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Abstract

We study a subspace of bivariate trigonometric polynomials for interpolating
functions on the sphere. We give an explicit construction for a system of interpo-
lation nodes, and the corresponding basis for this space, that allows a (discrete)
fast Fourier transform—type formula for the interpolant. We prove that the uniform
norm of our interpolation operator is of the order (log M)?, where M is the num-
ber of interpolation points. We also construct a minimal quadrature rule for our
space (with number of points equal to the dimension of the space), and describe an
associated interpolation operator.

Key Words: Sphere; interpolation; discrete orthogonal projection, minimal quadrature.

1 Introduction

Approximation of differentiable functions on the sphere, and analysis of the error in the
uniform norm are important ingredients for solving partial differential equations on spher-
ical geometries [4, 5, 6]. Advances in approximation theory on the sphere are required,
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for example, to measure earth’s atmospheric flow and gravitational potential, to simulate
sound waves scattered by spherical geometries, to identify the shape of the scattering
objects, and for image reconstructions in cosmology.

One popular strategy for approximation of functions is interpolation. Construction of
an interpolatory approximation to an unknown function f defined on a set 2 consists of (i)
designing a set of nodes x; € {2 and a class of functions ¢, defined on €2, j =1, ---, M that
forms a basis for a space V; and (ii) computing an approximant [y, f = Z]Nil a;(f)o; €V
such that I f(z;) = f(x;),j = 1,---, M. The matrix A := [¢r(x;)]jr=1,..0 is called
the interpolation matriz. We say that {z1,---,x)} is a set of uniqueness for V if A is
invertible, or equivalently, for v € V, the fact that v(z;) = 0 for j = 0,---, M implies
that v = 0. It is clear that the vector a of coefficients in I, f satisfies the matrix equation

Aa=[f(xr), -, flaa)]" (1.1)

Thus, some of the important problems in this theory are: an efficient evaluation of the
coefficient vector a and an estimation of the Lebesque constant (uniform norm) of the
operator I;, defined to be the infimum of all Ay, for which

sup | Iy f(x)] < Aprsup | f(2)].

e e

A classical example is the interpolation on the unit circle, {¢* : z € [0,27)}. We
define the nodes z;, and the basis ¢; by

o 2(j+ N)m b:(x) = exp(ijx)
79N +1 I AN+ 1

In this case (using a well-known identity for complex exponentials, see (4.1)), the inverse of

the resulting interpolation matrix A, is Az;,ig. Hence, for a function f defined on [0, 27],

the solution of the interpolation problem can be written down explicitly as follows.

—-N<j<N.

L f(z) = Z a;(£)g5(@) = Y fla)Kn(e, ), (1.2)
where
a;(f) = > fla)di(w), —N<j<N.  Kn(zy) =Y 6i(x)d;y)
{=—N Jj=—N

We note that each a;(f) is the discrete Fourier transform (DFT), and hence, for a fixed
x, the O(N?) summations in Iyy,f(z) can be computed with O(N log N) operations,
using the Fast Fourier Transform (FFT). The Lebesgue constant in this case is O(log N).

Formulas similar to (1.2) hold also in the case of interpolation at the zeros of an
arbitrary orthogonal polynomial system on a real interval [3, Section 1.4]. This fact is a
simple consequence of the Gauss—Jacobi quadrature formula, which, although based on
the zeros of a polynomial of degree n, is exact for integrating polynoomials of degree
2n — 1. In Proposition 2.1 below, we will use the same arguments as in [3, Section I.4]
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and [10, Lemma 3] to observe that the existence of suitable quadrature formulas imply
the existence of interpolation formulas similar to (1.2). One common feature in all these
examples is that one does not need to solve a matrix equation to solve the interpolation
problem. We say that the interpolation is matriz-free when a system of interpolation
nodes and basis functions is given explicitly, so that a formula analogous to the FFT-type
representation (1.2) defines an interpolation operator.

If Q is the unit sphere $? := {(z,y,2) € R® : 22 + y* + 22 = 1}, one may think of a
simple strategy for interpolation by considering the coordinate transformation

%X = p(0, ¢) := (sin @ cos ¢, sin O sin ¢, cos §) ™, x € §? (1.3)

We may then think of a function on S? as a periodic function of # and ¢, and use bivariate
trigonometric interpolation to fit the data. One problem with this straightforward ap-
proach is that not all the bivariate trigonometric polynomials are continuous functions of
points on S?. Several authors have considered approximation by special classes of bivariate
trigonometric polynomials and special bases for the same. We refer to [2, Sections 18.26,
18.27] and references therein for an interesting account.

In [5], a subspace of bivariate trigonometric polynomials was introduced for facilitating
interpolation of functions on the sphere. However, a matrix-free interpolant construction
was not discussed in [5]. In this paper, we introduce a different subspace spanned by a
basis of the form Q"' (cos ) exp(ime), where Q7" is the associated Chebyshev or Legendre
functions of degree n and order at most 2. These two bases lead to FFT-type matrix-free
interpolation, corresponding to two systems of points on the sphere. This fact will be
proved using a suitable quadrature formula as a consequence of Proposition 2.1.

