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Abstract

While classical wavelet analysis is adequate for a characterization of local Besov
spaces, we propose a polynomial frame on the unit interval adequate for a charac-
terization of functions analytic at a point on the interval. Thus, at each point on
the interval, the behavior of the coefficients in our frame expansion can be used to
detect whether the function is analytic at that point or not. The corresponding
approximation operators yield an exponentially decreasing rate of approximation in
the vicinity of points of analyticity and a near best approximation on the whole in-
terval. In spite of this high localization, the construction of our operators are based
on the (globally defined) Fourier coefficients in a general orthogonal polynomial ex-
pansion. Previously known results in this direction utilize Chebyshev coefficients,
and the techniques to obtain these cannot be used for a similar study of general
orthogonal polynomial systems. Another novelty of our paper is that while all the
previous estimates for localization of polynomial kernels known to us are deduced
using such special function properties of the orthogonal polynomials as asymptotics
or explicit formulas for the Christoffel-Darboux kernel, we suggest a very simple
idea to obtain exponentially localized kernels based on a general system of orthogo-
nal polynomials, for which the Cesaro means of some order are uniformly bounded.
The boundedness of these means is known in a number of cases, where no special
function properties are known.
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Foundation and grant W911NF-04-1-0339 from the U.S. Army Research Office.



1 Introduction

For integer n > 0, let II,, denote the class of all polynomials of degree at most n, {T} €
I, }72 , be the system of Chebyshev polynomials, defined on [—1, 1] by Tj(cos ) = cos k6.
If f:[-1,1] — R is a continuous function, let

F(k) = (1/m) / T )

| flle = maxgei—117|f(2)], and E, (f) := |f — P|loo- It is well known that that f

is analytic on [—1, 1] if and only if

min
Pell,

limsup | f(n)|"/" < 1. (1.1)

n—oo

The condition (1.1) is also equivalent to

n

limsup [If - f(0)/2 = S FR)THL" < L. (1.2)

Similar characterizations are known in the case of a very general class of orthogonal
polynomial systems rather the system of Chebyshev polynomials [14, Chapter VII, Sec-
tion 3.1].

If f fails to be analytic even at only one point on [—1, 1], then the behavior of the
Fourier—Chebyshev coefficients f (k) and the partial sums of the Chebyshev expansions
changes drastically. For example, if f(z) = |z[, then f2m +1) = 0, and |f(2m)| =
2/(4m?* — 1) for m = 1,2,---. Thus, the sequence {f(k)} by itself does not reveal either
the location of the singularity at 0 or the analytic nature of the function at every other
point. Moreover, if P is the best polynomial approximation from II,, for the function f,
then | f(z) — P(z)| remains bounded from below by ¢/n at points away from the origin as
well [1, Theorem 4.1].

In general, if f is a piecewise analytic function, we may still approximate f at a
geometrically decaying rate as in (1.2) on intervals away from the singularities by using
Chebyshev expansions adapted to the different intervals. In many applications, one may
need to use expansions in orthogonal polynomials other than the Chebyshev polynomials
3, 6, 7]. From a computational point of view, it is also desirable to be able to use samples
of f rather than the Fourier information.

Thus, two of the important questions in this theory are: (1) Using either the coefficients
of f in a general orthogonal polynomial expansion or values of f at non—adaptively selected
points, determine the locations of singularities of f, (2) Construct a sequence of globally
defined operators, in lieu of the partial sums of the Chebyshev expansions, so that the
degree of approximation by these operators globally is commensurate with the degree
of best polynomial approximation, and decays geometrically fast on intervals where the
target function is analytic.

Many mathematicians, including Gaier, Ivanov, Saff, and Totik ([5, 18], and references
therein), have studied the second problem. In particular, Gaier constructed a sequence
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of linear operators G, such that for each continuous f : [—1,1] — R, and integer n > 1,
Gn(f) € I1,,, and satisfies the following conditions:

max | f(z) = Gu(f, x)| < M(f)e™™" + c1Enj6.00(f), (1.3)

z€e[—1,1]

and if f is analytic in the complex neighborhood |z — x| < d of a point 2y € [—1, 1], then

[f(20) = Gu(f, wo)| < M(f)d™" exp(—cd’n),

where M (f) is a positive constant depending only on f, and ¢y, ¢, a are absolute positive
constants. Here, and in the sequel, rather than using such cumbersome notation as
II12), Flz)ec, etc., we will simplify the notation, and use II,, respectively, F, ., etc.
instead. Gaier’s construction is based on the Fourier-Chebyshev coefficients of f and
depends heavily on a resulting contour integral. Another recent result in this direction
is given by Tanner [21]. The results in [21] are formulated for trigonometric polynomial
approximation, but can be adapted in a standard way for approximating functions on the
interval. Tanner’s approximants may be computed based on either the Fourier—Chebyshev
coefficients or the values of the function f at zeros of Chebyshev polynomials. These
approximants are not polynomials themselves, and it is not clear whether an estimate
analogous to (1.3) holds. Also, their construction requires an a priori knowledge of the
location of the singularities.

In this paper, we will solve the two problems above using either the coefficients in
an expansion with respect to a very general class of orthogonal polynomials, or values of
the function at certain points on [—1,1]. In Propositions 2.1 and 5.2, we will construct
a Littlewood Paley decomposition of the form f = >/ 22:1 ben(f)Vkn where the
convergence is uniform on [—1, 1], each Wy, € Ilyn+s_;, and the coefficients by, (f) are
obtained as a linear combination of either the coefficients of the orthgonal polynomial
expansion of f, or values of f at certain points. The coefficients are computed in the form
ben(f) = T (f, Ykn) for a linear operator 7,, and suitably chosen points y . They satisfy

the Riesz condition: .

S lbal? ~ [ 1@ Pu)

k.n -1
where g is the measure used to define the orthogonal polynomial system. We will demon-
strate in Theorems 2.2 and 5.2 the localization of the coefficients by showing that f is
analytic at a point = € [—1, 1] if and only if there is a nondegenerate interval I C [—1, 1]
containing x such that

1/27
lim sup { max |bkn(f)|} < 1.

n—00 Ye,n €1
The partial sums ijyzo > w ben( )Wy, are our analogues of the operators Gon+s. We will
show in Theorem 2.1, 5.1 that they satisfy an inequality analogous to (1.3), but without
the extra term M (f)e *". The construction of these operators do not require an a priori
knowledge of the location of the singularities of the target function, and clearly, these
operators are based on a general class of orthogonal polynomials. As shown in [10], the
behavior of the coefficients by ,,(f) also characterises the membership of f in different local
Besov spaces. We will not elaborate on this aspect in this paper.



As expected, our operators are defined using certain localized kernels of the form
O (z,y) with the property that |9 (x,y)| < ci1exp(—ca(z,y)n) if x # y. There are a
number of kernels defined in the literature (see [15] for a survey) where the kernels satisfy
a bound of the form ¢(Q,x,y)/n? for every integer (). This rate is not sufficient for
our purpose. Moreover, the constructions of such kernels depend heavily on the special
function properties of the orthogonal polynomial system in question. In contrast, we
require only the existence of a bounded reproducing summability kernel (see Section 5 for
precise definition). Freud [4] has proved the existence of such kernels for a very general
class of orthogonal polynomials for which no asymptotic expansions are known.

In Section 2, we introduce our ideas in the context of Jacobi polynomials. The theory
is illustrated with a few numerical examples in Section 3. In Section 4, we apply this
theory to the case of local approximation of functions on the Euclidean unit sphere. In
Section 5, the theory in Section 2 is generalized further to the case of arbitrary systems
of orthogonal polynomials, subject to certain technical conditions. The proofs of the new
results are given in Section 6.

