece, such that

|we| < en”?, ¢ € Co, (3.4.1)
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and

1
- / T(t)dt =Y weT(), T € Hyp (3.4.2)
(27T) [—m,7]® ¢eCo
(b) Let the operator vy, . be defined by
1
v (f,x) = / fF)Vr (x — t)dt. (3.4.3)
7 (27T)s [—m,m]® ’

Then vy, (T) =T for every T € H, . Also, for f € C}, vy, (f) € Hap_1, and we have

[0, (NS < CllfI5 Eanrs(F) <A = v OIS < cEL () (3.4.4)

(c) Let the operator 7, ; be defined by

(%) =70 (Cos %) = Y wef(OVi(x =),  feC. (3.4.5)

£eCo

Then 7; (T) =T for every T € H,, . Also, for f € C}, 7y (f) € Hap1,5, and we have

S TZS

170 s (OIS < ellFIS B s (F) < I = 7o (DS < By (F) (3.4.6)

PROOF. Part (a) is simply Theorem 3.3.1 applied with 3n in place of n. We note further
that Theorem 3.3.2 also applies with 3n in place of n. The proof of part (b) is similar
to that of Theorem 1.3.1. We omit the details. Let 7' € H, ;. Using (3.4.2) with the
polynomial T'(t)V," (x —t) of order 3n in t, we get

T(x) = (2;5 /_WT( Wix—t)dt = > weT (Vi (x—&) =70 (T.x). (3.4.7)

£eCo

It is clear that 77 [(f) € Ha,_1 s forevery f € C. The estimates (3.4.1) and Theorem 3.3.2
imply that

TLS

D fweVir (x —

£€Co é €Co

< c/ [Vi(x—t)|dt <c.

The first estimate in (3.4.6) now follows from the definition of 7;; .. The other estimates
follow from this and (3.4.7) exactly as in the proof of Theorem 1.3.1. We omit the details
again. O

We point out one way to obtain the quantities w¢ numerically. We solve the linear
programming problem:

Minimize maxgec, |we| subject to the conditions (3.4.2), with e’** in place of T,

k€ {0,41,---,+(3n)}".

Theorem 3.3.1 shows that this problem has a feasible solution satisfying (3.4.1).
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4 Approximation with periodic neural networks

4.1 Introduction

A neural network is a device for a highly parallel computation of functions. A basic
ingredient of a neural network is a neuron. A neuron is a special purpose computer with
a local memory that can take any finite number of inputs, and evaluate a special function
based on the inputs and the content of its memory. Typically, when an input from R* is
expected, one stores certain weights w € R®* and a threshold b € R in the memory. Upon
receiving the input x € R?, the neuron computes the inner product w - x, and evaluates a
certain activation function ¢ : R — R to obtain ¢(w-x+b). This expression is the output
of the neuron. In a neural network, one arranges a number of neurons in whatever network
topology. Thus, we may think of a neural network as a directed graph with neurons as its
nodes. The edge from one neuron n; to another, no, in this “topology” indicates that the
output of n; is one of the inputs of ny. Special I/O devices furnish input to the network
and presents an output of the network to the user.

A simple, and most commonly used, network topology is known as a feedforward
network with a single hidden layer (cf. Figure 2). Assuming N neurons in the hidden

N(x)

Figure 2: A feedforward neural network with one hidden layer. The rectangular nodes
evaluate a nonlinearity of the form ¢(w - x + b), the circular node evaluates a linear
combination of its inputs.

layer, the output of the network upon an input of x € R® is of the form Z]kvzl apd(Wy -
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x + bg). The set of all functions x +— Zszl ard(Wy - X + by), with ag, b, € R, wy, € R
1 <k < N, will be denoted by Il4.n . Some of the most popular activation functions
are: the squashing function : ¢(x) := (1+ e *)"1 the hard threshold function: ¢(x) =1,
if x > 0, and 0 otherwise, and the linear threshold function, which is equal to the hard
threshold function outside [—1, 1], and linear on this interval.

A process by which the weights, thresholds, and coefficients are selected is known as a
training (or learning) method. The most widely used learning method for a function using
its values at scattered sites (the training data) is to do a least squared fit. One reason
for the popularity of choosing ¢ to be the squashing function is that its derivative can be
easily expressed in terms of the function itself: ¢’ = ¢(1 — ¢). Therefore, the nonlinear
equations involved in the least squared fit become computationally easier to solve using
such methods as the steepest descent method. In the neural network literature, this is
referred to as the back-propagation method. Some of the disadvantages of this method
are the following. The network topology and the size of the network has to be fixed in
advance in order to set up the equations. There is no guarantee that the method will not
find a local minimum rather than the global minimum of the least squared error. There
is no guarantee that the network will generalize properly; i.e., work well to predict the
value of the function outside the training data.