We prove that the uniform norm of the interpolation operator, based on one of the sys-
tems of points is O(log? N). The other system of points allows us to construct quadrature
formulas that are exact for integration of elements of a higher order space with respect to
the area measure on S2. We demonstrate numerically that the two interpolation operators
provide the same degree of approximation for the ten benchmark functions studied in [11]
and references therein.

It might be interesting to compare interpolation from our spaces with that from the
classical spherical polynomials. First, we observe that our space Xy defined after Theo-
rem 2.1 below consists of all bivariate trigonometric polynomials of coordinatewise degree
at most IV that are functions on the sphere, except for only a few of these polynomials.
In particular, if P,, denotes the class of all spherical polynomials of degree at most n (i.e.,
the class of the restrictions to S? of all trivariate algebraic polynomials of total degree at
most 1), then Py_; C Xy. Moreover, the dimension of Xy is approximately twice that
of P N—1-

The case of spherical polynomial interpolation is very different from our constructions.
Sloan [10] has proved that it is not possible to construct a matrix—free interpolation opera-
tor onto Py, for N > 3, using a quadrature formula that is exact on Pox ([10, Lemma 3]).
Several authors including Stidermann [13], Golitschek and Light [7], Xu [17, 18] and Lain
Ferndndez [8] have constructed point systems with various symmetry properties for which
a spherical polynomial interpolation matrix is guaranteed to be invertible. To the best of
our knowledge, the norm of the resulting spherical polynomial interpolation operator, as



well as the computationally important condition number of the interpolation matrix have
not been investigated.

The problem of finding points on the sphere for which a polynomial interpolation
matrix is invertible and well conditioned has been studied computationally by Sloan and
Womersley [11, 12], by imposing such additional constraints as to minimize the Lebesgue
constant of the resulting operator or to maximize the determinant of the interpolatory
matrix. It is conjectured that the Lebesgue constant of the best quality interpolation
operator constructed in [11, 12] is O(N). In view of the smoothing properties of the
surface integral operators arising in applications in elasticity theory, potential theory,
and scattering of sound waves from three dimensional smooth spherical geometries, it is
important for the projection operators to have Lebesgue constants that are O(N®), for
some o < 1 [4, 5, 6].

In the next section, we discuss the construction of the space, and discuss the degree of
approximation, interpolation, and quadrature in this space. Numerical experiments are
presented in Section 3, and the proofs of the results in Section 2 are given in Section 4.
We would like to thank the referees for their careful reading and many suggestions for an
improvement of the first draft of this paper.

2 Main results

In this paper, let C* denote the class of all continuous functions on R? that are 27-
periodic in each of their variables, equipped with the uniform norm || o ||%,. The space of
all continuous functions on S?, equipped with the uniform norm || o ||o, will be denoted
by C(S?). For f € C(S?), let f*(0,¢) := f(p(0,¢)). It is clear that f € C(S?) if and only
if f* e C*, and f* satisfies the following symmetry conditions:

f*(_9a¢+7r):f*(9a¢)a 9a¢€Ra (21)

and
f*(0,9), f*(m, ¢) are independent of ¢. (2.2)

We will denote by C° the subspace of C* comprising of functions satisfying the above two
conditions. If g € C°, there exists a unique f € C(S?) such that g = f*. We will write
f =g¢° Forinteger N > 2, the space Hy denotes the class of all bivariate trigonometric
polynomials of order at most N; i.e., the span of {eizeeim¢}|g‘,‘m‘§]\;. The space of all
univariate algebraic polynomials of degree at most N will be denoted by II.

Our first objective is to obtain a detailed description of C° N Hy.

Theorem 2.1 Let N > 0 be an integer. We have T € C° NHy if and only if
T(9,9) = Sy(cos®) + sin® @ Z Qe(cos @) exp(ilp) + sin 6 Z Ry(cos 0) exp(ilo)

EI<N, (0 <N
£ even £ odd
(2.3)
= L(cosf) +sin® Z Qo(cos 0) exp(ilep) + sin b Z Ry(cos @) exp(ile), (2.4)
eI <N <N
{ even £ odd



where Sy € Uy, L €11y, and for |(| < N, Q, € y_o, Ry € lIy_;.
In this paper, we are interested in the spaces

Xy ={T € C°NHy : T satisfies (2.3) with R, € lIy_o}, XAnv={T°:T € Xy}.
(2.5)
Thus, Xy comprises those T° for which the terms corresponding to sin N are absent
from the expansion of 7. It is easy to see from (2.5) and (2.4) that the dimension of Xy
is given by
dy =2+ (N —-1)(2N +1) = 2N? — N + 1. (2.6)

If P € Py_q1, then P* € Hy_; N C°. Therefore, Py_1 C Xy. The dimension of Py_;
is N2, which is slightly less than half the dimension of Xy. This is partly because Xy
consists of polynomials with coordinatewise degree at most N, rather than total degree
at most N, but clearly, Xy contains many elements which are not spherical polynomials
of any degree.

Next, we describe the construction of a matrix free interpolation scheme for the space
Xy. Before launching into the details of these constructions, we formulate in an abstract
setting a proposition that shows a close connection between minimal quadrature formulas
and interpolation. If 2 is a nonempty set, and V' is a vector space of functions on €2, we
recall that a subset C C 2 is a set of uniqueness for V if P € V and P(z) = 0 for all
x € C imply that P = 0. The following proposition summarizes standard constructions
in the theory of interpolation at the zeros of orthogonal polynomials on a real interval [3,
Section 1.4], and appears in essence also as [10, Lemma 3].