2 Jacobi polynomials

In this paper, let o, 5 > —1/2. The Jacobi measure is defined by

@ | A=2)*(1+2)de, ifxe(-1,1),
dp (z) { 0, otherwise.

There exists a unique system of polynomials {p(a’ﬁ }22, called orthonormalized Jacobi
polynomials, with each p; € Il;, and having a positive leading coefficient such that

(@8) @B (ap _ | 1, ifj=k,
/_lp Py dp {0, otherwise.

If1 <p<oo,and A C [~1, 1], the space LP(u(®%); A) consists of measurable functions

f for which
/p
(/ |f|Pdu<aﬂ) . if1<p<oo,
||f||,u(a ﬁ),p,

esssup|f if p=o00

is finite, with the usual convention that two functions are considered equal if they are
equal almost everywhere. The space X?(u(®%): A) denotes LP(p(®?); A) if 1 < p < oo and
the space of bounded uniformly continuous functions on A (equipped with the supremum
norm) if p = co. The mention of the set A will be omitted if A = [—1,1]. In particular,
X (u*f)) = C[~1, 1], and we will write || f||oo rather than the more cumbersome notation
||.f||,u(o‘ﬁ);oo'

We recall that for real x > 0, 11, denotes the class of all algebraic polynomials of degree
at most . For 1 < p < oo and f € LP(pu(®?), we define the degree of approximation of
f from II, by

Eopla, B; f) = Igggl 1f = Pl -
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Of course, E, (a,5;f) = Eno(f) as defined in the introduction. We adopt the fol-
lowing convention regarding constants: the symbols ¢, ¢y, - - - will denote generic positive
constants, dependent only on such fixed parameters in the discussion as p, a, 3, etc. Their
value may be different at different occurrences, even within the same formula.

It is readily seen that the partial sum of order 2" of the Jacobi polynomial expansion
of a function f € L'(u(®?) is given by f_ll f(y)Ky(La’ﬁ)(O, y)dp'*®(y), where the Dirichlet—
Darboux kernel K, is defined by

K\ (z,y) pr ().

However, the sequence of these partial sums need not converge to f for every f €
LY(pu(*). To get convergent sums, we need to use a summability method. It is known
[20, Theorem 9.1.4] that for every continuous f, the Cesaro means of order K > a+3+1
of the Jacobi polynomial expansion of f converge uniformly to f. In order to get a near
best approximation and exponential localization, we need to introduce an operator based
on another related kernel.

Let K > o+ [+ 2 be an integer, h : [0,00) — R be a function which is a K
times iterated integral of a function of bounded variation, h(x) =1 for 0 <z < 1/2, and
h(z) =0 for z > 1. Then for x,y € C, n =0,1,---, we define the kernel

2n

(1D b, y) =Y A/ (2n)pi? (@)p P (y). (2.1)

k=0

Using a summation by parts argument or directly as in [10], one can prove that

1
sup / 1B, (12 By, ) AP ) < oo,

n>0,z€[—1,1]

In addition, it is easy to verify that f_ll @, (9 h, x,y)P(y)du P (y) = P(x) for ev-
ery P € II,,. Therefore, the polynomials f_ll F) @, (D b o, y)du>P)(y) converge uni-
formly to f for every continuous f, at a rate comparable to E, «(«, 5; f). In [10], we have
shown that the smoother the h, the better localized the kernels ®,, are; in particular, if h is
infinitely often differentiable, then for every integer Q, |®, (%) h, x,3)| < ¢(Q, z,y)/n%.
However, this rate is not enough to detect the possibility of analytic continuation of a
function near a point. In order to obtain an exponential rate of decay, we use the following
kernel instead.

4—(r—y)’

R ("

)"@3n< @, bz, y). (22)

The summability operators ¢¢ are defined for feL'(u(*?), z € C,n=0,1,---, by

1
oCla, B h, f,) = / B ) (2.3)

5



We note that o€ (o, 3; h, f) € lg,. Since ®* (u(*?; h, z,y) is a symmetric polynomial
of degree 8n in each of its variables, one has the representation

o (1D by, y) = zzam p (@) (y),

k=0 j=0

where, for each integer n > 0, (aﬁf,;?(h)) is a symmetric matrix. Defining the Jacobi
coefficients of f € L'(u(®?)) by

ﬁ] / fp(aﬁ (045 j:071>"'>

it follows that

oSl B ) = z(zam m) @)

k=0 7=0

Thus, the operators ¢¢ can be computed using finitely many Jacobi coefficients of f.

From a computational point of view, we would like to define discrete versions of these
operators, which are obtained using Gauss quadrature formulas. For m > 1, let xy,,,

(,8)

k=1,---,m be the zeros of p;,”’, and

Mo = <i (v ﬁ)(zk,m)f)_

j=1

be the corresponding Cotes numbers. We define the discretized versions of the operators
by

8n+1

Uf(a>ﬁ; h> f> Z Ak 8n+1f Ty 8n+1) (H(aﬁ h,l’,l’k78n+1). (24)

k=1

The following theorem is our generalization of the result of Gaier in the context of
Jacobi polynomials.

Theorem 2.1 Let1 <p < oo, a,ﬁ > —1/2, f € LP(p*P)). For integer n >0, let o, (f)
denote either o€ (a, By h, f) or o2 (a, B; h, f).
(a) We have an(P) P for P €11, ||an( N uemp <l fll as) ., and

E8n7p(a> B; .f) < ||.f - Un(.f)”,u(aﬁ);p < ClEn,P(OQ B; .f) (25)

(b) Let f € C[-1,1], zy € [—-1,1], and f have an analytic continuation to a complex
neighborhood of o, given by {z € C: |z — xo| < d} for some d with 0 < d < 2. Then

2 log(e/2) )

m x € [xvg—d/e,xg+dfe] N [-1,1].

(2.6)

|f(x) = on(f,2)| < c(f,x0) exp (—n



We note a few interesting features of this theorem. First, we are able to drop the
extra term M (f)e™*" in (1.3) at the expense of a higher estimate ¢, F, /s - (f) in place of
c1Ey6,00(f). Second, our construction can be based either on the coefficients in general
Jacobi polynomial expansions, or based on values of the function. Finally, we think that
our proofs are simpler than those given by Gaier in [5].

Next, we describe a Littlewood-Paley expansion of functions in X?(u(*?)), where the
analyticity of the target function at a point can be completely characterised using certain
coefficients of this expansion. Towards this end, we define the continuous and discrete
frame operators by

Clo A .

C . . 01 (a>ﬁah>f>$)> 1fn:0,

7. (o, B;h, fx) = { oS, Bih, fox) — oS (o, B by frz), ifn=1,2--
(v, B; b, f ), if n=0,

O.D
TnD(a7ﬁ;h’7f>'I) o { O';Dn(Oé,ﬁ;h,f,l’) 02n 1( ﬁ h f> )7 1f7’l,=1,2, (27)

We note that 7¢(a, B; h, f), 7P(c, B; h, f) € Iynis. The next proposition demonstrates
the use of these operators in obtaining a Littlewood—Paley decomposition of functions in
XP(p@h)) 1< p < oo,

Proposition 2.1 Let 1 < p < oo, a,3 > —1/2, f € XP(u@®). If N, > 2" + 1 are
integers, one has the Littlewood—Paley decomposition

f=27 a, B; b, f)

oo Npn
= > > Mewri(a, Bih, f,Ian){Kﬁg)(owk,Nn)—Kffi’lﬁ)(oﬂk,Nn)}, (2.8)
n=0 k=1

with convergence in the sense of XP(u(*?)). Moreover, we have for every f € L*(u(®P)),

oo Npn

o [ FO- 0 0td < S hwrlaGih )’

n=0 k=1
< o /1 FO2(1 = t)*(1 +t)’dt.

