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Abstract

Let s > 1 be an integer. A Gaussian network is a function on R® of the form g(x) = ij:l ay exp(—||x—
xk||?). The minimal separation among the centers, defined by (1/2) mini<jzr<n [|X; — X/, is an
important characteristic of the network that determines the stability of interpolation by Gaussian
networks, the degree of approximation by such networks, etc. Let (within this abstract only) the set of
all Gaussian networks with minimal separation exceeding 1/m be denoted by G,,. We prove that for
functions f € L*(R®) such that || f|[gs\(—¢,qs = O(t~°), if the degree of L (nonlinear) approximation
of f from G, is O(m™?), then necessarily the degree of approximation of f by (rectangular) partial
sums of degree m? of the Hermite expansion of f is also (’)(mfﬁ). Moreover, Gaussian networks in
Gm having fixed centers in a ball of radius O(m) and coefficients being linear functionals of f can be
constructed to yield the same degree of approximation. Similar results are proved for the L? norms,
1 < p < 0o, but with the condition that the number of neurons N, should satisfy log N = O(m?).

1 Introduction

Let s, N > 1 be integers. A Gaussian network with N neurons is a function on the Euclidean space
R® of the form x — Z]kvzl ar exp(—||x — xx||?), where || - || denotes the Euclidean norm on R?®, the
centers Xi are in R®, and ay € R, kK = 1,---, N. These functions can be evaluated in hardware using
parallel computation of the exponential terms, and are used extensively in many applications in pattern
recognition, computer graphics, antenna array theory, probability density estimation, etc. A typical
problem in all these applications is to approximate an unknown function (the target function) by such
networks. The approximation power of Gaussian networks has also been well studied [13, 4, 8, 5, 6]. In
[13], Park and Sandberg have proved that these networks possess universal approximation property; i.e.,
they can approximate an arbitrary continuous function on R?® uniformly and arbitrarily well on compact
subsets of R”.

The complexity problem in the theory of function approximation is to determine the connection
between the smoothness of the target function and the cost necessary to achieve an approximation with
a desired accuracy. We describe this problem in some abstraction, before describing the goals of the
present paper. The accuracy of approximation is usually measured with a norm on a normed linear
space, X. The approximating functions are chosen from one of an increasing sequence of subsets of
X, Vo Vi C --- C X, where the index m of V,,, denotes the cost associated with computing the
approximation. For example, V,,, may be the class of all polynomials of degree at most m. Since any
element of V,, requires m + 1 real parameters, and 2m floating point operations to evaluate it, m is
the cost associated with the class V,, in this example. In the theory of cardinal spline approximation,
the cost is usually taken to be the (reciprocal of the) separation between consecutive knots; in signal
processing applications, one may consider the sampling frequency as the appropriate cost. The degree
of approzimation of an element f € X from V,, is the distance of f from V,,,, measured in the norm of
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X. Although the target function f itself is typically not known, it is usual to assume that f satisfies
some a priori conditions, encoded by the statement that f belongs to a compact subset of X. It is
natural to expect that the stronger the conditions on f, the faster will be the rate at which the degree
of approximation of f from V,,, tends to 0 as m — oco. So, one considers a scale of compact sets W,, (for
example, the Sobolev classes), where the parameter o denotes the “smoothness” of f. A typical direct
theorem of approximation theory has the form: “If f € W, then the degree of approximation of f from
Vin is O(m™) for all m > 1”7. The corresponding converse theorem is usually much deeper, and takes
the form: “If the degree of approximation of f from V;, is O(m~) for all m > 1, then f € W,,”. Direct
and converse theorems are available in a variety of situations (cf. [7, 8]). Therefore, in approximation
theory, one sometimes defines the smoothness class by the rate of decay of the degrees of approximation
of its elements from a given sequence of sets V,,.

In this paper, we will explore the idea of measuring the cost of approximation by Gaussian networks in
terms of the (reciprocal of the) minimal separation among the centers, as in the case of spline functions,
rather than in terms of the number of neurons.

In the case of Gaussian networks (and radial basis function networks in general), a popular strategy for
approximating the target function is to interpolate the given data, taking the centers from the data itself.
In [11], Micchelli has proved that in contrast to polynomials, such an interpolation is always possible
for a large class of radial basis functions, Gaussian networks in particular. The error estimates in this
context are often obtained in the case of lattice data, and are in terms of the minimal separation between
the points at which the interpolation takes place [2]. In [12], Narcowich and Ward have estimated the
condition numbers of the interpolation matrices in the context of a general scattered data interpolation.
Their estimates are in terms of the minimal separation between the interpolation points, independent
of the number of points (and hence, of neurons) involved. In private conversations, many people have
confirmed that the minimal separation is the main issue they have to face in order to compute efficient
approximations.

Although the idea of thinking of the reciprocal of the minimal separation among the centers as the
cost of approximation is motivated by these considerations, we will not be studying interpolation here.
Instead, our main focus is to prove a converse theorem for approximation by Gaussian networks. We will
show that there is a close connection between approximation by Gaussian networks and that by weighted
polynomials; i.e., expressions of the form P exp(—||-||?/2), where P is a polynomial in s variables. Direct
and converse theorems for weighted polynomial approximation are well studied ([3, 8, 9]). Therefore,
we will define the smoothness classes in terms of the degrees of approximation by weighted polynomials.
There are more explicit, albeit complicated, expressions for these smoothness classes. One example is
given in the appendix.

An interesting consequence of this investigation is the following. We observe that, in general, approx-
imation by Gaussian networks, even for a fixed number of neurons, is a nonlinear procedure, since the
centers x; may be chosen dependent on the target function. In contrast, the problem of approximation
by weighted polynomials is a linear problem. Indeed, there are well known ([3, 8, 9]) linear operators
which give the best order of magnitude for the degree of approximation by weighted polynomials of any
given degree. Therefore, our converse theorem implies that if the degree of (the inherently nonlinear)
approximation by Gaussian networks, measured in terms of the minimal separation among the centers,
decays at a polynomial rate, then the same rate may be achieved using the linear operators of weighted
polynomial approximation, with a commensurate cost, measured in terms of the degree of the polynomials
involved. We note again, that there is no assumption about how the approximating Gaussian networks
are arrived at in verifying the rate of decay of the degrees of approximation.