Proposition 2.1 Let d > 1 be an integer, €2 be a set containing at least d elements, V
be a d—dimensional vector space of functions on Q, C = {x1,---, 24} C Q be a set of
uniqueness for V., and wy, -+, wqg > 0. Let {®q,---, P4} be an orthonormal basis for V
with respect to the inner product

<P7 Q) = Zwkp(xk>Q(xk)7

and .
K(z,y) =  Ou(z)P4(y)
k=1
Then .
j=1
If Y ={w, - -,ya} CC and
d
gV, x) =) wpyeK (w, z), (2.8)
k=1

then g()) is the unique element of V' satisfying g(V,x;) =y;, j=1,---,d.
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We now describe our matrix free constructions for interpolation from the space Xy .
In the sequel, we will assume that N > 2, and write

N, =N, N,, =N —2, for m # 0. (2.9)

First, we describe an orthonormal basis for X. In the remainder of this section, let
P, denote the Legendre polynomial of degree m, normalized so that P,(1) = 1. The
associated Legendre function of degree n and order m is defined by

P™(x) = (1 — x2)m/2d—Pn(x). (2.10)
dz™
We recall that the classical spherical harmonics are defined by
Y (p(0, 0)) = P (cos0) exp(ime),  |m| <n, (2.11)
where the Condon-Shortley phase o is given by
2n+1(n—m)! |
" fm>
alt = (=1) \/ 47 (n+m)V im0, (2.12)
(=1)mad™, if m < 0.
The polynomials {Y,” : n=0,---,N, |m| < n} form an orthonormal basis for the space

of all spherical polynomials of degree N, are eigenfunctions of the Laplace-Beltrami op-
erator, and play a very important role in the theory of functions on the sphere. Following
the representation (2.3), we define

Y, (p(0,0)), if m =0,
Gr(p(d,9)) =< Y, (p(6,0))exp (ime), if m is odd, (2.13)
Y2 ,(p(0,0)) exp (im¢), if m is even,m # 0.

Using (2.5) and (2.3), it is not difficult to check that {GI" : n=0,--- N, |m| < N}
is an orthonormal basis for Xy:

[ G0, 0)G (6, 0)dP(0,6)) = S (2.14)

where d(p(0, ¢)) is the area element of S?, given by sin #dfd$. They satisfy the following
differential equations on S? and in the unit ball in R3, where A, denotes the Laplace-
Beltrami operator, and A denotes the Laplacian in three variables.

0, if m=0,

2
L= om0, 6)), if m is odd,

(As+n(n+1)) G'(p(0,0)) = sin2(6’% " (2.15)
Z:i;z?;) G (p(0,9)), if m is even,m # 0,
0, if m =0,
Lo o if m is odd
A(rG(p(0:9)) = § r2sin’(f) " (p(6,9)), if mis odd, (2.16)
4—m

mGZ‘(p(@, ®)), if m is even,m # 0.
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In accordance with Proposition 2.1, we obtain a quadrature formula based on dy
points that is exact for integration of elements of A5y_1, and describe an interpolation
operator for these nodes. This construction is based on the “Gauss-Lobatto quadrature
rule”, given by the zeros of Py (cosf). Thus, let 90 << QN 2 be points on [0, 7], such
that PJ{,(COSGAn)zo, n=0,---N—2 0y =0, GN—W and

~ 2(m+ N)7
= —N<m<N\. 2.1
o = 2T <m< (217)
Let o
Ca ={p0n, ) : n=0,---, Ny, |m| < N}uU{n,s}. (2.18)

We note that Cj contains exactly dy elements. We define the corresponding discrete
inner product by

o (0B ) 0B
(fLoy = N(N+1 2N+1 z;an% [Py (cos 5)]
A __

Py D) L @9+ )9 (2.19)

With
24 1/N, ifm=0and n=N,

(") =4 2-3/(N+2), if 0#£mevenand n= N — 2, (2.20)

1, otherwise,

we will show in the proof of Theorem 2.2 below that the functions {,/¢7G"} form an

orthonormal basis for Xy, orthonormalized with respect to the inner product (o, 0)%. In

view of Proposition 2.1, a matrix—free interpolation operator can now be defined easily
with the kernel

KL 9) = Y > grar)Gr). (2.21)

The following theorem summarizes some facts regarding our constructions so far.

Theorem 2.2 Let N > 2 be an integer. For T € Xon_1, we have

l@T@@@M@@@)

N(N+1 2N+1 2. Z

T p n7¢m)
(v 2+ T )+ T(8)} (2.22)

e | Px(cosd)] N(N +1)
For f € C(S?), let
4 N2 -2 P R o
IS = NI DEN T mZ<N§ Prlcost)| 1 (PO o)) K (%,2(00, 0m))
+N(N+1) {F(R)KY (%, 0) + f(8)K(%,8)} . (2.23)

Then Gy f is the unique element of Xn that satisfies Gy f(§) = f(§) for & € CX,.
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We believe that our proof of (2.31) below can be adapted to show that the Lebesgue
constant of Gy is (’)(\/N ), but hope to report on this in near future, along with similar
constructions for spheres embedded in Euclidean spaces of dimensions higher than 3. On
the other hand, we remark that a direct application of the representation (2.23) leads only
an estimate O(NV), using standard techniques as in [14].