If f € C[-1,1], then f = >0 7P(, B; h, f), with convergence being uniform.

The following theorem demonstrates that, unlike the Fourier—Jacobi coefficients
fle, B: ), the behavior of the coefficients 7€ (e, 8; h, f,xx n,) in the Littlewood Paley
expansion (2.8) for points zy n, in a neighborhood of a point zq reflects the (analytic)
regularity of the function f at z.

Theorem 2.2 Let o, > —1/2, xy € [—1,1] and f € C[—1,1]. For integer n > 0, let
7.(f) denote either ¢ (a, B; h, f) or 7P (« ﬁ h, f).

(a) The function f has an extension as an analytic function in a complex neighborhood of
xo if and only if there exists a nondegenerate interval I C [—1,1] containing x¢ such that

lim sup max|7‘n(f, )|V < 1, (2.9)

n—oo



(b) The function f has an extension as an analytic function in a complex neighborhood of
xo if and only if there exists a nondegenerate interval I C [—1,1] containing x¢ such that

1/2"
limsup{ max |’Tn(f,l'k72n+6+1)|} < 1. (2.10)

n—00 Ty on+641 €

We note that choosing N,, = 2"*6 4+ 1 in Proposition 2.1, and using 7¢ in place of 7,
(2.10) gives a characterization of regular points of f in terms of the coefficients in the
Littlewood—Paley expansion (2.8).

3 Numerical examples

In this section, we illustrate the construction of our localized kernels and their approx-
imation properties using some numerical examples. In our examples below, we use the
Chebyshev polynomlals i.e., the polynomials 7;, defined by T},(cos@) = cosnb, 6 € [0, x|,
n=20,1,---. The polynomlals

1 ifn=20
Pn = Vor, ifn=1,2,--,
are orthonormalized with respect to the measure

du(_1/27_1/2)(1') dl'
T _ — —
du (z) = - = T x e (—1,1).

In our numerical computations, we will approximate integrals with respect to du’ by

suitable quadrature formulas.
We define the de la Vallée Poussin kernel by

2n

o7 (z,y) Z pl(x + > (2= k/n)pi (2)pf (v).

k=n+1

We define the discrete de la Vallée Poussin operator by

8n+1
-\ o (2k — 1)m
Valf,2) = 8n+1 Zf( n+ 2 )CD‘*“(I’COSW ’

and note that V,,(f) € Ilg,. With

o ) = (O o

we define the exponentially localized operator, denoted here for brevity by o,, by

sy LA (2k — )7
on(f,x) = ™ +1Zf( +2)®T($,cosm).




In particular, o, (f) € Is,.
To illustrate the approximation properties and localization of the operators, we con-
sider two functions, the first of which is

fo(z) :=|x —1/4], x € [-1,1].

To define the second function, we recall that the cardinal B-spline of order 4 is the function
defined by (cf. [2, Formula (4.1.12), p. 84])

1
My(x) = G {2% —4(z —1)3 +6(x —2)3 —4(x — 3)3 + (x —4)} }
where a, = max(a,0). We define f,(x) = My(2x + 2). Thus, f, is analytic on (—1,1),
except at £1/2,0, where it is twice continuously differentiable.
In this section only, let C denote the set of 10,000 equidistant points on [—1, 1],

En(f, V) = r?gg( |f(l’) - Vn(.f> l')|> En(f, U) = rgleag,( |f(l’) - Un(f> l')|>

and

sV
on(f, V) :=log, %> on(f,0) :=log, m

Table 1 shows the decay of errors €,(f, V) and €,(f, o) for different values of n.

en(f, V)

n En(.fmU) En(.fm V) En(fb,O') En(leV)

8 | 1.8065 % 10=2 | 1.3609 * 10~2 | 1.3838 % 10~* | 4.7691 * 10~°
16 [ 9.8889 % 1073 | 8.0887 % 1073 | 1.684 % 10~° | 6.0351 % 10~
32 [4.8372 % 1072 | 3.8924 % 10> | 2.0823 + 107° | 7.5158 % 10~
64 | 2.3075 % 1073 | 1.7856 % 1073 | 2.5918 + 107 | 9.3814 % 10~®

Table 1: Maximum absolute errors.

In light of the direct theorems of approximation theory, the quantities d,,(f,, V) and
dn(fa,0) should be close to 1, and the corresponding quantities for f, should be close to

3. Table 2 confirms this fact (cf. Theorem 2.2(a).)

n 6n(fa,0) 6n(fa,v) 6n(fb>a) 6n(fb, V)

8 | 0.8693 0.7506 3.0387 | 2.9823

16 | 1.0316 1.0552 3.0156 | 3.0054

32| 1.0678 1.1243 3.0062 | 3.0021
Table 2: The smoothness index as predicted by d,,’s.

It is clear from Table 1 that the maximum error is less with the de la Vallée Poussin
operators than the exponentially localized operators. However, Figure 1 shows with ex-
ample of n = 64 that the later are more localized in the sense that on parts of the interval
where the functions are analytic, the error with the exponentially localized operator is
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substantially smaller than that with the de la Vallée Poussin operators. Figure 1 shows
the logplot of the errors in approximating f, and f;, by the discrete de la Vallée Poussin
operators and the exponentially localized operators. Thus, on the y axis in all the sub-
figures below, the value —k corresponds to the value 107 for the errors plotted in the
figures. We note that only 8n + 1 values of the function are used in the computation of
the transforms V,, and o,. In particular, in the top left figure in Figure 1, an absolute
error of less than 1072° is obtained away from the singularity, using only 513 samples of
the function f,.

3 3
5 5
7 7
9 9
-11 -11
-13 -13
-15 -15
-17 -17
-19 -19
-21 -21
1 0 1 1 0 1
7 7
8 8
9 9
-10 -10
-11 -11
12 h 12
1

-1 0 -1 0 1
Figure 1: Clockwise, the graphs represent logyq | fo —064(fa)l, logio | fa— Vea(fa)|, logio | fo—

Vea(fp)], and logyq | fo — o6a(fo)]-

To illustrate this phenomenon further, we evaluated the errors at 2048 points chosen
randomly according to the probability measure p? (again with polynomials of degree
512), and arranged them in an increasing order. Thus, Figure 2 shows the probability
distribution of the errors, where the lowest 15 terms have been discarded as outliers. In the
case of f,, the probability that the error does not exceed 107 times the minimum of the
two maximum errors is 25.88% with the de la Vallée Poussin operators and 79.39% with the
exponentially localized operators. In the case of the spline function f;, the corresponding
probabilities are 3.22% and 18.46% respectively. When we compared polynomials of
degree 1024 in the case of f;, the difference became more dramatic, with the probabilities
being 5.96% for the de la Vallée Poussin operator, and 40.28% for the exponentially
localized operator.

Finally, we note that the plots in Figure 1 are produced with symbolic computations
in Mathematica to illustrate an error much less than the usual double precision floating
point accuracy would allow. On the other hand, we used Matlab to produce Figure 2,
where we obtain the same results as with Mathematica, but up to error of 1076,
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, I L L L L L L ,
-2 -14 -13 -12 -1 -10 -9 -8 -7 -6

Figure 2: On the left, the continuous line represents on the z axis, the increasing rear-
rangement of the array logy,|fa — Vea(fa)| at 2048 randomly chosen points, and on the
y axis, the percentage of samples where the error is below the corresponding value. The
dashed line represents the corresponding graph for log,, | fo — 0¢4(fa)|. The graphs on the
right represent the same quantities for the function f;.