This raises the question of constructing Gaussian networks as linear operators, which yield the nec-
essary degree of approximation. In this aspect, one can be more ambitious, and require that the network
should have the right number of neurons, in addition to having the right minimal separation among the
centers. In [8, Section 11.2], we have constructed Gaussian networks using linear procedures. If the degree
of approximation is measured in terms of the number of neurons involved, then the operators yield the
optimal order of magnitude for the degree of approximation, as measured by the theory of n-widths [1]
for functions belonging to modified Sobolev classes. One criticism of these constructions was that the
centers were required to cluster very close to each other. In this paper, we will remedy this concern,
and construct networks as linear operators, which yield the optimal order of magnitude for the degree of



approximation, measured both in terms of the number of neurons and the minimal separation among the
centers.

The first drafts of this paper have been in circulation for at least 1.5 years at the time of this
writing. Even though our focus in this paper is on the minimal separation rather than the number of
neurons, some new results have emerged in this theory in the meantime, where the cost of approximation
is measured, as usual, in terms of the number of neurons. One of the referees of this paper, as well
as Professor Ward at Texas A&M University, have pointed out that our results implicitly contain an
inequality, known as Bernstein inequality, in terms of the number of neurons, under some conditions on
the minimal separation. Professor Erdelyi at Texas A&M University has kindly sent us a manuscript in
preparation, where he proves this inequality purely in terms of the number of neurons, with no further
conditions. This inequality leads to the converse theorems in terms of the number of neurons, matching
our direct theorem in this theory. Our direct theorem in [8] is sharp in the sense of n-widths [1]. However,
the converse theorem applies to individual functions rather than a class of functions. In particular, it
appears that even if the cost of approximation is measured in terms of the number of neurons, if the
degrees of approximation of a particular function by Gaussian networks decays polynomially, then a linear
operator will yield the same order of magnitude in the error in approximating this function. We find it
astonishing, because many people have told us, based on numerical experiments, that one can achieve a
better degree of approximation by nonlinear procedures stacking the centers near the “bad points” of the
target function.

The main results of this paper are discussed in Section 2. The proofs of the converse theorems,
including all the auxiliary results, are given in Section 3. The proof of the direct theorem, including
all the auxiliary results needed there, are given in Section 4. The construction of Gaussian networks as
linear operators is reviewed in Section 5.

We would like to thank the referees for their numerous suggestions for the improvement of the pre-
sentation in this paper.

2 Main Results

Throughout this paper, s will be considered a fixed integer, s > 1. Our main objective in this section
is to compare the degree of approximation to a function of s variables by Gaussian networks with that
given by weighted polynomials. For x > 0, let II, s be the class of all polynomials in s real variables
with coordinatewise degree not exceeding x. The symbol W1I, s denotes the class of all functions of the
form x — exp(—|x||?/2)P(x), P € Il, 5, x € R®. In the appendix, we discuss the connection between
the smoothness of the target function and the degree of its weighted polynomial approximation. The
notation for the class of Gaussian networks will also involve different bounds on the centers as well as the
number of neurons involved. Thus, for m, M, N > 0, the symbol Gy ar,m,s denotes the class of functions
of the form

X — Z ay exp(—|x — xx||?), XXy €R apeR, 1<k <N, (2.1)
1<k<N, keZ

where max;<p<n ||Xx]| < M and the minimal separation, (1/2) x; —xx|| > m~'. Also, the

1§k,§r£11\1/,k;£j

union of the class of networks over a certain parameter will be denoted by writing the symbol oo in place

of that parameter; for example, Gn co,m,s := UM>0GN M m,s, €tc. If 1 <p < oo, and f: R* - Risa

Lebesgue measurable function, and A C R?® is a Lebsegue measurable set having positive measure, we

write

([ |1f(x)|Pdx}P, if 1 <p< oo
A

1fllp,a = (2.2)

ess sup | f(x)], if p = oco.
xEA

The set of all functions for which || f]|,.4 < oo is denoted by LP(A), where, as usual, two functions that
are equal almost everywhere on A are considered equal as elements of LP(A). If f € LP(R®), and S is a
subset of LP(R?), we write

dist (p; f,.S) := inf || f — gllp,r=- (2.3)
geSs



In the sequel, we adopt the following convention regarding constants. The symbols ¢, ¢y, --- will denote
positive constants depending only on s and p, but their values may be different at different occurrences,
even within a single formula. The symbol Sf will denote a positive constant that may depend upon the
target function f as well, and its value may also be different at different occurrences, even within a single
formula.

For the clarity of presentation, we begin by first discussing our results in the case when p = 2. In light
of the connection between the degree of weighted polynomial approximation of a function and its smooth-
ness (Theorem A.l in the appendix), the following theorem is a “converse theorem” for approximation
by Gaussian networks.

Theorem 2.1 Let f € L2(R®), 3,31 > 0. Suppose that
mm”f”Q,RS\[fcm?,cm?]S <15y, m > 1, (2.4)

and
dist (2; f,Goooom.s) < cim™ PS8y, m>1, (2.5)

for some positive constant Sy > || f||2,rs depending on f, s, f1, and 3. Then
dist (2; f, WII,, ;) < en~™nBA0/26, - p =12 ... (2.6)

We remark that the above theorem requires no assumptions regarding the size of the networks or the
different parameters involved in order to achieve the estimate (2.5), which may all depend nonlinearly
upon the target function. Also, the theorem applies to individual functions, rather than a class of
functions as in the theory of n-widths [1]. Indeed, the theory of n-widths is not applicable here, because
we measure the cost of approximation in terms of the minimal separation among the centers, rather
than the number of parameters. Finally, we remark that the condition (2.4) influences the degree of
approximation by weighted polynomials. It is not difficult to construct polynomially decaying functions
f in L3(R®) for which dist (2; f,Goc,com,s) = 0, and dist (2; f, WII,, 5) cannot decay too fast. One
example in the univariate case is >, k=2 exp(—(- — k)?), for which dist (2; f, Goo,00,1,1) is obviously 0,
but it can be shown using properties of Hermite polynomials that dist (2; f, W1l 1) > cn=3/2.

The direct theorem corresponding to the converse theorem above, will be stated in greater generality
below as Theorem 2.3. It is well known that the best L?(R®) approximation from WTL, s is simply
the n-th (rectangular) partial sum of the weighted Hermite expansion of the target function (cf. [14,
Theorem 4.16]). The direct and converse theorems here can therefore be regarded as giving sufficient
conditions under which approximation by Gaussian networks can be achieved using linear procedures,
without sacrificing the order of magnitude of the degree of approximation.