Next, we describe another construction for the nodes that leads to a matrix free
interpolation operator with uniform norm O((log N)?). Let

~ (n+ )7

O, = N ,n=0,---,N—=2 5N—1 =0, 5]\/ =T, (224>

and $m be defined by (2.17). For the points of interpolation, we choose the set

C]ZV == {p(gnagm) ano,"',N—Q, m:_Na>N}U{ﬁaé}>

where n, § are the north and south poles respectively.

To describe a basis for Xy, we recall that the formula 7, (cos@) = cosnf defines a
unique polynomial 7T}, of degree n, called the Chebyshev polynomial (of first kind). Anal-
ogous to the associated Legendre functions, we define the associated Chebyshev functions
by

dm
m = (1= 2 m/Z_Tn ]
() = (1= )2 (2)
Our basis functions are defined by
C%(cos ), if m =0,
ZMp(0,9)) =< Ch i (cosf)e™ if m is odd, (2.25)

C2 ,(cos0)e™?  if m # 0, m is even.

These functions are not orthogonal with respect to the standard L? inner product on S?.
However, we observe that an application of Proposition 2.1 requires only the orthogonality
of the functions with respect to a discrete inner product based at the points in question.
Accordingly, we define

0 = gy 3 100 )00 50)) + 2 | 080 + (6180}

|m|<N n=0
(2.26)
With the normalization factors
272, ifm=0,n=0,N,
72, ifm=0,n=1,---,N,
(zy) =4 (n+1)%72, ifmodd,n=20,---,N —2,
(n+2)*7%(1 — (n+2)_) if meven, m#0,n=0,---,N — 3,
2(n+2)'72(1— (n+2)71), if meven,m#0,n=N — 2,

(2.27)
we will show in the proof of Theorem 2.3 below that the functions {\/z"Z/'} is an
orthonormal basis for X'y with respect to this inner product. The interpolation operator

8



can now be described using the kernel
NEY) =) Z Z(3)- (2.28)
Im|<N n=0
Theorem 2.3 Let N > 2 be an integer, f € C(S?), and

Tv/ ()= Fan T Zf( (O 0m)) Ko (%, P(0rs ) )

\m\<N n=0
+ N {f(fl)’CN(ﬁ, n) + f(8)Kn(x,8)}. (2.29)
Then Iy f is the unique element of Xy that satisfies Iy f(£) = f(£) for each & € C.

In the next theorem, we discuss the approximation properties of the operator Zy. If
V c C*, we define
dist (£,V) = inf |f — P, fec, (2.30)
S

with a similar definition for dist (f,V) when f € C(S?) and V C C(S?). Throughout
this paper, ¢ denotes a generic constant, independent of N. Its value may be different at
different occurrences, even within a single formula.

Theorem 2.4 For integer N > 2 and f € C(S?), we have

IZw fllse < c(log N)?| floos (2.31)

and
1f — Znflloo < c(log N)* dist (f*,Hy_1) < c(log N)* dist (f,Py_1). (2.32)

The connection between the smoothness of f* and the superalgebraic convergence of
dist (f*,Hpy_1) to zero has been investigated in detail in classical approximation theory
[16]. We note that since the space P§,_; corresponding to spherical polynomials of degree
at most N —1 is contained in Hy_;, dist (f*, Hy_1) < dist (f*,Py_;) = dist (f,Py_1).

3 Numerical experiments

We demonstrate the quality of our interpolatory operators by computing estimates of
the uniform norm errors | Zy f; — fillo and [|Gnfi — filloo, @ = 1,---10, where fi,---, fio
are the benchmark functions on the sphere (see [11] and references therein), defined for
X = (1’1,1'2,1’3) € S2, by

fi(x) = mimows, f2(%) = exp(z1), f3(X) = exp(xy + z2 + 23)/10,



5

fix) = =5sin(1 +10z3), f5(%) = ;ai exp(—Gidist(%,¥:)?"), fo(%) = m>
.9 .

FoX) = ||+ |mo| + |2l fo(X) = fifc)’ fo(x) = 5 (1 1+0f7(x))’

and

o [ cos? (Zdist(x,p(n/4,5m/4)), if dist(x,p(r/4,57/4) < 1/3,
fol®) =1 i dist(%, p(r/4, 57/4) > 1/3,

where the dist(%,y) = cos™!(x - y) is the geodesic distance between two points X,y € S?,
and the parameters ¥; = (y;.1,¥i2,¥i3) and oy, B;, v, @ = 1,---,5 in the test function f;

are in Table 1. The functions f;, ¢ = 1---,6 are analytic; f7, fs, fo are continuous, but
1| Yin Yi2 Yi,3 a | B |
110 0 1 2 |5 1
21 0.932039 0 0.362358 |05 |7 |1
31-0.362154 | 0.619228 | 0.696707 | -2 |6 |2
4 | 0.904035 0.279651 | -0.323290 | -2 | 5 1
51 -0.0479317 | -0.424684 | -0.904072 | 0.2 | 2.1 | 1

Table 1: Parameters for f5

not continuously differentiable, and the locally supported cosine cap function fiy is once
(but not twice) continuously differentiable function on S?.