Neural networks are ubiquitous in military and civilian applications including robotics,
image processing, speech recognition and reproduction, automatic control of airplanes and
missiles, automated target recognition and tracking, etc. The most often quoted reason
for this popularity is their ability to approximate “arbitary” functions. All the classical
questions of approximation theory are thus interesting in the context of approximation by
elements of Il4 y . In this chapter, we will explore the case of approximation of periodic
functions using periodic networks; i.e., networks with a periodic activation function, where
the weights are restricted to be integers. As before, we are mostly interested in the
complexity problem, and the problem of constructing good approximation.

In Section 4.2, we establish a close connection between trigonometric approximation
and approximation by periodic networks. Along with the results of Section 3.4, we will
give a training method for networks without using any kind of nonlinear optimization
involving the activation function. In particular, our method has none of shortfalls of these
optimization based methods. In Section 4.3, we point out the analogues and extensions
in the case of approximation on the sphere.

4.2 Approximation by periodic networks
Let ¢ € C*, and
N
oy =1 ard(Wi-()+b) @ apb €R, wy €Z°, 1<k <N} (4.2.1)

k=1

The basis of our results in this section is the following fundamental proposition.
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Proposition 4.2.1 Let ¢ € C* and ¢;(¢) # 0. Then for any integer N > 1,

i 1 X ik ork \|" 4
© TN+ E(0) ,;GXP (2N+ 1) ’ ( TaN ¥ 1) S gy o) (422)

PROOF. From the definition of ¢f(¢), we have for = € |

i __ 1 " i(x—t) zt
e’ = e (0) /7r o(t)e dt = }{ / o(x dt. (4.2.3)

Now, the key observation is that for any N > 1,

/ P(x —t)edt = /_Zv}‘v(d),:zr—t)e“dt.

As a function of ¢, v (¢, z — t)e™ € Hyy. So, we may evaluate the last integral using the
quadrature formula (3.2.1) to obtain

. it 1 <l 2km . 2k
A(9)e’ /“M—t = aNy 1)26p(2N+1>UN(¢’(I_2N+1))’

Now, using (1.3.5), we obtain for all z € [—m, 7]:

2N .
1 2tk . 21k
2N +1) ;GXP (2N+ 1) N (¢’ (I TN+ 1))

2N

1 2ikm 21k
TN+ ;eXp (2N+1) ¢ (‘T— 2N+1)|
< 4EN(9).
Along with the previous equation, this leads to (4.2.2). O

Using Proposition 4.2.1, we may obtain a neural network to approximate any trigono-
metric polynomial. We define for f € C} and j € Z°,

1
(2m)°

G(f) = /[7r . f(x)e”9%dx, (4.2.4)

and for integers N,n > 1,

20km . 2k
N (@3 [, %) 1= o (2N+ Z > G(f)exp (2N+1)¢(J'X_2N+1)‘

k 0 —n<j<n

(4.2.5)
The function Ny s(¢; f) € Uy on41)@nt1)s,s
Theorem 4.2.1 Let s,n, N > 1 be integers, and T" € H,, ;. Then
. ACn+1)*2Ey(e)
1T — Nms(6:T)ls < [ihe (4.2.6)

|1 (o)l
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PROOF. In this proof only, we write ex(x) := exp(ik - x), k € Z*. Proposition 4.2.1
implies that for —n <k <n,

AEL (9)
Hek NN, , (¢ ek)H |C>{(§b)| ( )
We observe that
NN,n,s(¢; T) = Z Cik((T>NN,n,s(¢; ek)a
—n<k<n
and hence, (4.2.7) implies that
. AEN(9) ]
IT = Naws(@ DI < =200 D [e(T))- (4.2.8)
G 2
Now, we recall the Parseval identity, which states that
1
T = s [ 1TGOPax
—nggn (27T) [—m,m]®
So, using Schwarz inequality, we obtain
1/2
> laml < en+1” { 2 !ci:(TW}
—n<k<n —n<k<n
1/2
= (2n+1)*? {L/ ]T(X)de}
(27T>S [—m,7]®
< @+ 12T
(I

The following theorem gives a training method for periodic functions, as well as assesses
its generalization capability, i.e., the degree of approximation provided by the network at
sites other than the those where the training data is collected.