Along with the direct theorem to be stated later (Theorem 2.3) below, Theorem 2.1 implies the
following complete characterization of the functions with a polynomial decay near infinity and polynomial
decay for the degree of approximation by Gaussian networks.

Corollary 2.1 Let f € L*(R®), 8> 0. The following statements (a), (b), and (c) are equivalent.
(a) We have for every m > 1,
mﬁ|‘f|‘2,RS\[—cm2,cm2]S < Clsfa (27)

and (2.5) holds for some positive constant Sy > || f|2,rs depending on f, s, and (.
(b) We have
dist (2; f, W, o) < en™P/28;, n=12---. (2.8)

(¢) We have
dist (2; f, Geymzs comom.s) < cm 7Sy, m > 1. (2.9)

In the case of the more general LP spaces, in particular, in the case of uniform approximation, a
converse theorem similar to Theorem 2.1 holds under a mild additional assumption on the number of
neurons. However, we note that in spite of this assumption, the actual size of the networks yielding the
estimates (2.11) below, as well as the other parameters of the networks, are allowed to be chosen possibly
nonlinearly on the target function.



Theorem 2.2 Let 1 <p < oo, f € LP(R?), 8,51 > 0. Suppose that

m™ | f|

p,Re\[—cm?2,cm?2]s < cle, m > 1, (210)

and
dist (p; £, Gn,, 0c0,m,s) < CmeﬁSf, m > 1, (2.11)

for some positive constant Sy > || f||prs depending on f, p, s, b1, and B, and
Ny, < ez exp(cam?), m > 1, (2.12)
for some positive constants cs, cy depending only on p, s, and 3. Then
dist (p; f, WII,, ;) < en~minB:80/2g n=1,2---. (2.13)

In [8], we have described a recipe for obtaining Gaussian networks to approximate any weighted
polynomial arbitrarily closely. While the interest there was only in estimating the size of the network, the
following direct theorem estimates the degree of approximation by Gaussian networks, both in terms of the
number of neurons involved as well as the minimal separation among the centers, when the corresponding
degree of approximation by weighted polynomials is known. Linear procedures for a near best weighted
polynomial approximation are described in [9]. The operators there may also be evaluated using suitable
quadrature formulas without disturbing the degree of approximation, thus yielding linear approximation
schemes depending on samples of the target function. In Section 5, we will indicate how these operators
can be used to obtain Gaussian networks that are linear operators of the target function, and yield
the same order of magnitude for the degree of approximation as that given by weighted polynomial
approximation. Thus, in the case of the general L? spaces as well, Theorem 2.2 gives sufficient conditions
under which the inherently nonlinear process of approximation by Gaussian networks can be replaced by
a linear procedure, without sacrificing the degree of approximation.

The main interest in the following Theorem 2.3 is that it is a direct theorem that complements the
converse theorems formulated above, where we keep track of the minimal separation, the maximum norm
of the centers, and the number of centers, all at the same time.

Theorem 2.3 Let 1 <p < oo, f € LP(R?), and B > 0. Then (2.13) holds (with 5 = (1) if and only if
dist (p; f, Goo,em,m,s) < cm_ﬁSf, m > 1. (2.14)

We note that the class Goo,cm,m,s S Geym2s em,m,s for some ¢; > 0. Thus, if (2.13) holds, then (2.14)
gives the degree of approximation by Gaussian networks both in terms of the number of parameters (which
is comparable to that involved in weighted polynomial approximation), as well as in terms of the minimal
separation among the centers. Viewed in terms of the number of parameters alone, the construction
gives an optimal order of magnitude for the degree of approximation of functions in Sobolev classes,
as measured by the nonlinear n-width of these classes. Further, the infinite-finite-range inequalities of
weighted approximation (cf. [8, Theorem 6.1.6(c)]) show that an estimate of the form (2.13) implies
(2.10) with the same exponent of m = \/n as in (2.13).

3 Proof of the converse theorems

3.1 Ideas behind the proof

In order to prove Theorems 2.1 and 2.2, we would like to demonstrate that for any Gaussian network
g = arexp(—| - —x||?) with || g||, r= < 1, and the minimal separation among the nodes exceeding 1/m,
dist (p; g, WIl,,2 ) decays faster than any polynomial in 1/m. In turn, this involves estimating ) |aj|
and dist (p;exp(—|| - —xx[|?), WL,2 ).

The first estimate uses a theorem of Narcowich and Ward [12] (Lemma 3.2 below) regarding the lowest
eigenvalue of the matrix (exp(—||xx — x;||?). An interesting feature of this theorem is that the estimate
is independent of the number of neurons involved; which motivated our desire to treat the minimal



separation as the measurement of the cost of approximation. In the case when p = 2, this theorem
yields an estimate on Y |ag| in a trivial way. In the more general case, this involves the construction and
estimation of an orthonormal basis for the span of {exp(—| - —xx||?)}.

As to the quantity dist (p;exp(—| - —xx||?), WIL,,2 ¢), the infinite-finite range inequalities of weighted
polynomial approximation (cf. [8, Theorem 6.1.6(c)]) imply that this quantity cannot tend to zero if
|Ixx|| > ¢m for any ¢ > 1. Therefore, we have to consider g as a sum of two networks, one with centers
in the cube [—am, am]|® for a suitable constant a, and the other with centers outside of this cube. When
X), € [—am,am]®, one can estimate dist (p;exp(—|| - —xx||?), WIL,,2 ;) using the generating function for
the Hermite polynomials in a simple manner. Together with the estimate on Y |ag|, this leads to the
right approximation for this part of the network g. We will show that the other part has a small norm.
This part is easy in the general case, when we have made an assumption regarding the number of neurons
in the whole network. The case when p = 2 needs a more delicate estimate using the Narcowich-Ward
estimate.

There are many other technical details in the proof, which require extensively the theory of weighted
polynomial approximation [8, 9] and the properties of Hermite polynomials [15].

The proofs of the coefficient and subnetwork inequalities are different in the L? case from the more
general case. The L? case is discussed in Section 3.2; the more general case is discussed in Section 3.3.
The remaining parts of the proofs are the same for all the LP spaces, 1 < p < co. The approximation
of Gaussian networks by weighted polynomials is discussed in Section 3.4. The proofs are concluded in
Section 3.5.