4 Approximation on the sphere

The constructions described for the unit interval can be adapted easily for the unit sphere
of a Euclidean space. We now sketch these adaptations, and indicate the differences. Let
g > 1 be an integer,

g+1

S? .= {(1’1, . [L’q+1 € RI*L . Zl’ = 1}

A spherical cap, centered at xo € S? and radius « is defined by
Si(xg) :={x€S? : x-%x¢ > cosa}.

We note that for any xo € S?, S1(x() = S?. The surface area (volume element) measure
on §? will be denoted by p;, and we write y; (S?) =: w,. The spaces X?(S%) and C'(S?) on
the sphere are defined analogously to the case of the interval.

A spherical polynomial of degree m is the restriction to S? of a polynomial in ¢ + 1
real variables with total degree m. For x > 0, the class of all spherical polynomials of
degree at most x will be denoted by IIZ. For integer ¢ > 0, the class of all homogeneous,
harmonic, spherical polynomials of degree ¢ will be denoted by HY, and its dimension by
dj. For each integer ¢ > 0, let {Yy), : k=1,---,d}} be a pi-orthonormalized basis for HJ.
It is known (cf. [19, 16]) that for any integer n > 0, {Yyr : €=0,---,n, k=1,---,d}} is
an orthonormal basis for I1¢. The connection with the theory of orthogonal polynomials
on [—1,1] is the following addition formula (cf. [16], where the notation is different):

Z Ye k Ye k - wq 1p24/2 bal2 1)(1)p2q/2_17q/2_1) (X ' Y)> = 07 17 Tt
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It is proved in [13] that if n > 1 is an integer, C is a finite set of points on S? such that

dist <
r)?easzcrglelg ist (x,y) < ¢/n,

for a judiciously chosen constant ¢ > 0, then there exist nonnegative weights wy, x € C
such that

D wiPi(x) Py(x) = / PPy, PP elll, (4.1)
xeC S1
We will say that C admits a positive quadrature formula of order 16n.

Since S? is not a set of uniqueness of functions analytic on C¢*!, we do not see how
to define the analogue of analytic continuation of a function on S?. Nevertheless, one can
define an analogue from the approximation theory point of view as follows. Let xo € S9,
KC be a spherical cap centered at xg and f : K — C. We write

En(’C> f) = Pienl'fl‘q ||.f - PHH;?OOJC‘

The class A,(x0) is defined to be the class of all functions f € C(S9) such that for some
spherical cap K centered at xg,

limsup B, (K, )Y/ < 1.

Let h: [0,00) — R be a ¢ times iterated integral of a function of bounded variation,
h(z) =1if z € [0,1/2], and h(z) = 0 if z € [1,00). The role of the kernels K and
®,, (1P h, z,y) is played respectively by

2—1,q/2—1 _ _ _
KS(X y) —wq 1Zp(q/2 1,q/2— 1)(1)]92(]/ q/ )(x-y) :wqleéq/z 1,q/2 1)(1,x-y)
=0
and

O3 (g h.x,y) = wily Y A(E/(2n)pl T ETD ()2 (x )

— ®’n(/~’t(q/2_17q/2_1); h,’ l" y)
Forn=0,1,---, x,y € §9, let

@n(h, X, Y) = (T) q>§n(qﬂ h> X, Y)
Let {C,,} be a sequence of finite subsets of §, with each C,, admitting a positive quadrature
of order 16n. We define the analogues of the operators ¢¢, 02, 7€ and 72 by
oS fx) = [ @y 1))
Sa
o5 (h fx) = ) wy®@(hxy)f(y),
yeCn
C,S (h' f> )7 lle,:O,
7.7 (h, f,x) = .
" ( f ) {02” (h'f> ) 2n l(h'.f> )7 1f7’l,=1,2,---,
D,S (h' f> )7 lle,:O,
“(h =
T ( ’f’i) {02” (h' f> ) 02n 1(h' f> )7 1f7’l,=1,2,

12



The following proposition is the analogue of Proposition 2.1, and can be proved in
exactly the same way.

Proposition 4.1 Let 1 < p < oo, {C,} be a sequence of finite subsets of S, with each
Cn admitting a positive quadrature of order at least 16n. Then for f € XP(S9),

F=S 2050 ) =30 S uy O, foy) {Kalo-y) = KS,(0-y)} . (42)

n=0 yeCy,

with the series converging in the sense of XP(S?). If f € C(S9), then also f =Y 0" .2 (h, )
with the series converging uniformly. Further, if f € L*(S9),

Z I Z > wylnS(h fLy)f <
=0

n=0 yeCp,
The analogue of Theorem 2.2 and 2.1 is the following, slightly weaker statement.

Theorem 4.1 Let {C,} be a sequence of finite subsets of S, with each C, admitting a
positive quadrature of order at least 16n, f € C(S?), and xo € S?. Let o, denote either
&% or oD5 and similarly for T,.

(a) For integer n > 1, we have

If = on(h, [)

If f € Ay(x0), then there exists a nondegenerate spherical cap KK C S9 with center at X
and p € (0,1) (depending upon xo and f) such that

1f = on(h, )lluzicox < ci(f,%0)p". (4.4)

(b) The function f € Ay (Xo) if and only if there exists a non-degenerate spherical cap
K C S with center at xo such that

o5t < CEn(SY, ). (4.3)

1/2"
peookc < 1 (4.5)

lim sup [ 7,,(, f)

n—oo

5 The general case

In this section, we state our main results in a very general form. Thus, instead of the
Jacobi measure, we will consider an arbitrary measure, supported on an arbitrary compact
subset of [—1,1]. Instead of achieving the discretization of the summability and frame
operators using Gauss quadrature formula, we will formulate our “discretization” using
general functionals. In order to state our results, we need certain notions from measure
theory and potential theory. For the convenience of the reader, we review the measure
theoretic notions in Section 5.1; the ideas from potential theory are reviewed in Section 5.2.
The generalizations of the operators and new results in Section 2 are given in Section 5.3.
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5.1 Measures

We observe that if N > 1 is an integer, {zx}_,, {wx}Y_, are real numbers, a sum of
the form fovzl wyf(zg) can be expressed as a Stieltjes integral [ fdv, where v is the
measure that associates the mass w; with each point x;. The total variation measure in
this case is given by |v|(B) = _, cp|wk|, B CR. We prefer to use the integral notation
rather than the more explicit sum notation for a number of reasons. First, the precise
locations of the points xy, the values of wy, and sometimes, even the value of N do not
play a significant role in our theory. The use of the integral notation avoids the need to
prescribe these quantities explicitly, and develop additional notation for these. Second,
we wish our theory to be applicable to all L” spaces. If p < oo, point evaluations are not
well defined for every f in the space, and we have to use some other local measurements,
for example, averages over small subintervals around certain points. Again, the details
of exactly what these points and the corresponding subintervals are, and even the nature
of the local measurements do not play any significant role in our theory. The integral
notation allows us to treat both the case of continuous functions and elements of LP in a
unified manner.

Let v be a (possibly signed) measure on R that is either positive and finite, or has a
bounded variation on R, |v| denote v if v is a positive measure, and its total variation
measure if it is a signed measure. We recall that the support of v, denoted by supp (v)
is the set of all z € R such that |v|(I) > 0 for every interval I containing z. If A C R is
|v|-measurable, [v|(A) >0, and f: A — R is |v|-measurable, we write

£l {/vmm@ . ifl<p<m,

V] = ess sup,e Al F(8)], i p= oo.

The class of measurable functions f for which || f||,.p.4 < oo is denoted by LP(v; A), with
the standard convention that two functions are considered equal if they are equal |v|-
almost everywhere on A. The class of all uniformly continuous, bounded functions on A
(equipped with the norm of L*(v)) will be denoted by C(v; A). The class X?(v; A) will
denote LP(r; A) if 1 < p < oo and C(v; A) if p = 0.