Theorem 4.2.2 Let s > 1 be an integer, Cy be a set of distinct points in [—m,7]* and
n > 1 be an integer such that é¢, < 7/(2-3°Tn). Let ¢ € C* and c;(¢) # 0. Then for
any f € C* and integer N > 1, we have

3/2 *
1 = Nyanra(@i 72 (PN sC{E:;,Sm w i) )(| W @) gy } (1.2.9)

where 7 (f) is defined as in Theorem 3.4.1.

Proor. Using Theorem 3.4.1 and Theorem 4.2.1, we see that

1f = Nuonas(@ 7 s (DN < I = s (DS + 1706 (F) = Nvan1,6(63 70 o (£))S

— 1)s/2Fx
< oy (p+ A )

. 3/2E*( )
{ B0+ 1)

IN
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O

We illustrate the above theorem with an example. Let o(x) := (1 +e72)71 () :=
o(x 4+ 1) —o(x —1). Then A is integrable. The Fourier transform of A can be computed
using contour integration, which shows that

A(1) :== lim L /R Mz)e dx # 0.

R—oo 27T R

We construct a periodization of A by

¢l (z) = Nz — 2k). (4.2.10)
kEZ

Since [A(7)| < (e — e Y)e l#l for # € R, the series in (4.2.10) converges uniformly on
compact subsets of R. The function ¢[*¢ is clearly 27-periodic, and one can compute
casily that ¢f(¢l*0) = \(1) # 0. Further, it can be shown that there exists & > 0 such
that B (ol*d) <e N N =1,2,---.
Now let f: [—1,1]®* — R be r times continuously differentiable. According to Whitney
extension theorem, there exists an extension of f, g : [—4,4]* — R, such that
max |Dig(x)| < ¢ max | DI f(x)].

— xe[-44]° — xe[-L1J°
0<j<r 0<j<r

We now let ¢ be an infinitely many times continuously differentiable function such that
¥(x) = 1if x € [-1,1]° and equal to 0 outside [—m/2,7/2]*. Then the function g has
the properties that 1(x)g(x) = f(x) for x € [—1,1]%, and

max [Di(wg)(x)| < e Y max [Df(x).

— X€[-7 — xe[-L1]°
0§J<r 0<j<r

Further, since ¥ (x)g(x) = 0 outside [—7/2,7/2]*, we may extend g as function on R*
that is 2m-periodic in each of its variables. Denoting this extension by f*, we see that
f*(x) = f(x) for x € [-1,1]%, and

Dif(x)|. (4.2.11)

- €[-1,1]°
0<j<r

S
S IDifz < e max
X
j=1

2
Using Theorem 4.2.2 and Theorem 1.4.1, and taking N := L +5/2)

that

logn, we obtain

max_ [ f(x) — Nyan—1,6(0P% 77 (), x)]

x€[—1,1]¢

S Hf* _NN,Qn 1s(¢[sq]v7-:;s(f*))H:
s/QE* [sq]
< of B+ D )

i (¢ls)]
< —r s/2 —aN Jj
< c(nm+nlPem ) : rflalxl]5|D f(x)|
0<j<r
< en”” max | DI f(x)| (4.2.12)



Next, we observe that

|l (2 Z Aa — 21k)| < ce” M =l2D) z e R.

|k|<M

If we choose M = 2n and replace each ocurrence of ¢l*4(j - x — (27k)/(2N + 1)) in
Ny gn-1,s(89; 7% (f*),%) by its partial sum, we obtain a network G(f) having cn**!logn
neurons. Imitating the proof of Theorem 4.2.1, we can prove that

T N an-1,s(@50 70 (), %) = G(f,%)| < en®Pe™™ < e ",
xXE

Thus, (4.2.12) leads to a network G(f) with O(n**!logn) neurons such that

Dif(x)|. (4.2.13)

max |f(x) —G(f,x)]| <en™" max
x€[—1,1]® 0<jor x€[—1,1]°

We observe that most of the complicated constructions involving partial sums etc. are
done independently of the function. In fact, we have constructed O(n®) basic networks,
each containing O(nlogn) neurons such that for every data, the network to approximate
the underlying function is simply a linear combination of these basic networks, with the
values of the function as the coefficients.