3.2 Coefficient inequalities for L?*(R?)

In this subsection, we prove an estimate on the coefficients of a Gaussian network in terms of the L2-norm
of the network. We will also use this estimate to prove an inequality for the norm of a subnetwork with
centers outside a “large” cube. The starting point of this investigation is the following observation.

Lemma 3.1 Let g =Y apexp(—|| - —xx||?) € GN 00,005, and
A= (V/7/2)% (exp(—lx; — xx]*/2)) Neer - (3.1)
Then
N
lgl3es = > ajarA;e. (3.2)
2,j=1

PROOF. The equation (3.2) is clear from the fact that for any integers 1 < ¢,5 < N,
/ exp(— 1% — x¢2) exp(~[}x — x;]|2)dx
RS
- / exp(—[[x — x¢ + x; |2) exp(—[x]2)dx
RS

— [ exp (<2l 2x (e = x)) — e ) dx
Rs

2
= exp(—|\xe—xj|\2/2)/ exp <—2 )dx
Rs

= (V7/2) exp(=llxe —x;°/2). (3-3)

O

Xy — X4

X —

In [12], Narcowich and Ward have given an important estimate on the minimal eigenvalue of the
matrix A.

Lemma 3.2 Let N > 1 be an integer, X1,---,XyN be any points in R®,
a4 2 1§j,li§N J k '



be the minimal separation between the points, and

1/(s+1)
§ =6y =12 (gr2 (S;2>) . (3.5)

The matriz A, defined in (3.1), is positive definite, and its lowest eigenvalue A

min Satisfies

Ain = cq”* exp(—26%q~2). (3.6)
The following proposition gives some useful, although perhaps crude, estimates on the coefficients of
the network g in terms of its norm.

Proposition 3.1 Let N > 1 be an integer, x1,---,Xn be any points in R®, q be the minimal separation
as defined in (3.4), § be as in (3.5), and

N
9(x) =Y ag exp(—x — x|*). (3.7)
k=1
Then
N
> lakl? < cq® exp(20%q72) |93 g (3.8)
k=1
and
N N
Z lag| < eNY2¢5/? exp(62¢~ ) ||gllzrs < eNY2¢3/% exp(62¢72) Z |ak|. (3.9)
k=1 k=1

PROOF. Let the matrix A be defined as in (3.1). Since A is positive definite, its lowest eigenvalue satisfies

>0 azAg
N = “‘min-
2= laxl?
In view of (3.2), the estimate (3.6) now implies (3.8). The first inequality in (3.9) is obtained by using

the Schwarz inequality and (3.8). To prove the second inequality in (3.9), we observe that || exp(—| -
~y[1?)||2,rs = 7/2 for each y € R®. The desired inequality now follows from the triangle inequality. O

The following corollary of Proposition 3.1 will be used the proof of Theorem 2.1.
Corollary 3.1 Let N > 1 be an integer, x1,---,Xx be points in R*, m > 1, g = Zszl ay exp(—|| -

—kaQ) € Goo,00,m,ss and S C {1,---,N}. Then there exist positive constants ¢ and v dependent only on
s, and in particular, independent of S, such that

1D arexp(=Il - =xk]*)22- < €|S["/2 exp(y*m?)|g]
keS

2o (3.10)

PROOF. We use the second inequality in (3.9), followed by Schwarz inequality, and (3.8) to obtain

1/2
1Y arexp(=]| - =xxkl))llops <> lax| < ¢|S|"? {Z Iaklz}

kes kes kesS

N 1/2
< s {Z mf} < clS1/2 exp(r7m?) g oz
k=1

Finally, we prove a technical inequality regarding a subnetwork having centers outside of a cube.



N,

Proposition 3.2 Let g := Z ar exp(—|| - =xx/?) € Goo.00,m.s, and a,b > 0. There exists a constant A
k=1
depending only on a, b, and s (but not on g) with the following property: Let L := {k : |xx| > Am},
and h = Z ap exp(—|| - =xx||?). Then
kel
1]l2,[—am,am)s < cexp(=b°m?)| g2 (3.11)

PRrROOF. We may assume that ||g||2,g= = 1. The estimate (3.8) implies that

Nim

Z lar)? < cexp(2a®m?), (3.12)
k=1

where we may assume that o > y/sa. Let Ly := {j : 2Fam <|x;|| < 2¥"tam}. Then |Li| < ¢(2Fm?)s.
For j € Ly, and x € [—am, am]®, we have

Ix; — x|| > 28am — /sam > (2F — 1)am.
Therefore, for k > 2,

1> ajexp(=[l - =% 1°)ll2.—am.am)s < (2am)** exp(—=(2" = 1)%a’m?) > |a]
JEL JELk

1/2
> lagl?

o’m?)
JjeLy

1/2
o®m?) {

< o2 m?)/? exp(—(2"

No
> layl?
=1

_ 1)2
< (28 m®) 2 exp(—(2" — 1)
F_1)2 —1)am?) < ¢(28m®)*/? exp(—(2Fam)? /2) (3.13)

< e(2Pm®)* % exp(—((2

We let K be an integer greater than 2 + logy(b/a), and L = U2 - L. Then

o)
||h||2,[—am,am]3 < Z || Z a; eXp(_” ! _Xj|‘2)||2,[—am,am]3 < Cm35/2 exp(—2b2m2).
k=K jeLp

This completes the proof. O

3.3 Coefficient inequalities for LP(R?)

In this subsection, we prove the analogues of Propositions 3.1 and 3.2 in the case of the L? norms. The
conclusions of the propositions are qualitatively the same; the proofs are different, and sometimes require
the additional condition (2.12) on the number of neurons.

Proposition 3.3 Let N > 1 be an integer, X1, --,Xy be any points in R, g be as defined in (3.7), q be
the minimal separation as defined in (3.4), 6 be as in (3.5). Then for 1 < p < oo,

N N

Z lax| < cN?g¢* exp(26%¢~2)||gllprs < c1N?¢* exp(26%¢~2) Z |ak|. (3.14)
k=1 k=1

The main difficulty in the proof of this proposition is the lack of an analogue of an explicit expression
for ||g||p,r= and Lemma 3.2. Our remedy is to find an orthonormal basis for the span of {exp(—||-—xx[|?)},
and use Lemma 3.2 to estimate the coefficients of the networks involved.