In the sequel, we will assume that p is a fixed, finite, positive, Borel measure with
supp (u) being an infinite subset of [—1,1]. The mention of the set A will be omitted if
A = supp (u). Thus, for example, we will write X?(u) = XP(p;supp (p)) and C(u) =

C(p; supp (1))
We now formulate certain assumptions on our measures.

Definition 5.1 A sequence {v,,} will be called an M—-Z (Marcinkiewicz—Zygmund)
sequence if each of the following conditions is satisfied.

1. FEach v, is a Borel, finite, positive or signed measure having bounded variation on
—1,1].

I Tlvip < €T ups T € Ilign, p =1, 00. (5.1)
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/Tngdl/n = /Tngd,u, Tl,Tg c Hgn. (52)

If1 < p < 0, a sequence {v,} will be called p-compatible if each p—measurable function
is also v,—measurable for each n, and || f|,,., < c||fllup for every f € XP(p).

In the case of Jacobi polynomials, it is proved by Lubinsky, Maté, and Nevai [8,
Theorem 5| that the measures v, that associate the mass Apgn41 with each xjgni1,
k=1,---,8n 4+ 1, form an co—compatible M—Z sequence. In general, it is natural to
construct measures to satisfy (5.2) using Gauss quadrature formulas based on the zeros
of a sufficiently high degree orthogonal polynomial py. However, if supp (p) is not an
interval, then the zeros of the corresponding orthogonal polynomials might not be all in
supp (u), in which case, such a measure would not be co—compatible. We will prove the
following proposition to demonstrate the existence of co—compatible, M-Z sequences of
measures supported on finite subsets of supp (u).

Proposition 5.1 Let p({z}) = 0 for every x € [—1,1]. Then there exists an oco-
compatible M-Z sequence {v,} of measures such that each of the sets supp (v,,) is a finite

subset of supp (p).

5.2 Potential theory ideas

In this section, we review briefly certain ideas from potential theory, based on the discus-
sion in [18, Chapter 2.4]. The logarithmic energy of a positive measure v on C is defined

by
ew) o= [ [roe (1) oyt

whenever the integral is well defined. For example, we recall (cf. [18, Chapter I, Exam-
ple 3.5]) that

2
//log (|a: — t|) dp =22 (2)dp YA () = 72 log 4.

It follows that if a, 3 > —1/2 and a + 3+ 1 > 0, then

/ / log (I:v 2_ t|) dpl™? () dp 0 (t)

9 a+B+1
(s5a57)  rrmiEen

2
X //log (m) dlu(—l/z,_l/z)(I)dlu(—l/z,—yz)(t)

9 a+B+1
= wlosh) () (@Y E 2P

Thus, ;(*? has finite logarithmic energy.
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If A C C is a compact set, the capacity of A, cap (A) is defined by
log(1/cap (A)) = inf E(v),

where the infimum is taken over all unit, positive, Borel measures v, with supp (v) C A.
The set A is called reqular if there exists a function G4, called the Green’s function for
C\ A with pole at 0o, with the following properties: (i) G4 is continuous and nonnegative
on C and harmonic on C\ A, (ii)

lim (Ga(2) — log]#]) = log(1/cap (4)
and (iii)
lim G4(2) =0, x € A.

Z—X

For example, if A = [a, ], one has cap ([a,b]) = (b—a)/4, and

oo b 2/EmaC=Ol ey

b

G[a,b] (Z) = log

It is clear that every interval [a, b] is a regular set.
We end this subsection by recalling the well known Bernstein—-Walsh inequality (cf.
[18, Estimate (2.4), p. 153]).

Lemma 5.1 Let A C [—1,1] be a regular set, m > 0 be an integer, P € 1l,,. Then for
any z € C,
|P(2)| < exp(mGa(z)) max |P(z)]. (5.3)

T€EA

In particular, for any xg € R, ¢, L > 0,

max |P(x)|§(%)m max |P(x)]. (5.4)

z€[xo—L,zo+L] 14 z€[xo—~,x0+L)

5.3 Polynomial operators

It is well known [4, Chapter 1] that there exists a unique system of polynomials py(z) =
ek - v >0, k=0,1,2,---, such that for k,j =0,1,---,

o[ k=],
Prpj O = 0, otherwise.

Moreover (cf. [4, Chapter 2]), any function f € L'(u) is uniquely determined by the
sequence of its coefficients

F(k) = / foedi, k=0,1,--) (5.5)

Next, we define the kernels. For z,y € C, we will write
2n
Kn($>y) = Zpk(I)pk(y)> 77,20,1,2,, (56)
k=0
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and K_i(z,y) = 0. For an integer n > 0, a function @, : C x C — R will be called
a reproducing summability kernel (of order n), if each of the following four conditions is
satisfied. For each z,y € C, ®,(z,y) = ®,(y, x), ,(x,0) € Iy,

/Emawpwmmwzpux Pell, (5.7)
and
sup (/@mawwmst (5.8)
zeSUPP (u)

where ¢ is a constant independent of n, depending at most on p and the whole sequence
{®, }. We assume in the sequel that there exists a sequence {®,} of reproducing summa-
bility kernels.

In [10], we have proved that the kernels ®,,(u(*® h, z,y) defined in (2.1) are reproduc-
ing summability kernels if o, 5 > —1/2. In [4, Section IV.3], Freud has shown the strong
(C, 1) summability of a very general class of orthogonal polynomials. If 4 is an integral of
a function of bounded variation, h(z) = 1 for 0 < x < 1/2, and h(x) = 0 for z > 1, it can
be shown using a summation by parts argument that a kernel similar to the one defined
in (2.1) with these orthogonal polynomials satisfies all the properties mentioned above.
In the case of the Jacobi measure, we were able to use the special function properties of
Jacobi polynomials to obtain localization estimates on the kernels ®{"” (cf. [10]). These
techniques cannot be used to obtain localization estimates on the kernels in general, for
example, for the orthogonal polynomial systems discussed by Freud. Nevertheless, our
simple construction below allows one to construct exponentially localized kernels based
only on the summability estimates. In turn, the localization allows one to use the ideas
in [10] to obtain a characterization of local Besov spaces on the interval also in the case
of these more general systems of orthogonal polynomials.

For x,y € C,and n=10,1,---, let

e e e

If v is a Borel, finite, positive or signed measure (with bounded variation), and f €
L'(v), we define the operators

%@wazjﬁaawﬂwwwx reC, n=01--

With v = p(*%) and &, (%, h, 2,) in place of ®,(x,7), o, (v; f) reduces to
o%(a, B; h, f). We observe that ®* being a symmetric polynomial in z and y, has an

expansion of the form
8n  8n

O (2,y) = D> b (@)pa(y),

§=0 k=0

where (a,,;x) is a symmetric matrix. Therefore, taking v to be the measure y, we see that

8n 8n
on(p; f) = Z < an;mkf(k)) Dj
0

j=0 \k=
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is a polynomial with coefficients given as a finite linear combination of the coefficients
{ f (k)}3™,. The more general definition allows us to compute these operators using, for
example, values of f.

Our generalization of Theorem 2.1 is the following.