We remark also that our construction involve only the minimal assumptions on the
activation function, without which the classes II7,  are not dense in C7. Similar construc-
tions can be made also for radial basis function networks, where the results are somewhat
more impressive.

4.3 Approximation on the sphere

The ideas in Section 4.2 turn out to be much more fruitful in the context of approximation
on the sphere. Let ¢ > 1 be an integer, S? be the unit sphere in R4+, In this section, all
constants will depend upon ¢ as well. Let ¢ : [—-1,1] — R. A zonal function network (ZF
network) is defined to be a finite linear combination of functions of the form x — ¢(x-y),
y € 9. Our goal in this section is to construct ZF networks to approximate a real valued
function on S? using its values at scattered sites.

First, we recall some facts. We denote the volume (surface area) measure on S? by i,
and the volume of S by w,. We have

/ 4 orla+1)/2
Wy 1= ==
7 o M T T (g +1)/2)

We introduce some classes of functions. For measurable f : S — R, and 1 < p < oo,
let

{/ | f () [Pdpq( )} p, if 1 <p<oo,

ess sup | f(x)|, if p = oc.
x€S

[ Fllse.p =
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The class of all measurable functions f : S? — C for which ||f]|se,, < oo will be
denoted by LP(S?), with the usual understanding that functions that are equal almost
everywhere are considered equal as elements of LP(S?). All continuous complex valued
functions on S? will be denoted by C(S?).

We will also need the following norms and the corresponding function spaces on [—1, 1],
with weight function wy(z) := (1 — 2%)27":

(f, 9w, = /f (z)dz, (4.3.1)

/p
|f(x |pwq dx} , i1 <p<oo,
[ f g = {/ . (4.3.2)
ess sup | f(x if p = o0.
z€[—1,1]

A homogeneous, harmonic polynomial of degree ¢ is called a spherical harmonic. Let
HY be the class of all spherical harmonics of degree ¢. The dimension dj of Hj is given by

204+q—1(0+q—1 .

e e f0>1
dj = €+q—1( ( ) e

1, if ¢ = 0.

We denote the class of all complex algebraic polynomials of degree at most n in ¢ + 1
variables, restricted to S, by II¢. It is well known that

n
-
=0
where @ denotes the orthogonal direct sum. There exists a sequence of polynomials

{Pe(q+1;2)}52,, known as the Legendre polynomial of degree ¢ in R?™ | with the property
that

1 : _
/ Po(q+ 1;2)Pr(q + 1; 2)wy(z)dr = - { 0, otherwn
-1

wg—1dj | 0, otherwise.
The analogue of the reproduction formula (4.2.3) is the following Funk-Hecke formula.
For any ¢ € Lzlvq[—l, 1], y € S% and any Y; € HY, we have

o DWila)du(a) = 0¥ [ OOPa+ Lt 0de  (433)

= éﬂ@%@) (4.3.4)

Sq

We remark that our definition of ¢ in (4.3.4) is chosen so that the Legendre expansion of
¢ has the form 3 ¢(0)Py(q + 1;-)

Next, we make some observations regarding a set of scattered sites on the sphere. Let
C be a finite set of distinct points on SY,

dc¢ := mesh(C) := sup dist(x, C),

x€eSe

where the distance is the geodesic distance on the sphere.
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Definition 4.3.1 Let R be a finite collection of closed, nonoverlapping (i.e., having no
common interior points) regions R C S? such that Urer R = S7. We will say that R is
C-compatible if each R € R is a spherical simplex containing at least one point of C in
1ts interior.

Unlike the case of [—m, 7]%, it is not immediately clear that one can choose a partition
so that each region in this partition contains exactly one point of C.

Theorem 4.3.1 There exists a C-compatible decomposition R for which each R € R is a
spherical simplex. By replacing C by a subset, each R € R contains a unique point & € C
1s in its interior. Further, for any R € R and x in the interior of R, any geodesic through
X intersects R in exactly two points.