Lemma 3.3 Let N > 1 be an integer, X1,--+,Xn be any points in R®, and V' be the span of the functions
exp(—|| - —x;]|?), 1 <j < N. Let A be the matriz defined as in (3.1), and an upper triangular matriz R
be found so that A~ = RTR. Let

N

pe(x) =3 Repexp(—|x —xif?),  £=1,--,N. (3.15)
k=1

Then {pe}1<e<n s an orthonormal basis for V.. Further, with q,6 defined as in (3.4), (3.5) respectively,
we have
Z RZ, < c¢Ng®exp(20%¢72). (3.16)
1<LR<N

ProOF. First, we observe that A being a positive definite matrix, the upper triangular matrix R indeed
exists as stated. Further, in view of (3.3), we verify that

/pg(X)pj(X)dX Z Rk Rj v Ak, = (RAR")y
Rs 1<k,v<N

(RR™Y(RT)™'R")e;

1, ife=j,

o 0, otherwise.

This proves that {pg}é\’: 1 is an orthonormal basis for V. Further, if A;,---, An are the eigenvalues of A
in decreasing order, we have

N N N
D Rix = D) RiRen=) A
1<Lk<N k=1 (=1
Y1 _N
2Ty
k=1 """
The estimate (3.16) follows from (3.6). O

PROOF OF PROPOSITION 3.3. The second inequality in (3.14) is clear:

N

v < 3 Jaelll exp(—] - —xel|?)

k=1

lp.r Z |ag.

g1 pie = [lexp(=|[ -|

Let {p¢} be the orthonormal set constructed in Lemma 3.3, and

be :/ g(x)pe(x)dx, ¢=1,---,N.
Rs

Let p’ be chosen so that 1/p+ 1/p’ = 1. In view of Lemma 3.3, we see that

N N

Ipellyrme <O [Resll exp(—[ - =kl llpr e < ¢ [Rexl.
k=1 k=1

Hence, Holder’s inequality implies that

/ g(x)pe(x)dx
-

N

< cllgllprs Y [Rexl- (3.17)
k=1

|be| =

Since

N N N
=Y bepe(x) = > D beReg}exp(—[x — x|,
=1

k=1 (=1

©



we see that a, = Zévzl biRe, k=1,---,N. Therefore, (3.17) implies that

Z |ak| < ZZ |bel| Re k|

k=1/¢=1

< c|g||pRszz{|RM|Z|Rm}—c||g|msz{z|m|} (3.18)

k=1/¢=1 (=1

Using Schwarz inequality and (3.16), we deduce that

N N
Z {Z | Ry, k|} < NZZ |R[7k|2 < eN?¢® exp(26%¢72).

=1 =1 k=1
Along with (3.18), this implies the first inequality in (3.14). ad
The following analogue of Corollary 3.1 follows immediately from Proposition 3.3, and will be used

in the proof of Theorem 2.2.

Corollary 3.2 Let 1 < p < oo, A,m > 1,1 < N < exp(4Am?) be an integer, x1,--, Xy be points in
RS, g = Efgvzl apexp(—|| - —xk||?) € GN.ocom.s, and S C {1,---,N}. Then there exist positive constants
¢ and vy dependent only on A and s, and in particular, independent of S such that

13 ax exp(= - =)l e < cexp(r’m?)lglp 2 (3.19)
kes
PROOF. In view of (3.14),
N
1D anexp(=I| - =xi]*)lpze < €D larl <Y lar] < eN? exp(26°m®)| gl e
kes kes k=1
The inequality (3.19) now follows from the assumption that N < exp(Am?). ad

The following proposition is the analogue of Proposition 3.2.

Proposition 3.4 Let g := Zak exp(—| - —xx||?) € Gn,, coms, 1 < p < o0, and a,b > 0. There
exists a constant A dependin; only on a, b, s, and p (but not on g) with the following property: Let
L:={k : ||xk|]| > Am}, and h := Z ap exp(—|| - —xx||?). If (2.12) holds then
keL
1Bllp,[—am,am)s < ¢ exp(=b°m?)||g]|p,e. (3.20)

PROOF. We may assume that ||g||pr- = 1. In view of (3.14) and (2.12), we conclude that there exists a
positive constant, to be denoted (in this proof only) by «, such that

N,

> Jak| < c1exp(a®m?). (3.21)
k=1

Let A = /sa+ va? +4b?, and ||w|| > Am. Then for x € [—am, am]®,

exp (= ([lwll — [1x])?)

exp (—(A — Vsa)?>m?) = exp (—(a® + 4b%)m?) .
Applying this estimate to each of the basic Gaussians in h, we get from (3.21) that

2]l p, (= am,am]s < (2am)5/p exp (—(a2 + 4b2)m2) Z lak| < ems/P exp(—4b*m?).
kel

exp(—[|w —x|*) <
<

10



3.4 Approximation of networks by weighted polynomials

In this section, we obtain estimates on the degree of approximation of Gaussian networks by weighted
polynomials. The statement and proof for the following lemma are the same for all LP norms.

Proposition 3.5 Let A,B >0, 1 < p < oco. There exists a constant C depending only on A, B, p, and
s with the following property. For any g € Goo, Am,m,s, there exists a polynomial Py € lleop,2 s such that

lg = Py exp(=[| - 1*)llpre < c1exp(=B*m?)]gllp.r-- (3.22)

In the proof of this proposition, we will make extensive use of the classical Hermite polynomials {hy},
defined formally by the generating function (cf. [15, formula (5.5.7)])

2\ . _1/4 — h (y)
exp(2yt — t2) =: 7/ k; \k/ﬁ (V2t)". (3.23)

The polynomial hy, is of precise degree k, and satisfies (cf. [15, formula 5.5.1])

17 lfk:jakajzovlaa

/th(y)hj () exp(—y*)dy = { 0, otherwise. (3.24)

For a multi-integer k, we define

hk(x) = f[ hkj (wj) (3.25)

Writing k! := H;Zl k;!, and using standard multivariate notation, we have

exp(—2x - w — |[w||?) = 7°/4 I () w)k
p(—2 [wil%) kzzo N (Vaw)k, (3.26)

and for k,j > 0,

. _ 2 _ 17 1f k = ju
[ mmseen-xia={ g SRS (3.27)
The next lemma gives a useful estimate for the approximation of exp(—|| - —w/||?) by weighted poly-
nomials.
Lemma 3.4 For integer n > 1, w € R®, let
h _ 2
Pulxw) =t 3 ) eXp(' %) e (3.28)
0<|k|<n =
Then for any p, 1 < p < oo,
. (V2s||w|)" Tt exp(s||w]|?
Jexp(—ll - W) = Pale, W)l < eqne Y2V XPUIWE), (3.29)
Vnl
In order to prove this lemma, we first need a simple estimate.
Lemma 3.5 For any r > 0 and w € [0,00), we have for n > 4r — 3,
oo kT . nrfl/anJrl )
w" < c———=—exp(w”/2), 3.30
> i W (w/2) (3.30)

k=n+1 :

where ¢ is a positive constant depending only on r.