Theorem 5.1 Let 1 <p < oo and {v,} be a p-compatible M-Z sequence of measures.
(a) We have o, (vy; P) = P for all P € 11,,, and

|0 (Vn; f)“u;p < CHfHVn;;m fell(v), 1<p<oo. (5.9)

Further, for each f € XP(u),

1f = an(wn; Hllup < cEnp(f)- (5.10)

(b) Let E(p) < oo, supp (@) be a regular set, f € C(u), {vn} be an co-compatible M-Z
sequence of measures, xo € supp (u), 0 < d < 2, and f have an analytic continuation to
a complex neighborhood of {z € C : |z — xo| < d} of xo. Then

d*log(e/2)

|f(z)=on(vn; f2)] < c(f, o) exp (—nm

) , X € lrog—d/e,xo+d/e]Nsupp (1)
(5.11)

If {v,} is a sequence of finite positive or signed Borel measures having a bounded
variation on [—1, 1], we define for z € C

. Ul(yl;f>z)> if n=0,

Ta(vons £,2) = { Oon(Von; f, 2) — ogn-1(van—1; f,2), ifn>1. (5-12)
Clearly, the operator 7, depends upon two measures: von and von—1. Although we have
to mention the measure to distinguish between the general case and the continuous case,
when each von = p, we prefer to keep the notation simpler rather than using the more
cumbersome notation 7, (v, von-1; f, ). In the Jacobi case, we choose @, (u“?); h, z,y) in
place of ®,,(x, ). Choosing each v, to be u(*?) we obtain 7, (u*?): f,z) = 7¢(a, B; h, f, x).
We obtain 7P(«, 3; h, f,x) by choosing von to be the measure that associates the mass
Megn+ay1 with each zggntsyy, k=1,---,2""3 4 1.

The following proposition, generalizing Proposition 2.1, shows a representation of any
function in X?, 1 < p < oo, in terms of the operators and kernels introduced so far.
The theorem uses two sequences of measures. The sequence {1, } is determined by the
kind of information we have regarding the target function f. Thus, if one starts with the
coefficients { f(k)}, then each of the measures v, is equal to p. On the other hand, if a
set of values of the form {f(zx n,)} are available at a system of points, we should choose
vn to be an M-Z measure supported at the points {zyn, : k= 1,---,N,}, if such a
measure can be found. The choice of the sequence {u,} is required only to satisfy (5.2),
and may be used judiciously to obtain a parsimoneous representation, or a representation
with other desirable properties depending upon the application.
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Proposition 5.2 Let 1 < p < oo, {v,} be a p-compatible M-Z sequence, {u,} be a
sequence of measures satisfying (5.2), and f € XP(u). We have

=Y mulvani f), (5.13)
n=0

where the convergence of the series is in the norm of XP(u). In the case when each
Von = l1, we have further

= Z / Tt £ ) {nsa (0,9) — K1(0,9)} dpi (3). (5.14)

Moreover, for f € L*(u), we have the frame property:

all £l < Z 17 (s )2 = Z 17 (115 ) g2 < c2ll 12 (5.15)

Next, we describe the generalization of Theorem 2.2.

Theorem 5.2 Let £(u) < oo, supp () be a reqular set, xo € supp (), f € C(n), and
{vn} be an oco-compatible M—Z sequence of measures.
(a) The function f has an analytic continuation to a complex neighborhood of o if and
only if there exists a non-degenerate interval I with xo € I such that

limsup || 7, (van; £V, < 1. (5.16)

;00,1
n—oo

(b) The function f has an analytic continuation to a complex neighborhood of zo if and
only if there exists a non-degenerate interval I with xo € I such that

lim sup || 7, (van; f)||1/3+3 ot < L. (5.17)

n—oQ

We note that £(u) > log(1/2)(u([—1,1]))%. The condition (i) < oo implies, in par-
ticular, that pu({z}) = 0 for each x € [—1,1]. Thus, in view of Proposition 5.1, the
measures {v,} as required in Theorem 5.2 always exist. We observe again that the op-
erators 7, (van; f) are defined using global information about f; the coefficients {f(k)} in
the case when each von is equal to p. Nevertheless, the exponential localization of these
operators enables us to obtain the characterization of local analyticity of the function.
Similar characterizations of local Besov spaces can also be obtained, using the ideas in

[10].

6 Proofs

PROOF OF PROPOSITION 5.1. This proof follows the ideas in [13]. Without loss of
generality, we assume that p([—1,1]) = 1. Let n > 1 be an integer. Since II,, is a finite
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dimensional space, there exists a constant, to be denoted in this proof only by B, such
that

/1 |P'(t)|dt < Bn/|P(t)|d,u(t), P eTl,. (6.1)

Our assumption that u({z}) = 0 for each # € [—1,1] implies that the function z —
wu([—1,z)) is a continuous, nondecreasing function on [—1, 1], with the range of this func-
tion being [0, 1]. Therefore, there exist intervals I}, with mutually disjoint interiors such
that [—1,1] = Ul, and u(I) < 1/(4B,) for each Ij.. In this proof only, let Z be the set of
integers k such that Iy Nsupp () is not empty, and we choose a point x € I Nsupp (u)
for each k € Z. In view of (6.1), we have for any P € II,,,

Z(Ik ldutt) = [ 1P(eu)ldut )'

1Pl = Y w(L) | Py

keT kel
< Y P(zy)|du(t)
keT Ik
<y / P () ()
kex 7 Tk
< o5 | IP@ld< (12 Pl
Therefore,
B/DNPlwr <Y ulI)| Plak)] < (5/4)][ Pl (6.2)
keT

In this proof only, let N be the number of elements in Z, T" denote the linear operator
defined by T'(P) = (P(xk))kez, and V' be the range of T'. The estimates (6.2) imply that
T is invertible on V. In this proof only, let x* denote the linear functional defined on
V by 2*(T(P)) = [ Pdu. We equip RY by the norm |||(rg)kez||| = oper #(Lk)|r%|. The
estimates (6.2) imply that the dual norm of z* with respect to this norm is bounded
from above by 4/3. The Hahn—-Banach theorem, together with the characterization of the
dual of RY, implies the existence of w;, € R, k € Z, such that the functional (ri)kez —
> rez WkTk extends 2%, and has the dual norm bounded from above by 4/3. In this proof
only, let p,, be the measure that associates the mass wy with x, k € Z. It is easy to check
that the total variation measure of j, associates the mass |wy| with each xy, k € Z. The
statement about the extension means that

/ Pdy, / Pdu,  PeTl, (6.3)

The statement about the dual norm means that |wy| < (4/3)u(Iy) for k € Z. Therefore,
the estimates (6.2) imply that

1Pl = Y lwnl[P(xa)] < (4/3) Y plL)|P(a)| < (5/3)|[Pllua, P € L.

keT kel

We note that each p, is supported on a finite subset of supp (u). Therefore, each p, is
trivially co—compatible. Setting v, = p16n, n = 1,2,---, we have thus shown that the
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sequence {v,} is an co-compatible M—Z sequence of measures, with each v, supported on
a finite subset of supp (). O

PrROOF OF THEOREM 5.1(a). Let P € II,,, x € [—1,1], and @ be defined by

aw-ro) (L)L yer

Then @ € II3,. Consequently, (5.2) and (5.7) imply that
4—(z—y)*\"
nliP) = [ P (%) @30, (1)

- @(az) =P<a:>.
Since |4 — (z —y)?| < 4 for all z,y € [—1, 1], the conditions (5.1) and (5.8) imply that

sup  sup / 18 (2, 9)ldlal (y) < sup  sup / Bon (e y)lduly) < e (6.4)
n>0 zesupp (w) n>0 zesSupp (u)

Therefore, for any f € L*(v,) and = € supp (u), we have

| (v [, )] S/Iﬁ(%y)llf(y)ldlvnl(y) < e[l fllvmsoo- (6.5)

Thus, (5.9) is satisfied if p = oco. If f € L'(v,) and g € L>®(u), we verify using Fubini’s
theorem that

/ 0 fr2)g(2)du(z) = / F(9)on(1s: 9, y)dva(y).