We will assume in the remainder of this section that a C-compatible decomposition R is
chosen, and the set C is reduced so that there is a one-one correspondence § € C + R € R,
§ € R¢. Corresponding to this partition, we may define the following discrete norms for

f:C—C:
/p
1llep = { (dee !f(E)\puq(R§)> , if1<p<oo, (4.3.5)
supgec{|f(E)I}, if p = oo.
The analogue of Theorem 3.3.2 and Theorem 3.3.1 is the following:

Theorem 4.3.2 There exist constants oy and N, with the following property. Let 1 <
p < 00, C be a finite set of distinct points on S?, and n be an integer with Ny < n < &qéc_l.
Then there exist nonnegative weights {ag}ecc, with

0 < ac < cpy(Re) (43.6)
such that for every P € 114,
1
— x)dpg(x) =Y acP(§) (4.3.7)
Wq Sq ceC
and
[Plley ~ [[Pllse.p- (4.3.8)
Further,
{ @ ag # 0} ~ n? ~ dim(I17). (4.3.9)

We remark that in contrast to Theorem 3.3.1, considerations involving one-sided ap-
proximations allow us to choose the weights a¢ to be both nonnegative and satisfying
(4.3.6). Let v¢ be the measure that associates the mass a¢ with each £ € C. For continu-
ous f:S? — R, we write

Esanoo(f) == min ||f — P||ss.co-

Pelll

Let k, be the smallest integer greater than (¢ — 1)/2. The analogue of Theorem 3.4.1 is
the following:
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Theorem 4.3.3 There exists a sequence of univariate polynomials 71 of degree (k,+2)n
such that the operators defined by

TE(f,x) = 5 fy)Ti(x - y)dvely) (4.3.10)

satisfy the following properties. For each P € 114, TS(P) = P. For each f : C — R,

TE(f) €11, ), and for 1 < p < oo,

1T (Nllsep < cll fllsapoe » (4.3.11)

where the constant ¢ is independent of C and n. In particular, if f € C(S?) then

Equ(kq+2)”:OO(f) < Hf - Tg(f)HSq,oo < CESq,n,oo(f)- (4312)

Using the Funk-Hecke formula (4.3.3), we may now construct ZF networks based on
the operators TC. Towards this end, let ¢ : [~1,1] — R be a continuous function, which
satisfies the additional condition

where ¢(¢) is defined in (4.3.4). In view of the Funk-Hecke formula (4.3.3), the class of
all ZF networks is not dense in C'(S?) without this condition; in fact, if ¢(¢) = 0 for some
¢ then this class is orthogonal to HJ. For integers n =0, 1, -, we write

Ey,p(¢) == min ||¢ — Plw, p, (4.3.14)

where the minimum is taken over all univariate polynomials P of degree not exceeding n.
For integer N > 1, we define the univariate polynomial ¢} of degree N by

~ (d})’
ok = 2 Pylqg+1;-). (4.3.15)
Next, we define the operators

©f(x) = | o0cy)f(dmly).  feLE), xeS, (1316)

L f(x) = 5 oRx-y) [ (Y)dpg(y),  feL'(S?), xes!, (4317

and for f:C — R,

Pf(x) = [ o(x-y)f(y)dvely), x € S%. (4.3.18)
S
We observe that ®° is a ZF network, obtained by a discretization of the operator ®.
Further, the relation (4.3.9) implies that the number of evaluations of ¢ involved in the
computation of ®€ f is of the order of magnitude & ?.
The analogue of Theorem 4.2.1 is the following:
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Theorem 4.3.4 Let 1 < p < oo, C be a set of distinct points on S?, M, N be integers
that satisfy N > N, and M + N < a,6;", ¢ € C[—1,1] satisfy (4.5.13). We write

_ _ 1 1 _ o)
B := B(p) :== max (0,5 — 5) , my = OIS%ISDN a7 (4.3.19)
Then for any P € I1%;, we have
Cqpt N?
Hp—q> @NPHSq,p S Cm—NEM’p(¢)HPH§q,p. (4320)

We are now in a position to state our approximation theorems for the case of “arbi-
trary” functions, analogous to Theorem 4.2.2.

Theorem 4.3.5 Let n, M be integers, n > Ny, and 1 < p < oo. Let C be a set of distinct
points on S such that (k, +2)n+ M < a,6;". Let N = (k,+1)n—1. If f € C(S), then

EM,OO(¢)

17 = SRRTE lsne < (Bt (1) + =2 Flon o) (43.21)

Theorem 4.3.4 leads in this case to the following “converse theorem”, relating the
degree of approximation by polynomials to that by our operators.

Theorem 4.3.6 We continue the notations and conditions of Theorem 4.3.5. In addi-
tion, let R > 0,0 <y < R and

EM,oo(qs)nﬁ
my

If feC(S?), and || f — @CQETSfHSqW < en™ then Esapoo(f) < en™.