11



ProoF. First, we observe that for any integer M > 1 and u > 0,

< uk uM S uk (k+ M oM u
ZE‘MZE< ; ) <" (3:31)
k=M k=0

Hence, using Schwarz inequality and the fact (obtained from the Stirling approximation to the factorial)
that

we obtain for w € R that

S VMM o M
w2)2M 2M )2
= C%(uﬁ)mw exp(w?) < C((2]\)/[)! exp(w?) = ¢ (2M))! exp(w?),

and

s w2k+1 2 w 2k 2 (w2M+1)2 ,
<k_ZM W) = ( 2M +1 Z (2k)!> = C(2M+1)! exp(w”).

Thus, we conclude that

wN

—<c
,;V\/H_ VN

Next, we assume without loss of generality that r is an integer. Since k > 4r — 2 implies that

exp(w?/2). (3.32)

% = <1 - QT/; 1)2” (k—2r)l > (1/2)* (k= 2n)!,

(3.32) leads to

o r o k n+1

kK" g 9 w w 9
Y Ebcar Y e gt
k=n-+1 V! h=ni1or VH! (n+1—2r)!
This implies (3.30). O
PROOF OF LEMMA 3.4. From (3.26), we obtain that
h _ 2
exp(—||x . WH2) — /4 Z k(x) exp( ”X” )(\/iw)k (3'33)
k>0 V!
Using the arithmetic-geometric inequality, we see that |w*| < [|w]||'*l. Since ||hxexp(—| - [|2/2)|lprs <
c1]k|¢ (cf. [8, Theorem 6.2.10]), we see that |hxexp(—| - [|?)|lprs < c1]k|® as well. Therefore, (3.33)
implies that
[kl (v2]lw])
lexp(=l - =wll*) = Pu(, w)llpzs Ser Y BV
[k|>n+1 :
A AL EIL (g )1/2 <o 30 SV
il ! - 1l ’
j=n+1 \/j_ |k|=j ki j=n+1 \/J_
The estimate (3.29) now follows from Lemma 3.5. m|

12



PROOF OF PROPOSITION 3.5. Let g = ngv;"l ar exp(—|| - —xx||?) € Goo, Am.m.s- Necessarily, N,,, < cm?S.
Therefore, (3.14) implies that

N
S lax] < evm® exp(eam?)|lg]
k=1

p,Rs - (334)

Now, let n = Cm?, where C' > 1 is a constant to be chosen later. Using Lemma 3.4, we obtain P, (-,Xy)
such that for k=1, -+, N,,,

(V2] ) " exp(s]|xx 1)

lexp(— - —xul®) = Paleoxi)lpe < exn e
- . (V25Am) ("D exp(s A%2m?)
< cam nll/2 '

Therefore, the function h = ZkNgl ar P, (-, xy) satisfies

(cam) ™) exp(czm?/2)
nll/2

lg — |

pRe < c1l|gllprem©

(cam)™” exp(csm?)

< s

< gl (Cm2)Cm? 2414 exp(—Cm?2/2)

< gllprs exp (m*(c + ¢1C — e2Clog C)) . (3.35)
We may now choose C' large enough to ensure that ¢ + ¢;C — c2Clog C < —B2. O

3.5 Proof of Theorems 2.1 and 2.2

In order to prove these theorems, we need one more fact from the theory of weighted polynomial approx-
imation.

Lemma 3.6 Let n > 1 be an integer, 1 < p < oo, and B > 0. There exists a positive constant cp
depending only on B, p, and s such that for every P €11, g,

1P exp(=Il - %) llp mo(—en v sy < exp(=Bnr)|[Pexp(=[l - [*)]pz:- (3.36)

PROOF. The lemma follows easily from the univariate infinite-finite-range inequalities [8, Theorem 6.1.6(c)].
O

We will prove Theorem 2.2 first.
PROOF OF THEOREM 2.2. Suppose g = Ziv;"l ar exp(—|| - —xx||?) is chosen so that

If = gllprs < em™7S;, (3.37)

where N,,, satisfies (2.12). Necessarily, ||g|/prs < Sy.

Let ¢ : R — [0,1] be an infinitely many times differentiable function such that ¢(z) = 1 if = €
[—1/2,1/2] and @(z) = 0 if x ¢ [—1,1]. Set ¢(x) := [[i_, p(zx/m), x € R%. Then ¢ is an infinitely
many times continuously differentiable function on R®, ¢(x) = 1 if x € [-m/2,m/2]°, and ¢(x) = 0 if
x ¢ [—m,m]*. Tt is not difficult to see that ||(1+ ||x]|?)7/2D¢||cors < ¢; for any partial derivative D of
order j, with a positive constant ¢; independent of m. Therefore, the results in [9] imply that there exists
a polynomial P € IL,,2 ; such that

¢ — Pexp(—| - [I*)locre < em™". (3.38)
We will write P := Pexp(—|| - ||?). Using Lemma 3.6, we find @ > 1 such that
IPlloc, o\ [—am,am]s < €1exp(—3y*m?), (3.39)

where + is the constant appearing in Corollary 3.2.

13



Next, we use Proposition 3.4 with /37 in place of b to obtain a number A, the set L and the
subnetwork h of g such that

(2l p, (—am,am)s < c1 exp(—37y*m?)S;. (3.40)
Clearly, the network g — h contains at most cm?® neurons. In view of (3.19), we observe that
llg — hllpre < cexp(2y°m?)Sy. (3.41)
Since a > 1 and ¢(x) = 0 outside of [—m, m]*, we see from (3.40) that
|ph||prs < cexp(—37*m?)S;. (3.42)
From (3.40) and the fact that ||P||co,rs < ¢, we obtain that
PRy, (= am.am]s < cexp(—3y*m?)S;. (3.43)

In view of (3.39) and the fact that ||g||p,rs < S§, we see that

1Pgllp e —am.am): < cexp(—3~2m?)S;.