Since 0,(1; g) € sy, the condition (5.1) implies that |0y (145 9)|lvmico < €llon (i 9) || oo
Therefore, using (6.5) with p in place of v,, we obtain that for every f € L'(v,) and

g € L>(p),
‘/an v f.2) /|f o1t 9, 9)|d]m ] (9)

< Mon (s @ llvmsool [ Fllvnn < cllon i gl oo [ fllvn:n
< cllgllueoll fllvnsr

Therefore, the Hahn-Banach theorem implies that ||o,(vy; f)|l1 < ¢l fllu..a for every
f € L*(v,). Thus, we have proved (5.9) for p = 1,00. An application of the Riesz—Thorin
interpolation theorem now yields (5.9) for 1 < p < co.

Consequently, for any P € I1,,,

Esnp(f) < Nf = on(n; Hllpp = 1f = P = on(vn; f = P)llup < cllf = Pllsp-

Since P is arbitrary, this implies (5.10). O

In order to prove Theorem 5.1(b), we need two lemmas. First, we recall a well known
fact from the theory of approximation of analytic functions [17, Chapter IX, Section 3].
For the sake of completion, we will sketch a proof.
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Lemma 6.1 Let xg € R, d > ¢ > 0, and f be analytic on the complex neighborhood
{z € C: |z —uxo| < d}. Then for every integer n > 1, there exists a polynomial P € 11,4
such that

|f(x) — P(x)| < c(f,x0,d/€)(£/d)", x € [xg —l,xo + L. (6.6)

Proor. With an appropriate affine transform, we may assume that £ = 1, 2o = 0, denote
in this proof only, § = d/¢ > 1, and assume that f is analytic on the disc |z| < §. Let P
be the partial sum of the power series expansion of f around 0 of degree n — 1. Then for
x e [—1,1],

" f(&)dg

f(z) = P(z) = T =)

Since |z| <1 and [ —z| > || — |z| > 6 — 1 for z € [—1,1], |{] = §, we deduce that

f(2) - Pla)| < 20

— = 9)o".
< G5 2Ty 1= D

O

The next lemma helps us to estimate the norms of o,,(v,; f) on small intervals in terms
of the norms of f on slightly larger intervals.

Lemma 6.2 Let f € C(u), ©g € supp (u), ¢ > 0, I = [xg — {,z0 + €] N supp (p),
J = lrog—20,20+200N[—1,1], and {v,} be an M-Z sequence of measures. Then for every
integer n > 0 and x € 1,

4 —02\"
|70 (Va; £2)] < el fllvnioos + e | — [ llso0- (6.7)

ProoOF. Let z € I. If y € [-1,1] \ J, then

(002 2
4—(z—y) < 47 ’
4 - 4
and hence,

. 4 —02\"
i < (F55) Rutenl

Therefore, (5.1) and (5.8) imply that

[ i) < (50) Wl [ 0te i)

4 —02\"
< a(*55) Wl

The estimate (6.4) implies that

/ ®;<x,y>f<y>dun<y>\ < s [ 103l (5) < el
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Together with the definition of o,,(v,; f, ), we are thus led to (6.7). O

PrROOF OF THEOREM 5.1(b). In this proof, constants denoted by ¢, ¢y, - - - may depend
upon xg and f. In this proof only, let

d2
" ()

Since d < 2 and e? exp(—4/e?) > 4.3 > d, it is not difficult to see that m < n. In view of
Lemma 6.1, we find a polynomial P € II,, = II,,,|, such that

|f(x) — P(x)| < c(e/2)™™, x € [xrg—2d/e,xo+ 2d/e] =: J. (6.8)

Hence, |P(z)| < ¢1 for x € [zg—2d/e, xo+2d/e], and (5.4) implies that |P(x)| < c2(2e/d)™
for x € [xg — 2,20 + 2] 2 [—1, 1]. Consequently,

|f(x) — P(x)] < cs(2e/d)™, 2 € supp (u). (6.9)

Since the measures v, are co—compatible, the estimates (6.7), (6.8), and (6.9) imply that
for x € [xg — d/e,xo + d/e] Nsupp () =: I and integer n > 1,

4 n
ouni £ = P < a1 = Pl + (5557 ) 1 =~ Pl

s {(e/z)—m + (2e/d)" (ﬁz/ez) }
< c{(e/2)™™ + (2¢/d)™ exp(—nd*/e*)}. (6.10)

IN

Since m < n, 0, (v,; P) = P. Using (6.8) and (6.10) we conclude that for x € I,

[f (@) = on(vm; fr2)| = [f(x) = P(2) = onlva; [ — P, x)]
< or{(e/2)7" + (2¢/d)™ exp(—nd” [e”)}.

In view of our choice of m,

(2) = oulve; £,2)| < csexp (—nM) . ael

e?log(e?/d)
O

PROOF OF PROPOSITION 5.2. We note that f € X? implies that E,,(f) — 0 as
n — oo. The equation (5.13) follows from (5.12) and (5.10). Next, let each von = p.
Since 7, (ju; f) € Man+s, we verify easily that

i fo) = / rlit o) K, y)dpu(y). (6.11)

Further, since K,,_(x,y), as a function of y, is in Ian-1, 7, (p; Kp—1(x,0)) = 0. Therefore,

/ i £ 9) K (2, ) duly) = / F (2711 Ko (2,0), 2)dp(=) = 0,
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and (6.11) may be rewritten in the form

T f, ) = /Tn(u; [y) (Knys(2,y) — K1 (z,y)) du(y).

Since pon satisfies the quadrature formula (5.2), this implies (5.14).
In the remainder of this proof only, let

Pou(f, ) = / ) o y) — Ks (,9)) dply), € R, m=0,1,--.

We note that the Parseval identity implies that
F=D Pulf), 2= D IPu(He,
m=0 m=0

where the convergence of the first series is in the sense of L?(1).

Next, we observe that P,,(P) = 0 if P € llom-1. If n > 0 is an integer, and n+4 < m,
then 7,(p; f) € lgnts C lgm—1, and P, (7,,(p; f)) = 0. Similarly, if n — 1 > m, then for
each x € R, K,,,(z,0) — Kp—1(x,0) € llgm C Ilyn-1, and hence, for each z,t € R,

/ (B (4, ) = s (9,0)) (Ko (2, y) — Kns (2,9)) dia(y) = 0.
Therefore, if n — 1 > m, then

Pm(Tn(,U; f))
_ / ( / F(E) (®30 (5. ) — s (3,1)) du(t)) (Kon(2,y) — Ko (2,9)) duly)

= /f(t)/(‘l%n(y,t) = 31 (y, 1) (Kin(2,y) — K1 (2,y)) dp(y)dp(t) = 0.