We computed approximations of these functions in Xy, using the interpolation op-
erators Zy and Gy. For each ¢ = 1,---,10, the uniform norm errors || f; — Zn fi||co and
| fi — Gn fillso Were estimated by taking the maximum of errors over 12,000 points on the
sphere.

The results in Tables (2)—(5) show that both Zy f; and Gy f; provide a similar quality of
approximation of f;, i = 1,---10. The tables clearly demonstrate also that our operators
yield a better reconstruction of these functions with their various smoothness properties
than the (matrix—dependent) interpolatory and non—interpolatory polynomial approxi-
mations of the same functions discussed in [11, p. 222-223]. (The functions denoteed here
by fs and fg are denoted in [11, p. 222-223] by fs and f5 respectively.) We note again
that the construction of the interpolatory operators Zy f;, Gnfi, @ = 1,---10, does not
require a numerical solution of any linear system of equations. Moreover, Theorem 2.4
shows that the Lebesgue constant of Zy is O ((log N)?).
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N | /i=ZInfillo | [Ifo = Infolloo | [1fs = Infslloo | [[fa — Infalloo | [[f5s — I 50
4 1.5193e-15 1.0193e-03 5.4374e-02 1.1526e+01 7.0812e-01
8 1.5193e-15 2.1948e-08 1.9515e-05 6.7137e+00 1.3019e-01
16 | 1.5193e-15 8.2158e-15 2.2205e-14 7.1530e-03 2.6437e-03
32| 1.5193e-15 1.5543e-14 2.2205e-14 1.0658e-13 5.9918e-07
64 | 1.5193e-15 4.4631e-14 2.0872e-14 2.3714e-13 2.1585e-11
Table 2: Error in approximation of f; by Zyf;, i =1,---,5.
N i =Gnfillso | Ifo =GN Folloo | IIf3 = GnSalloo | [1fs — OGN filloo | 15 — NS5l
4 1.6653e-16 1.2257e-03 6.5224e-02 1.0562e+-01 7.5962e-01
8 1.6653e-16 3.4587e-08 3.0874e-05 5.6223e+-00 1.0930e-01
16 | 1.9429e-16 5.2180e-14 1.4522e-13 5.6956e-03 2.2566e-03
32| 3.6082e-16 5.4622e-14 1.2346e-13 2.2027e-13 6.4830e-07
64 | 3.0531e-16 1.7064e-13 5.3824e-13 6.6702e-13 1.4792e-11
Table 3: Error in approximation of f; by Gy fi, 1 =1,---,5.
4 Proofs

PROOF OF THEOREM 2.1. It is clear that any expression of the form on the right hand
side of (2.4) isin C° N Hy. Let T'€ C° N Hy, and

T, ) =: Z agpe*0el?.

1], |k|<N

Then, recalling that for integers k > 0, cos kf and sin kf/ sin § are polynomials in cos @ of
degree k and k — 1 respectively, we obtain

70,¢) = (1/2)(T0,0) +T(—0,¢ + 7))
k0 | (1)l p—ik0
- Z g ke + (D et
’ 2
1], |k|<N
N N
= Z ZCLg’k cos kfe'® + i Z Za&k sin kfe'®
[¢|<N k=0 [¢|<N k=1
£ even ¢ odd
= Z Sy(cos 0)e® + sin 6 Z Ry(cos 0)e™?,
<N <N
£ even ¢ odd

where Sy € Iy and R, € Ily_1, |[¢| < N. There exist @, € lIy_o, L, € TI; such that
S(cos) = (1 — cos?0)Qy(cos ) + Ly(cos ). Since T(0,¢) and T(r, ¢) are independent
of ¢, we have Sy(+1) = 0 if £ # 0. Therefore, Ly = 0 for |[¢| < N, £ even, and ¢ #0. O

PROOF OF PROPOSITION 2.1. Let A = [a;;] be the collocation matrix defined by
ajr = ®i(z;). Since C is a set of uniqueness, A is invertible. Also, the orthonormality
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N 1 fe = ZInfelloo | 1f7 = Infrlloo | Ifs = InSslloo | Ilfo — ZnSolloo | lf10 — Zn fiolloo
8 3.4509e-01 1.0125e-02 9.6995e-02 8.0456e-03 1.0205e-01
16 1.0003e-01 5.2213e-03 5.1501e-02 4.8926e-03 1.6087e-01
32 1.0757e-02 2.9341e-03 2.6055e-02 2.5565e-03 2.3648e-03
64 1.1523e-04 1.3091e-03 1.3079e-02 9.9133e-04 2.5106e-04
128 | 1.3881e-08 6.5481e-04 6.5467e-03 4.9564e-04 3.6030e-05
Table 4: Error in approximation of f; by Zyf;, i =6,---,10.
N | foe = Gnfslloo| If7 = GnFrlloo | [1fs = GnSfslloo | 1fo = Gn folloo | I f10 = Gn frolloo
8 3.8245e-01 1.0690e-02 1.0331e-01 8.4990e-03 1.5496e-01
16 1.3193e-01 5.7501e-03 5.6980e-01 5.0567e-03 2.7559¢-02
32 1.2847¢-02 2.9679e-03 2.9636e-02 2.5629e-03 6.4724e-03
64 1.2910e-04 1.4640e-03 1.4645e-02 1.1080e-03 8.3897e-04
128 | 1.4840e-08 7.2705e-04 7.2712e-03 5.5022e-04 1.8309e-04
Table 5: Error in approximation of f; by Gy fi, 1 =6,---,10.

of {®4} is equivalent to the statement that ATDA = I, where D = diag[wy, -, wy).
This leads to ATD = A~', and D~' = AAT. This is (2.7). Withy = [y1,---,v4]", and

b(z) = [®:(z),---

, ®y(2)]", we have

gV, x) = b(x)TFDy = b(z)TAy.