<en R (4.3.22)

5 Optimal Approximation by neural networks

5.1 Introduction

In our constructions of the last chapter, the emaphasis was to obtain some estimates
in the case of activation functions as general as possible. As the results showed, the
smoother the activation function, the better the estimates. In this section, we show
that neural networks with activation functions with more stringent conditions than the
minimal necessary for density can be constructed to provide an optimal approximation
order. Towards this end, we translate in the next section the results of the previous
chapters to the context of algebraic polynomial approximation. In Section 5.3, we will
explain the construction of neural networks from polynomials, and summarize by giving
the results in the context of approximation of aperiodic functions. In Section 5.4, we
explain how to do the constructions using scattered data.
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5.2 Polynomial approximation

There is a natural connection between functions defined on [—1, 1] and periodic functions.
If f:[-1,1] — R, then f°(0) = f(cos®) defines an even periodic function. Conversely, if
f°: R — R is an even, 2m-periodic function, then the formula f(cos®) := f°(0) defines
a function on [—1,1]. The continuity and differentiability properties are preserved under
this correspondence. Let C|a, b] denote the class of all continuous real valued functions
on the interval [a, b] with

| fll{a,p) := max |f(z)], (5.2.1)
z€[a,b]

and, for integer r > 0, W,.([a, b]) denote the class of all  times continuously differentiable
functions on [a, b] with

1A lrgasl =D 1P Nl (5.2.2)
k=0

Then f € C[—1,1] if and only if f° € C*, and || f||—11 = || f°|I*. Also, f € W,([-1,1]) if
and only if f° € Wy, and
P21 < ell £l (5.2.3)

with an absolute constant c.
Next, if we write
T, (cos @) := cosnb, n=0,1,---, (5.2.4)

then we have Ty(x) = 1, T (z) = =z, and
Toi1(x) = 22T, (z) — T, —1(2), n=1,2,---.

Therefore, T;, is a (algebraic) polynomial of degree n, having leading coefficient 2"~! for
n = 1,2,---. Let II,, denote the class of all polynomials of degree at most n. Then
{T:}}_, is a basis for II,,. Therefore, for any P € II,,, there exists an even trigonometric
polynomial P° € H,, given by P°(f) := P(cos#). Conversely, if P° € H, is an even
trigonometric polynomial, then there exists P € Il,, given by P(cosf) := P°(6).

If

E.(f) = Igré}% |f = Plli=1y (5.2.5)

then it is easy to verify that E,(f) = EX(f°). Consequently, the Favard estimate (1.2.4)
takes the form

Eo(f) < en”™|| fllnora. (5.2.6)

Several improvements are possible in this result, but we will not go into these details. We
observe that if f € C[—1,1], then we may define

vn(f,cos0) == v (f°,0). (5.2.7)
Then v, (P) = P for every P € Il,,, v,(f) € Ily,_1, and
E2n—l(f) < Hf - Un(f)”[—l,l] < 4En(f)

In the multivariate case, we adopt the following notations. For a rectangle R C R?,
we denote the class of all continuous real valued functions on R by C(R), the class of all
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functions having continuous partial derivatives in each variable up to order r by W,.(R),
and define

£l = max [F )], fllrr = Y ID“f |z (5.2.8)

0<k<r

The correspondence f < f° is given by
f(cosby, - cosby) = fo(by,---,05).

With this correspondence, f € C([—1,1]°) if and only if f° € C¥, f € W,(]—1,1]°) if and
only if f° € W*_ . and we have

1= = 1205 D ID;FNE < ell fllr-ve (5.2.9)
j=1

Let 1I,, s denote the class of all algebraic polynomials in s variables having coordinate-
wise degree at most n. We write

Ta(x) = HTM(;L»J-), X = (&1, &), M= (g, ny). (5.2.10)

The set {1k }o<k<n is a basis for I, s, and we have the correspondence P < P°, P € II,, ,
and even polynomials P° € H, ; given by

P(cosfy, -, cosfy) = P°(6y,- -, 0,).

