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Abstract

Let ¢ > 1 be an integer, S? denote the unit sphere embedded in the Euclidean
space R and p, be its Lebesgue surface measure. We establish upper and lower

bounds for
M
sup | [ fdpg— Y wef(xk)|,  xk €S, wp€R, k=1, M,
J€Byp |51 k=1

where B) , is the unit ball of a suitable Besov space on the sphere. The upper
bounds are obtained for choices of x; and wy that admit exact quadrature for
spherical polynomials of a given degree, and satisfy a certain continuity condition;
the lower bounds are obtained for the infimum of the above quantity over all choices
of x; and wyg. Since the upper and lower bounds agree with respect to order, the
complexity of quadrature in Besov spaces on the sphere is thereby established.
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1 Introduction

Let ¢ > 1 be an integer, S? be the unit sphere embedded in the Euclidean space R+,
and yi, be its Lebesgue surface measure, so that

-—/d B orla+1)/2 (1.1)
T o M T (g )2y |

For integer N > 0, let I1%; denote the class of all spherical polynomials of degree at most
N i.e., the class of restrictions to S? of polynomials in ¢ + 1 variables with total degree
at most N.

Many applications in geophysics and partial differential equations require an approx-
imate evaluation of an integral of the form [, fdju,. Therefore, several mathematicians
have recently investigated quadrature formulas for such integrals that are required to be
exact for f € I1% and high integer values of N. The examples include the product Gaus-
sian formulas in the book [27, Chapter 2] of Stroud, Driscoll-Healy formulas [6, Theorem
3], and some newer formulas by Brown, Dai and Sheng [2, Theorem 4], Potts, Steidl, and
Tasche [22]. Numerically stable interpolatory quadrature formulas based on points that
maximize a certain determinant have been studied by Sloan and Womersley [25, Sections
4 and 5]. Jetter, Stockler, and Ward [12] have established the existence of signed quadra-
ture rules based on “scattered data”; i.e., in the case when no assumptions are made
on the location of the nodes. The existence of positive quadrature formulas based on
scattered data is proved in [17, Section 4, Theorem 4.1]. Some ideas on the computation
of these formulas are also given in [17]. The number of data points for which quadrature
formulas, exact for I1%, can be obtained is proportional to the dimension of I1%.

For a quadrature formula of the form Q f = 2114\4:1 wi f(xx), where wy, € R and x;, € S,
that is exact for polynomials in I1%,, an obvious error bound can be obtained by observing
that for any P € II%,

fdpg — Qf‘ =
Sq

M
/ (f = P)duq — Q(f = P)‘ < <wq + Iwk|> max | f(x) — P(x)].
s k=1 *
Therefore, if f is a continuous function on S?, and

Bl ) i= i {max|0) — P9 < Peiy

xeSe

we have

k=1
The rate of convergence of En o (f) to zero as N — oo is traditionally expressed in terms
of moduli of smoothness of derivatives of f (see for example Ragozin [23, Theorem 3.4]).
A recent result [8, Proposition 4.3 (b)] directly in terms of derivatives is that, if v > 0, and
f has a continuous fractional derivative 0, f of order 7 (see (2.7) for a precise definition),
then En (f) = O(N™7). The same estimate on the quadrature error was proved in the
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case ¢ = 2 for quadrature formulas satisfying a continuity condition, by Hesse and Sloan
[10, Theorem 5|, under the weaker assumption that 0, f is square-integrable on S?. We
note that for all the quadrature formulas mentioned above, this rate is O(M /) in terms
of the number of nodes M if M = O(N?). For ¢ = 2, Hesse and Sloan have proved in
[11, Theorem 1] that this estimate is the best possible for any quadrature formula using
M nodes, without any further assumptions on the nodes, the weights, or on polynomial
exactness, by proving a lower bound for the worst—case quadrature error of the same
order. These results have been extended to the case of higher values of ¢ in [1, 9] and
further to the case of arbitrary LP spaces and weighted integrals in [16].

The condition in [10, 11] that 0, f be square-integrable can be reformulated to state
that f is in a certain Besov space (see Proposition 2). In this paper, we study the error
of quadrature formulas for arbitrary LP—Besov spaces on the sphere, 1 < p < co. We
obtain both upper and lower bounds for this error. The upper bounds are given in terms
of the degree of polynomials for which the quadrature formulas are exact. The lower
bounds are given in terms of certain geometric quantities associated with the support of
the quadrature measures. Since the upper and lower bounds agree with respect to orders
of M, they yield a result on the complexity of quadrature in Besov spaces on the sphere.

In Section 2, we develop the notations necessary for stating and proving the results in
the paper, as well as review a few known facts. The main results are stated in Section 3,
and the proofs are given in Section 4. KEssential tools in our proofs are the concept of
polynomial frames and their relationship with the Besov spaces, using material that is
scattered in various other papers [14, 15, 19, 8, 16]. The Appendix contains a sketch of
the proof of Theorem 3, and of the estimate (4.3) used in the proof of Lemma 8.