This completes the proof.

The next lemma describes some sets of uniqueness for Xy .

Lemma 4.1 Let N > 2 be an integer, 6y, - -

On =, and ¢, |m| < N be distinct points on [0,27). Then the set

consists of dy distinct elements, and is a set of uniqueness for Xn.

0,....N—2, |m| < N}U{n,s}

-, On_o be distinct points in (0,7), Oy_1 =0,

PROOF. Let T' € X%, and for [¢{| < N, Qp, Ry € lIy_o, Qp € IIy be found so that

T(6, ) = Qo(cosB) + sin® 0 Z Qe(cos0) exp(ilgp) + sin Z Ry(cos 8) exp(ilo),

[(|<N, €0

£ even

[L|I<N
£ odd

and T°(p(0n, o)) = 0, n = 0,---, N, |m| < N. For any n, T(0,,0) is a trigonomet-
ric polynomial of degree at most N. Since this polynomial has 2N + 1 distinct zeros,
{&m}mi<n, it must be identically zero. This yields Qo(cos#,) =0 for n =0,---, N, and
Qe(cosb,) = Ry(cosb,) =0, n=0,---,N —2, £ #0. Since Qg € Iy and Q, Ry € lIx_»
for ¢ # 0, this implies that each of these polynomials is identically equal to zero. Thus,
T =0, and hence, T° = 0. O
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We are now in a position to prove Theorem 2.2 and Theorem 2.3. We observe that
for any integer M > 1, and integer k,

M-1
1, ifk=0mod M,
Z exp(2mikm/M) = { 0, otherwise. (4.1)
In particular,
2T M 1
/ e*dp = = Z exp(2mikm/M), |k|] < M —1. (4.2)
0

PROOF OF THEOREM 2.2. It is well known [1, (25.4.32), p. 888] that for P € Ilon_1, we
have

/ P(cos#) sin 0df
0

P(COS@ ) 2

5 + NV T 1) {P(cosgo) + P(cosaN)}. (4.3)

(The notation in [1] is somewhat different.) The equation (2.22) follows from the definition
of the space Xy, and the quadrature formulas (4.2) and (4.3).

In this proof only, we adopt the notation PV for the Legendre polynomial P,, and
write

ab PY(x), if m =0,
FMz) =4 apq Pry(x), if mis odd, (4.4)
a2, P2 ,(x), if miseven,m # 0,

and Let —N <m,j < N,andn =0,---,N,,, [ =0,---,N;. Using (2.19), (2.13), (4.4)
and (4.1) we get

— 2F C089 (Cosé’)

(G Gy = Omy
=0 [PO (cosé’ )}

N+1

47 J m J
NN D) [E (=D F (=1) + Fr ) F (1] (4.5)

Let j = m. In view of (2.9) and (4.4), F"(z)F"(x) is a polynomial of degree at most
2N —1on [-1,1], forall [ =0,---,N,,, 0 <n < N, and also for n = N,,, if m is odd.

m?

Since the associated Legendre functions are orthonormal, (4.3) and (4.5) show that

(PGP, = 0, il
(GG = 1, if n# N, (GG =1, if n=N,, and m odd.

m

Thus, we have shown that

(G Gy = (97 0niOm.g (4.6)
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for all n, m, [, j in question, except for the case when m is even, and n =1 = N,,.
Next, let m =0, and n =1 = N. Using (4.5), (2.9) and (4.4), we have

~ 12
N 41 [ |Phlcosd,)

(G%, XYY + [PY(-D)]* + [PY(1)]

NN +1) | = [P](\],(cosaq)}2
2N +1
— m(N—1+1+1):2+1/N. (4.7)

Finally, let m be even, m # 0, and [ = n = N,,, = N — 2. In view of (4.4) and (2.12), we
see that
2N +1(N —2)!

PP ==~y FR@]

n

Since Py (r) = (1—x?) dd 5 PR (z), and Py, is a solution of the Legendre differential equation

[15, (4.2.1) with a = 8 = 0], we have P} (z) = 2x—P§,(z) N(N + 1)Py(x). Since the
Gauss-Lobatto quadrature points z, := cos Hq € ( 1), ¢ =0,---,N — 2 are zeros of
the derivative of Py, we have P¥(z,) = —N(N + 1)P0( ), for g =0,--- N —2. We

substitute this expression for P%(z,) in (4.5), and recall that Pg(41) = 0 to obtain for
even m

N-2 2
2N+1 [PY(x 2N +1
m m q _ N _ S
(GN_2:GN_2)y = NN <) ( P, 2) ) =2-3/(N+2).