Let
Ens(f) = min [f = Pli-ry. (5.2.11)

Then E,  (f) = E;, ,(f°), and consequently, Theorem 1.4.1 gives

Ens(f) < en™ || flln=1,1¢5 feWw.([-1,1)). (5.2.12)
We write (cf. (3.4.3))

Uns(f, (cos by, - -+, cosby)) := vy, (f°,(01,---,0,)). (5.2.13)
Then (cf. Theorem 3.4.1) v, s(P) = P for all P € IL,, 5, v, 5(f) € Ily,_15, and

EQn—l,S(f) < Hf - Un,S(f)H[—l,l]S < 4En,8(f)‘ (5'2'14)
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5.3 From polynomials to neural networks

Let ¢ : R — R be infinitely many times differentiable on an open interval I C R. We
assume that there exists a point b € I such that

P (b)Y £0,  k=0,1,2,---. (5.3.1)

Using the Baire category theorem, it is not too difficult to prove that this condition is
always satisfied if ¢ is not a polynomial on any interval.

Next, we denote by D, the operation of partial derivative with respect to w. If w is
sufficiently close to 0 that w - x + b € I for every x € [—3, 3|%, then

DEp(w-x+b) = x¥¢*)(w . x 4+ 1), x € [-3,3]°,

where, in this section, [k| := 77, ks. (The reason for using [~3,3]* in place of [-1,1]*

will be clearer in Section 5.4.) Hence,

1
X = Sy Pvew x| L xe[=3.3)” (5.3.2)

We will approximate the partial derivative with a divided difference. For a function g
of s variables and h > 0, we write

Eh,j = g(xla L1, Ty + h7 Tjp1, s xs)a
AfLg(x) = (Bp; — E_py)fg(x), k=12,

Ay ;9(x) = g(x),
and for k € Z°, k > 0,

k;
A¥g(x) = HAth(x). (5.3.3)
j=1
We write
k = (k; -
(o) =I5 =TT
J=1 7j=1

It is elementary to verify that
k k k—m
Afg(w) = ) (- ™g(w + (2m — k)h). (5.3.4)
0<m<k

Further, using Taylor’s theorem, it is not difficult to prove that if g has sufficiently many
derivatives in a neighborhood of w then for sufficiently small A > 0

’mAgg(W) - Dkg(w)’ < cx(g)h*. (5.3.5)

Thus, we have proved the following proposition (cf. Theorem 4.2.1).
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Proposition 5.3.1 Let ¢ be infinitely many times differentiable on an open interval I C
R, and there exist a point b € I such that (5.8.1) is satisfied. Let € > 0. For h > 0, we
define

Nigh(x) = m Z (k) (1) ™p(h(2m — k) - X + b). (5.3.6)

m
0<m<k

There exists 6(¢,k, €) > 0 such that for x € [—=3,3]° and 0 < h < §(¢, k, €),
X" — Mn(x)| <e. (5.3.7)

In particular, if P € 11, 5, and P(x) = Zogkgn axx®, then by choosing a different value
of € (independent of P), we obtain that there exists 6(¢,n,€) > 0 such that

HP — Z (lk./\/kﬁ”[,g’g]s S EHPH[,LHS, 0<h< (5(¢,n,€). (538)

0<k<n
The following theorem now follows easily.

Theorem 5.3.1 Let ¢ be infinitely many times differentiable on an open interval I C R,
and there ezist a point b € I such that (5.3.1) is satisfied. Let f € W,.([—1,1]°), and

Uns(f,x) =t Z ax (f)x=. (5.3.9)

0<k<2n—1

Then there ezists 6 := §(¢p,n) such that for all h € (0,6),

1F= > aHNenlli-ras < en | Fllr vy (5.3.10)

0<k<2n—1

We observe that the weights of the network >,y oo 1 ax(f)Ni all belong to the set
{(2m—k)h : 0 < m,k < 2n—1}, having at most (6n)® elements. Therefore, the estimate
(5.3.10) shows the construction of a neural network that provides optimal approximation
to target functions in W,([—1,1]*). Moreover, the weights and thresholds of the network
are selected independently of the target function. We can weaken the condition on ¢ to
some extent. For example, one may allow ¢ to be in the uniform closure on a suitable
cube of Il 1 for some 9 satisfying the conditions of the theorem and a fixed &.

5.4 Scattered data

It is possible to translate the scattered data operator 7,  to the aperiodic case, just as
we translated the shifted average operator. For reasons that will be clearer later, we
will do this translation in the case of data on [—A, A]* for A > 0. Analogously to the
trigonometric case, we may define the mesh norm of a set C C [—A, A]* by

dac = er[E%},{A]S mip IX — ¥loo- (5.4.1)
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For x = (1, -+, x5) € [-A, A]?, we define 04(x) = (64, -,05) by
xj; = Acost;, j=1,---.s.
If C is a set of distinct points in [—A, A]*, we write
C®:={404(x) : x€C}.
The translation of the relevant parts of Theorem 3.4.1 is the following.