Similarly, (3.39) and (3.41) imply that
1(g = B)Pllpro\[—am,am)s < cexp(=y*m?)S;.

Consequently,

||Ph||p7R5\[—am,am]5 < Cexp(_ﬁyzmQ)Sf'
Together with (3.43), this implies that

IPR||prs < cexp(—”yzm2)8f.
Therefore, (3.42) implies that
(¢ = P)hllprs < cexp(—y*m?)S;.
Since (cf. (3.38))
16 = P)gllpze < em™Sy,
we conclude that
1(¢ = P)(g = )llprs < em™75;. (3.44)

Since g — h € Gemes Am,m,s» We may use Proposition 3.5 to obtain a polynomial @ € I, 5, such that

with Q = Qexp(—| - ||?),
lg — b — Qllpas < e1 exp(—12m?)S;. (3.45)

Since
l6g = PQllp.rs < [[#hllpre + I( = P)(g = P)llpre +[I(g —h = QPllpre,
the estimates (3.42), (3.44), (3.45) lead to
lég — PQllps < em ™Sy (3.46)

Now, using (2.10) and the facts that 0 < ¢(x) < 1 for x € R® and ¢(x) = 1 for x € [-m/2,m/2]®, we
obtain

If = PQllpre If = ¢fllpre +11(f = 9)0llpre + 169 — PQllp.re

<
< emmmnBAg,

Since PQ has the form Rexp(—2| - ||?) with R € II,,2, we have proved that for every integer v > 1,
there exists R, € I, ; such that

If = Rexp(=2]| - |*)llp,ee < cv™ M2,

According to Corollary 3.1 in [9], this statement is equivalent to (2.13), which involves exp(—|| - [|?/2)
rather than exp(—2]| - ||?). ]

PROOF OF THEOREM 2.1. The proof of this theorem is verbatim the same as that of Theorem 2.2, except
that we use Corollary 3.1 (and (3.10)) in place of Corollary 3.2 (respectively, (3.19)) and Proposition 3.2
in place of Proposition 3.4. We observe that these results in the case of L? norm do not require the
condition (2.12). m|
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4 Proof of the direct theorem

In this section, we prove Theorem 2.3. As expected, an essential ingredient is to approximate weighted
polynomials by Gaussian networks.

For n =1,2,---, a discrete (signed) measure v, will be called a quadrature measure if v, is supported
at finitely many points, [5. exp(||x||?)|dv,(x)| < ¢1n¢, and the following quadrature formula holds.

P(x)dun(x):/ P(x)exp(—||x|2)dx, P € Mg, (4.1)
Rs Rs

A well known example [15, Section 3.4] is the following. Let {xj 2, } be the zeros of the polynomial hay,

and
on—1 -1
Ak2n = { > hf(ivk,zn)}
(=0

be the corresponding Cotes numbers. For a multi-integer k, we write

Xk 2n = (Thy 2n, s Thy 2n), and Ak on 1= H§:1 Ak, ,2n- Using the well known univariate Gauss quadra-
ture formula, we can verify that the measure v that associates the mass Ak 2, with each of the points
Xk,2n satisfies (4.1). The fact that it satisfies the condition [;. exp(||x[|?)|dv};(x)| < ¢in® follows from
the corresponding univariate theorem [8, Theorem 8.2.7]. Thus, the measure v defined in this way is
a quadrature measure. Other examples can be constructed, based on “arbitrary” nodes, by imitating
the arguments in [10]. In the following discussion in this section, one may assume that the quadrature
measure is given by v;.

The first step in our estimate is the following lemma.

Lemma 4.1 Letn > 1 be an integer, 0 < w < 1,1 < p < oco. Let v, be a quadrature measure, and

T (%) = w10 (1 (1 — w?))~5/2 / exp <w||Y|2)

14+ w?

14 w? 2wy
X Paly) e (‘m b

Then there exist positive constants c1,c depending only on s and w such that

) dvn(y). (4.2)

Ihmexp(=] - [/2) = Tmnuwllpre < cinw”,  0<m<n. (4.3)

We observe that with the choice w = 1/v/3, n = m?, and v, = v/, Tm)n71/\/§ € Gem2s cym,com, s
PRrOOF. The proof is based on the Mehler’s formula [15, Problem 24, p. 380]

2zyw — r?w? — y?w?
1—w? '

> helolu)ut = (n(1 = w) 2 exp (
k=0
Multiplying this identity several times yields

(4.4)

Y ) hic(y)w = (m(1 = w?)) " exp

<2x yw — [Ix[Pw? - |y||2w2)
k>0

1 — w2

Since 0 < w < 1 and |hk(y)| < cexp(|ly||?/2) for all k (cf. [8, Theorem 6.2.10]), this series converges
uniformly and absolutely on compact subsets of R® x R®. We observe that

2x - yw — |[x[Pw® — |ly|?w? |x[? _ w?llyl*  1+w® || 2wy
1—w? 2 1+w?2  2(1—w?)

Hence, (4.4) and the definition (4.2) imply that for m > 0,

> hae(x) exp(—|1x[|* /2)w!™! / () (¥)dvn (y) = ™ Teg 00 ().

k>0 R
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Since the quadrature formula (4.1) is valid for polynomials of degree at most 3n, we conclude that for
0<m<n,

Tm,n,w(x) - hm(x) exp(—||x||2/2)
= w3 () exp(—IIx]12/2)w* / hac(y)han (3 )0 (y). (4.5)

k+m«3n

We recall again that |k (y)| < cexp(||y||?/2) and the condition that

[ expllyPlavay)] < ean’.
RS
Further, ||k exp(—|| - [|?/2)|lp,rs < c1]k|¢. Hence, (4.5) leads to

[hem exp(=| - 1?/2) = Tommowllpre < cxnw™ ™ Z k[cwkl < ¢incw? =Wl < epnewn.
K>2n

O

The following proposition shows the construction of a Gaussian network to approximate a weighted
polynomial.