Hence, (5.13) implies that for any integer m > 0,

2
2 m

= Z Pro (70 (15 f))

;2 n=max(0,m—3)

P (NlE2 = ’ > Pulmals 1)

;2
2
m

Z 1P (T (125 ) s2

n=max(0,m—3)

IN

m

4 IPu(mals M)l

n=max(0,m—3)

IN

m

4> s Nl

n=max(0,m—3)

IN
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This implies

G2 =D PO <4d . > Il Nline <16 I7alps £z
m=0 n=0

m=0 n=max(0,m—3)
The proof of the second inequality in (5.15) is similar. Thus, arguing as before, we see
that 7,(u; P (f)) = 0 except when n < m < n + 3. So, for any integer n > 0,

2 2

00 n+3
17 (45 f)”i,z = ‘ ZTn(MP () = ZTn(NS Prn(f))
m=0 ;2 m=n ;2

IN

n+3 2 n+3
> M7 P ()l 2) <4 Z 17 (1 P () 172
n—l—_3

< ¢S IPaIE
Consequently,

Dol Hlfe < e D IPm( Al = el fll7z
n=0 m=0

O

PROOF OF THEOREM 5.2. We will prove part (a). The equivalence of (a) and (b) is a
simple consequence of Lemma 6.2 and the fact that gont3(vgn+s; P) = P for all P € Tlgn+s.
Let 2 > ¢ > 0, (5.16) be satisfied for J = [xg — 2¢, 2o + 2¢] N [—1,1] in place of I, and
0 < p1 <1 and integer N be chosen so that for all integer n > N,

|7 (v2n; f)”#;OOJ < p%n-

Since 7, (van; f) € gnts and [|7,(van; )] oo < €] fl] 00, We see from Lemma 6.2 applied

with p in place of vgn that for every x € I := [xg — £, 29 + ¢] Nsupp (u),

[T (vans [, 2)| = |owmsa (s Ta(van; £), 2)] < epi” + er(1 = /4[| f ] oo- (6.12)

Since zg € supp (i), (1) > 0, and hence, it is easy to see that the restriction of u to
I has a finite logarithmic energy. Therefore, cap (I) > 0. In view of a result of Wiener
(cf. [18, Theorem 1.1, Appendix A]), I is a regular set. Letting p := max(py, (1 — ¢?/4)),
we obtain from (5.3) and (6.12) that for every z € C, and integer n > N,

[Ta(vans f,2)| < e(f, 20, ) (pexp(Gr(2)))°

We observe that 0 < p < 1. Therefore, the series Y >, 7,(1an; f, z) converges uniformly
and absolutely on compact subsets of the region {z € C : |G;(2)| < log(1/p)}. Since I
is regular, this is an open neighborhood of I. In view of (5.13), the sum of this series is
an analytic function that coincides with f on I.

The converse assertion follows immediately from Theorem 5.1(b) and the relevant
definitions. a

n
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It is proved by Lubinsky, M&té, and Nevai [8, Theorem 5| that the measures v, that as-
sociate the mass Ay gn+3 4y with each zp gnis g, k=1,--+,2"" + 1, form an co—compatible
M-Z sequence. Further, it is proved in [10] that the kernel ®,,(1(*®); h, z,v) is a reproduc-
ing kernel of order n. Theorem 2.1 (respectively, Theorem 2.2) follows from Theorem 5.1
(respectively, Theorem 5.2) since u(*#) has finite logarithmic energy and [—1,1] is a reg-
ular set. Proposition 2.1 follows similarly from Proposition 5.2.

We now turn our attention to the proofs of the results in Section 4. The ideas are the
same; we only sketch the proofs when the technical details are essentially different. First,
we recall from [12, Theorem 3.3] that if each C,, admits a positive quadrature formula of
order 16n, and wy, x € C,, are nonnegative weights satisfying (4.1), then

> wdP)|<c [ POUGE.  Pel,

x€Cn

Thus, the sequence of measures associating the weight wy with x € C,, is the spherical
analogue of a sequence of M—7 measures.

We further recall an analogue of the Bernstein—Walsh inequality from [9, Estimate (22)]:
Form=0,1,--, 0<a<pg<m,

(W(Qﬁ —a) )2m

P <
max |P(x)] < (T

q
XGSB

max | P(x)], Pelll. (6.13)

x€SE

In [9], it was assumed that § < w. However, the same estimate holds clearly for § =7
because of continuity.

Proposition 4.1 is proved exactly as Proposition 5.2. There are no new ideas involved,
and we omit the proof.
PROOF OF THEOREM 4.1. The proof of (4.3) is similar to that of (5.10). The estimate
(4.4) is proved analogously to Theorem 5.1(b) with the following differences. The role of
Lemma 5.1 is played by (6.13). The analogue of Lemma 6.2 can be proved in exactly the
same way, using the fact that (1+x-y)"” < 2" if x # y. The definition of the class A, (xo)
is the substitute for Lemma 6.1. This is the reason why the estimate (4.4) is evidently
weaker than the estimate (5.11). Except for these technical differences, the proof of (4.4)
follows that of (5.11) in exactly the same way. The proof of part (b) is similar to that of
Theorem 5.2, with no new ideas. O

References

[1] V. ANDRIEVSKII AND H.—P. BLATT, “Discrepancy of signed measures and polyno-
mial approximation”, Springer Verlag, New York/Berlin, 2002.

2] C. K. CHuI, “An introduction to wavelets”, Academic Press, Boston, 1992.

3] K. S. ECKHOFF, Accurate reconstructions of functions of finite regularity from trun-
cated Fourier series expansions, Math. Comp., 64 (1995), 671-690.

[4] G. FREUD, “Orthogonal Polynomials”, Académiai Kiado, Budapest, 1971.

26



[5]

(6]

[7]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

D. GAIER, Polynomial approzimation of piecewise analytic functions, J. Anal., 4
(1996), 67-79.

A. GELB AND E. TADMOR, Detection of edges in spectral data, Appl. Comput.
Harmon. Anal. 7 (1999), no. 1, 101-135.

Q. T. LE GiA AND H. N. MHASKAR, Polynomial operators and local approrimation
of solutions of pseudo-differential equations on the sphere, Numer. Math., 103 (2006),
299-322.

D.S. LUBINSKY, A. MATE AND P. NEVAI, Quadrature sums involving pth powers
of polynomials, STAM J. of Math. Anal., 18 (1987), 531-544.

H. N. MHASKAR, Local quadrature formulas on the sphere, II, in “Advances in
Constructive Approximation” (M. Neamtu and E. B. Saff eds), Nashboro Press,
Nashville, 2004, pp. 333-344.

H. N. MHASKAR, Polynomial operators and local smoothness classes on the unit
interval, J. Approx. Theory, 131 (2004), 243-267.

H. N. MHASKAR, On the representation of smooth functions on the sphere using
finitely many bits, Appl. Comput. Harmon. Anal., 18 (2005), no. 3, 215-233.

H. N. MHASKAR, Weighted quadrature formulas and approximation by zonal func-
tion networks on the sphere, J. Complexity, 22 (2006), 348-370.

H. N. MHASKAR, F. J. NARCOWICH AND J. D. WARD, Spherical Marcinkiewicz-

Zygmund inequalities and positive quadrature, Math. Comp. 70 (2001), no. 235, 1113~
1130. (Corrigendum: Math. Comp. 71 (2001), 453-454.)

H. N. MHASKAR AND D. V. PAI, “Fundmentals of approximation theory”, CRC
Press, 2000.

H. N. MHASKAR AND J. PRESTIN, Polynomial frames: a fast tour, in “Approxi-
mation Theory XI, Gatlinburg, 2004” (C. K. Chui, M. Neamtu, and L. Schumaker
Eds.), Nashboro Press, Brentwood, 2005, 287-318.

C. MULLER, “Spherical harmonics”, Lecture Notes in Mathematics, Vol. 17, Springer
Verlag, Berlin, 1966.

I. P. NAaTANSON, “Constructive function theory, I”, Frederick Ungar Publ., New
York, 1964.

E. B. SAFF AND V. ToOTIK, “Logarithmic Potentials with External Fields”, New
York/Berlin: Springer Verlag, 1997.

E. M. STEIN AND G. WEISS, “Fourier analysis on Euclidean spaces”, Princeton
University Press, Princeton, New Jersey, 1971.

27



[20] G. SzEGO, “Orthogonal polynomials”, Amer. Math. Soc. Colloq. Publ. 23, Amer.
Math. Soc., Providence, 1975.

[21] J. TANNER, Optimal filter and mollifier for piecewise smooth spectral data, Math.
Comp. 75 (2006), no. 254, 767-790.

28