Theorem 5.4.1 Let A > 0, C be a set of distinct points in [—A, A]* and n > 1 be an
integer such that 6o < 7/(2-3°n). In the following, all constants will depend upon A.
(a) There exist numbers {we}eee such that

|we| < en”?, Eec, (5.4.2)

and for every P €11, 4,

S

(271T)8 /[A e b(e) H(A2 — 1)1 2dt = Z weP(€). (5.4.3)

j=1 gec

(b) Let
Vam,s(x,t) ==V (0a(x) — 04(t)) + V;; [(0a(x) + 04(t)), (5.4.4)

and the operator T4 s be defined for f:C — C by

Tans(f,%) 1= Tans(C; £,%) =Y we f(E)Vans(x,€). (5.4.5)

gec

Then Tans(P) = P for every P € 11, 5. Also, for f € C([—A, A]*), Tans(f) € Hop_1,
and we have

1745 (P-4 < cll fll-a,455,
EA,anl,s(f) < Hf - TA,n,s(f) H[—A,A}S < CEA,n,s(f): (546)

where
Eans(f) = min ||f — P|l—a a5

Pell,,

We observe that for 6 € [0, 7],
2 :
POQ < 2sin*(/2) =1 — cosf < 62 /4.

Consequently, to ensure that dco < 7/(2 - 3*T¥n), we need C to have points concentrated
more densely near the faces of the cube [—A, A]*. However, the whole interest in having
scattered data is that we have no control on where they may lie. To circumvent this prob-
lem we will assume in the remainder of this section that the samples of our target function
are available on [—1 — 7, 1 4 n]°® for some 7 € (0,1/2), even though the approximation is
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desired only on [—1,1]*. Theoretically, this can always be arranged. If f € W,([—1,1]%),
the Whitney extension theorem gives an extension of f to W,.([—1 — 27,1 + 2n]*) with

£l 1—2n142ms < e fllr =115

We may work with this extension. We are not aware of any practical applications where
the data is not available on a cube slightly larger than that where the approximation is
desired.

If z,y € [-1 —n,1+ n], and we find 6, ¢ such that x = (1 + 2n)cosf and y =
(14 2n) cos ¢, then the mean value theorem implies that

(4200 =@ > |z —y| > V1= (1T+n)?2/0+20)20 — ¢ > Vn/200 —¢|. (547

Now, let C be a set of distinct points on [—1 — 7,1+ n]*, and n > 1 be an integer such
that 011,c < (/2)Y27/(2 - 35 *n). In view of (5.4.7), we may enlarge C artificially to a
set Cp C [—1 — 2,1+ 2n]® by adding points from [—1 —2n, 1+ 279]* \ [-1 —n, 1+ 7]*, so
that 50% < 7T/(2 : 35+4n).

Next, we find an infinitely many times differentiable function v which is equal to 1
on [—1,1]* and equal to 0 on R*\ [-1 —n, 1 + n]*. The quantity 7i12,,.s(Cg; ¥ f,x) can
then be evaluated only using the values of f on C. We get the desired neural network
approximation on [—1, 1]° by writing 7142,n.s(Ce; ¥ f, X) in terms on monomials and using
Proposition 5.3.1 exactly as in the proof of Theorem 5.3.1.

6 Notes

The material in Chapter 1 is standard, and can be found either explicitly or essentially in
the books of Lorentz [3] or Timan [9]. Our proof of Theorem 2.2.1 is taken from the treatise
[10, Chapter X, Section 3| of Zygmund. The notion of nonlinear n-widths in Section 2.3
is introduced by Howard, DeVore and Micchelli in [1]. Our proof of Theorem 2.3.1 is an
adaptation of the ideas in [1] and [3]. The material in Section 2.4 is standard, and can
be found in [3] and [9]. The material in Chapter 3 is new, but is a simpliefied version
of the arguments in [6] and [7]. Theorem 3.2.2 is in [2, p. 20]. The Whitney extension
theorem is proved in [8, §VI.3.1]. Section 4.2 is based on [5], where the classical shifted
average operators were used instead of the scattered data quasi-interpolation operators,
which are only introduced here. The material in Setion 4.3 is taken from [6] and [7]. The
material in Chapter 5 is based on [4], although the thoughts on training with scattered
data in Section 5.4 are new.
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