M

q:

(4.8)

The equations (4.6), (4.7), (4.8), and (2.20) show that {,/¢7G}"'} is a basis for Xy,
orthonormalized with respect to the inner product (o,0)%. Lemma 4.1 shows that Cf; is
a set of uniqueness for Xy. Therefore, the proof of Theorem 2.2 is complete in view of
Proposition 2.1. O

The proof of Theorem 2.3 is very similar to that of Theorem 2.2, although the details
are somewhat different. First, we obtain an analogue of (4.3).

Lemma 4.2 Let N > 1 be an integer. For P € llan_1, we have

/07r P(cos0)d Z P( cos@ N { (cos 5N-1) + P(cos gN)} ) (4.9)

PROOF. We observe that for k =0,---,2N — 1

N-2
1 - - -
N ; cos kO; + IN {COS kOn_1 + cos ké’N}

LN | | )
= ox {; exp(mikl/N) + exp(mik(2N — E)/N)} + N {cosk(0) + cos km}

= v 2 exp(2mikl/(2N)) = k.

14



This implies (4.9) when P(cosf) = coskf, k=0,---,2N — 1. O
In the remainder of this section, we will write

N—

Z feos B3)g(cos 0) + 3= { F(1)g(1) + F(=1)g(~1)} (4.10)

=0

The following lemma summarizes certain properties of the associated Chebyshev functions
that we will need.

Lemma 4.3 Let N > 2 be an integer. Then <C;L”,C’T’L’?>§v =0ifm=20,1,2, nn =
- N, n#n'. Further,

, ifm=0,n=0N,
' /2, ifm=0,n=1,---,N—1,
(o .omyy =< n’m/2, ifm=1,n=1---,N—1, (4.11)
(ntn/2)(1—=n"2), ifm=2,n=2,---,N—1,
nir(l—n7t), ifm=2,n=N.
PROOF. In this proof only, we introduce the polynomials
i 1
U, (cos 0) = 751“(::0 0 (cos0) = (172U, (cos ). (4.12)
i

We note that
CY=T,, C}(cosf) = nsinnf = nsinOU,_1(cosf), C>(cosf) = 2nsin® OV, _5(cosh).

Further, the polynomials U,, and V,, are the ultraspherical polynomials denoted in [15,
p. 80] by PY and PP respectively. Therefore, using a straightforward computation in
the case of C° and C!, and the orthogonality of {P{’} in the case of C2, we obtain

/ C"(cos §)C (cos B)dl = 0, m=0,1,2, n#n, n=mm+1,---.  (4.13)
0

Similarly, using [15, (4.7.15), p. 81] in the case of C?, we get

T, ifn=m=0,

" 2., ) T2, ifm=0,n=1,2--

/OCn (cos6)°df = n2r )2, S (4.14)
(nir/2)(1—=n"2), fm=2n=23,- -

The quadrature formula (4.9) now shows that <C;L”,C’[L’?>§v =0ifm =0,1,2, n,n/ =
m,---, N, n # n', as well as all the equations in (4.11), except for the cases m = 0,
n=N,and m =2, n= N. The case m = 0, n = N is clear from the definitions. Let
m = 2, n = N. From the differential equation for Chebyshev polynomials, we see that
with z = cos ¥,

C%(x) = (1 — )T (z) = 2Ty (x) — N*Tn(x) = N cot sin(NG) — N? cos(N6).

15



Thus, C2(+1) = 0, and C%(cos ;) = (—1)7N2. The last equation in (4.11) is now easy
to obtain from the definitions. O

PrROOF OF THEOREM 2.3. In this proof only, let

C%x), ifm=0,n=0,---,N,
FM(z):=<¢ CL (x), ifmisodd, |m|<N,n=0,---,N—2,
C2 ,(x), ifmiseven, Im| <N, m#0,n=0,---,N—2.

Using (4.1) with M = 2N +1, and the fact that C7",, (£1) = 0if m = 1,2, we obtain as in
the proof of Theorem 2.2 that for integers |m/|, |m/| < N,n=0,--+-, Ny, ' =0,--+, Ny,

N m#=m' orn#n
(s Zil ) { om(F™ F™Y it n=n/, m=m. (4.15)
Together with (2.27) and (4.11), this shows that {\/z"Z!"} is an orthonormal basis for
Xy. Lemma 4.1 shows that Ck is a set of uniqueness for Xy. Therefore, the proof of
Theorem 2.2 is complete in view of Proposition 2.1. O

In order to prove Theorem 2.4, we need a representation for Zy f in (2.29) using the
Dirichlet kernels. For integer m > 1, let

. 1 -— _ sinmb
D> (0) 5 kz:: cos k6 + cosmf = Ttan(0/2)"
B o sm(m +1/2)¢
Do) = 3 explto) = RS = Dacle) + Do), (410

where

Dne(®) = 32 exp(2hi6) = 5{Du(6) + Duld + )},

2k]<m
Doo(@) = 3 exp((2k+1)i6) = £{D(6) — Dol + )}
[2k4+1|<m
We note that L B B
DN(05 — 0k) = N, Dn(bm — de) = (2N +1)d0m- (4.17)

Lemma 4.4 For f € C(S?), we have

- N(2]\1f+1) ;;Nf(p(eﬂ’gm))ﬂ (0= 83) + Dy (0 +05)) Dye(9 = )
+ (D36~ 85) = Dy (0 + ) Dol — ) }
3 DY (0) + 78) D0 — )} (1.18)