Proposition 4.1 Let P = > 1., bxhk € I, s, m = /n, and gp := > qcpeen 6Ty, V3 where the
networks 71{7"11/\/3 are constructed as in Lemma 4.1. Then for 1 <p<oo,

1P exp(=[l - I7/2) = gpllpre < cexp(—cam®)||Pexp(=|| - [I*/2)]pz:- (4.6)
PROOF. Since ([8, Theorem 6.2.10])
Ihexp(—()2/2) g < 1l + 16, k=0,1,+, 1<g< o,

we get for 0 <k <mn,

|bk| = / P(x)hi(x) exp(—||x[|*)dx| < ern®||Pexp(—| - [?/2)llp,z-,
and hence,
> bkl et Pexp(—| - [17/2)llpre = crm®|[Pexp(=| - 1*/2)]p,z:- (4.7)
0<k<n

From the estimates (4.7) and (4.3), we conclude that

1P exp(=| - 17/2) = gpllprs < cexp(—cam?)[|Pexp(~| - |*/2)|

p,Rs -
O

Remark. We recall that the centers of the networks 7, . /v/3 are independent of k. Hence, if the
quadrature measure in the construction of these networks is vy, then the network gp € Gep2s cym.com,s-
PROOF OF THEOREM 2.3. Suppose that (2.13) holds, and let P = Zogkgn bihy € 11, s be found so that

If = Pexp(=I - |?/2)llpre < n™9/25;.

Necessarily, ||[Pexp(—|| - |?/2)||pr: < Sy. Constructing the network gp as in Proposition 4.1 (where the
quadrature measure is chosen to be %), we conclude from (4.6) that || f — gp|lprs < m~"S;.

Next, we prove the converse. Let g = Zivfl ar exp(—|| - —=xx||*) € Gn,, cm,m.s be found so that

1f = gllpre <m™"S;.
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Necessarily, ||gprs < Sy, and N,, < cm?s. Therefore, Proposition 3.5 yields a polynomial P, € II,2 s
such that

1f = Pyexp(=] - |*)] pie + g = Pyexp(=[ - [))llp.s < cim™"S;.

pRe < Ilf =gl

We have now proved that for each integer v > 1, there exists a polynomial R, € II, s such that
1f = Ry exp(= - *)llp,ee < v™7725;.

According to Corollary 3.1 in [9], this statement is equivalent to (2.13), which involves exp(—|| - [|?/2)
rather than exp(—|| - [|?). O

5 A construction for Gaussian networks

In this section, we recall a construction of linear operators which yield a near best degree of approxima-
tion by weighted polynomials, and hence, construct Gaussian network approximations which are linear
operators. In the case when the degree of weighted polynomial approximation to the target function
decays polynomially with the degree, the degree of approximation given by our networks has the same
order of magnitude, both in terms of the number of neurons, as well as the (square of the reciprocal of)
the minimal separation among the centers.

In this section, let
, if e <1/2,
(1—1t)), if1/2<t| <1,
) if ¢ > 1,

o(t) =

el

and

D(x) := H(b(:vj), x= (21, -, Ts).
j=1
Let 1 < p < oo. For f € LP(R?), and multiinteger k > 0, we define the Hermite coefficient of f by
bi(f) := A F()hi(t) exp(—|[t]]*/2)dt. (5.1)

For integer n > 1, the polynomial operator V;,(f) is defined by

Vo(f%) =Y ®(k/n)bic( f)hnc(x) exp(—|[x]|*/2). (5.2)

k>0

We define the networks 7, , ., V3 s in Lemma 4.1 using the measure v, and the operator

G (f%) = Y ®(k/m*bic( )Ty 2,13 (). (5-3)

k>0

Then G (f) € Gemzs com,com,s- We have proved in [9] that

I1f = Va(£)l

pks < cdist (p; f, WIL,, s 5), felP(R®), n=1,2,---.
Consequently, Proposition 4.1 shows that if dist (p; f, W1II,, 2 5) < n_ﬁ/QSf, then

If = Gm(F)llprs < em ™Sy,
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A Appendix

For the convenience of the reader, we summarize here some facts regarding direct and converse theorems
of weighted polynomial approximation theory. The degree of weighted polynomial approximation depends
both on the decay of the target function near infinity as well as its smoothness. In [3], Freud introduced
a modified modulus of smoothness ((A.3) below) that measures both. For a function f : R — R and
h € R, we define the forward differences of f recusively by

A}ll(f7x) = f(ac—l—h)—f(x), AZ(][,LE) = Az_l(A}lz(fvx))v r=23,--. (Al)
One defines A9 (f,z) := f(z). The decay of the function will be measured by the auxiliary function
_ Jh@ a2 if [z <AL
Qnlw) = { 1, otherwise. (A-2)

Freud introduced the following modification of the usual modulus of smoothness for f € LP(R) (1 <p <
00) and § > 0.

wr(pv f7 5) = Z\i?fg”@g_JAif'ﬂRa r= 1727"" (A3)
j=olr=

The following equivalence theorem is a reformulation of the corresponding theorem by Freud.

Theorem A.1 Let > 0 and r > 3 be an integer, 1 < p < oo, f € LP(R) (respectively, f € Co(R) if
p =0o0). The following statements (a), (b), and (c) are equivalent.
(a) We have

dist (p; f, WL, 1) < cn_ﬁ/QSf, n=12---. (A.4)

(b) We have
wr(p; f,6) < 8PSy, 6> 0. (A.5)

(¢) If k and j are positive integers and 0 < § — j < k then f has a derivative of order j, fU) € LP(R)
(Co(R) if p=oc). Denoting by g(x) = exp(—22/2) f(x), we have

wi(psexp((-)?/2)g\),8) < e6?77Sy, 6> 0. (A.6)

In [9], we have defined a multivariate analogue of the modulus of smoothness (A.3), and obtained
the analogue of the above theorem. We did not formulate the analogue of part (c) there, because it is
thought to be routine. We observe that if an estimate of the form (A.5) is valid for some r > 3, then it
is valid also for all > (3, because the equivalent statement (A.4) does not involve r.

While Theorem A.1 shows that the degree of weighted polynomial approximation of individual func-
tions is equivalent to their smoothness as measured by the modified modulus of smoothness, the theory
of nonlinear n-widths [1] can be used to show that weighted polynomials are, in the sense of order of
magnitude, the optimal class of approximants for functions in the class W), g defined by

W5 = {f € LP(R) : supd ", (p; f,6) < 1}, (A7)
6>0

where C(R) is understood in place of LP(R) in the case when p = occ.
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