PROOF. In this proof only, we denote the right hand side of (4.18) by T'(0, ¢). Clearly,
each of the summands on the right hand side of (4.18), and hence T', is in Hy. We observe
that for all 0, ¢, j =0,---, N —2, |m| < N,

(Dx(=0 =) + Di(=0+85)) Do((6+ 7) = &)
— (D3O =0;) + Dx(0+0)) Dol — o),
and B B B B
Dy (=0;) + Dy (0;) = Dy(m — 6;) + Dy (7 + 6;) = 0.
Hence, for j =0,---,N — 2, Im| < N,

(Dx(6 = 8) + D3(0 +63)) Dol6 = 6m) € Xy
Similarly, for all 8, ¢, j =0,---, N — 2, |m| < N,
(Dx(=0 =) = D (=0 +65)) Dwol(6+7) = &)
— (D0 =) = Dx(0+5)) Dol — I,

and

Dy (=0;) — Dy (6;) = Di(m — 0;) — Dy (m + 6;) = 0.
Moreover,

cos N(0 — 6;) — cos N(0 + 0;) = cos(NO — jm — m) — cos(NO + jm + ) = 0.

Therefore, none of the terms D3 (6 — gj) — D}k\,(ﬁ—i-gj) can contain a term involving sin N6.
Thus,

(D30 = 85) = D3(0 +83)) Dol6 = 6m) € Xy

It is clear that D3 (0) and D3, (0 — 7) are also in A%. Thus, each of the summands on
the right hand side in (4.18) may be viewed as functions on S?, and as such, are in Xy.
Thus, T° € Xy.

Now, for £ =0,---,N — 2, [v| < N, we may use (4.17) and (4.1) to conclude that

T (0. bv)
= ot 3 00 50) { Dl — )+ Dol — )}

Im|<N

1

= N1 Y F @0, 6)) D (0 = Im) = [(P(O0, 60))-

Im|<N

The equation (4.17) also leads to 7°(n) = f(n) and 7°(8) = f(S). O

Our next lemma relates the degrees of approximation of a function f € C(S?) from
Xy with that of f* € C° from Hy.
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Lemma 4.5 Let N > 2 be an integer, f € C(S?). Then
dist (f*,HN) S dist (f, XN) S 5 dist (f*,HN_l). (419)

PROOF. The first inequality in (4.19) is obvious since Xy C Hy. Let T' € H_; be chosen
so that [[f* — T, = dist (£, Hy.1). Then U(6,0) = (1/2)[T(8.6) + T(~6,6 + )]
satisfies (2.1), and
/" = Ul = dist (f*, Hy-1). (4.20)
Since U satisfies (2.1), there exist Sy € IIy_1, Ry € lIy_o, |[¢| < N — 1, such that
U, ¢) = Z Sy(cos 6)e™® + sin O Z Ry(cos 6)e'?.
[([<N-1 [6|[<N—1

£ even £ odd

For any ¢ € R, we have

max ¢ |f(B) — D Se(1)e’?], [f(8) = Y Su(—1)e| b < dist (f*, Hy_1). (4.21)

[([<N-1 [¢|<N-1

€ even ¢ even
Therefore,
|[f(0) = So(1)| = % Ozw{f(ﬂ) - Z;fz(l)ei“}dcb < dist (f Hy-1).  (4.22)
¢ even
Similarly,
|f(8) = So(=1)[ < dist (f*, Hy-1). (4.23)

The estimates (4.21), (4.22), (4.23) lead to

D Sy(E1)e?| < 2 dist (f*, Hy-1). (4.24)

1<|¢[<N-1
£ even

Now, let
Se(z) = Se(z) — Se(1)(1 +2)/2 — Se(—1)(1 —2)/2, 1<[{|<N—1, Leven,

and

U6, ¢) = So(cos ) + Z S(cos 0)e® +sin b Z Ry(cos 0)e™?.

1<[¢|[<N-1 [(|<N-—-1
{ even ¢ odd

In view of Theorem 2.1, U € X%. It is easy to verify using (4.20), (4.22), (4.23), and
(4.24) that || f* — U||x, <5 dist (f*, Hy_1). O

Finally, we are in a position to prove Theorem 2.4.
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PROOF OF THEOREM 2.4. In this proof only, let

1 — * n * n Y
Ly = s m§§N{\DN<e-ej>+DN<e+ej> |Dn.o(¢ = dm)|
+| D36 =) — Dx(6+8)| 1Dwol6 — 3}
4 1D+ DR (O - )] (1.25)

Using [9, (3.4), (3.6)], we estimate the discrete sums above by the integral norms of the
Dirichlet kernels. Well known bounds on Dirichlet kernels (see for example [5, 19]) now
imply that

Ly < c/ |D}kv(t)|dt/ {|Dne(#)] + |Dno(t)|} dt + ¢ < c(log N)?.

The estimate (2.31) is now clear from (4.18).
If T'€ Xy, then Zy(T') = T. Therefore, using (2.31), we obtain that for any 7' € Xy,

1 =Zn flloo = 1 =T=Zn(f=T)lloo < |f=Tlloctc(log N)*[|f =Tl < c(log N)?||f =T|cc-

This implies (2.32). O
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