2 Notations and preliminaries

2.1 General notations

If1<p<oo,and f:S?— R is Lebesgue measurable, we write

11l = { {fon 1FGOPdpg ()}/7, i1 < p < oo,

ess SUPyega | f(X)], if p = o0.

The space of all Lebesgue measurable functions on S¢ such that || f||, < oo will be denoted
by LP, with the usual convention that two functions are considered equal as elements of this
space if they are equal almost everywhere. The symbol X? will denote L? if 1 < p < oo
and the space of all continuous functions on S? if p = oo (equipped with the norm of
L*>). Strictly speaking, the space L? consists of equivalence classes. If f € LP is almost
everywhere equal to a continuous function, we will assume that this continuous function
is chosen as the representer of its class.

For a fixed integer ¢ > 0, the restriction to S? of a homogeneous harmonic polynomial of
exact degree £ is called a spherical harmonic of degree ¢. Most of the following information
is based on [20], [26, Section IV.2], and [7, Chapter XI|, although we use a different
notation. The class of all spherical harmonics of degree ¢ will be denoted by H}. The
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spaces H{ are mutually orthogonal relative to the inner product of L?. For any integer
N > 0, we have IT%, = @évzo H. The dimension of HY is given by

2€+q—1(€+q—1) 0> 1
d9:=dimH!={ (+q¢—1 e ) T (2.1)

1 if ¢ =0.

and that of T1% is Y0, d? = d4". Furthermore, L> = L* closure{ @;°, H}. Hence,
if we choose an orthonormal basis {Y;r : k = 1,---,d}} for each H}, then the set
{Yog : £=0,1,---and k = 1,---,d?} is a complete orthonormal basis for L?. One has
the well-known addition formula [20] and [7, Chapter XI, Theorem 4]:

dq
an nk ZW—ZPZ(Q‘FLX}’), €:071>"'7
q

where Py(q + 1;0) is the degree—¢ Legendre polynomial in g + 1-dimensions.
The Legendre polynomials are normalized so that Py(q + 1;1) = 1, and satisfy the
orthogonality relations [20, Lemma 10]

1
/ Pl + L) Pr(g + 1;6)(1 = £2)2 7 1dt = Ok

q
1 Wy— 1d

—1
They are related to the ultraspherical (Gegenbauer) polynomials Pg(gz_) (cf. [28, Section
4.7], [20, p. 33]), and the Jacobi polynomials [28, Chapter IV], Pg(a’ﬁ) witha=0=12-1,

2
Via

a1 C4+q—2
P = ()P 622,

’2_1)(t) = (f * % B 1) Pi(q + 1;1). (2.2)

When ¢ = 1, the Legendre polynomials P,(2; o) coincide with the Chebyshev polynomials
Ty; the ultraspherical polynomials are then given by PZ(O) (t) = (2/0)T,(t), if ¢ > 1. For
=0, PO =1.

Let S be the space of all infinitely often differentiable functions on S?, endowed with
the locally convex topology induced by the supremum norms of all the derivatives of such
functions, and let S* be the dual of this space, that is, the space of distributions on S?.
For x* € §*, we define

(0 k) =2 (Yog), k=1,---,d?, £=0,1,---. (2.3)

A most common example is when z* is defined by g — [, 9(§)f(€)dpue(€) for some
integrable function f on S? In this case, we identify 2* with f and use the notation
f(¢, k) to denote the corresponding x*(¢, k).



2.2 Besov spaces

Our definition of Besov spaces is motivated by the equivalence theorem for the charac-
terization of Besov spaces on the sphere ([13, Theorem 3.1]). For any integer N > 0,
1<p<ooand f € LP we write

Exp(f) = min [If = Pl
N

We will define the Besov spaces in terms of the sequence { Ey; ,(f)}jen,. Let 0 < p < o0,
v > 0, and let a = {a;};en, be a sequence of real numbers. We define

0 1/p
<Z 2j“’p|aj|p> , 10 < p < oo,
=0

sup 277 |a;], if p = oo.
J€No

lallp =

The space of sequences a for which ||al|,, < oo will be denoted by b, .. If 1 < p < oo,
the Besov space B) , consists of all functions f € L? for which {FEj; ,(f)}jen, € by, The
expression

1/p
1fllp + <ZO (277 Ezj,p(f)}p> , 0 <p<oo,
j=

[fllppy = ' (2.4)
[ fl, + sup QMEzi,p(f), if p = o0,
J€No
defines a quasi-norm on the space, and the unit ball B} = {f : [[fll,,, < 1} is a

compact subset of LP (cf. [15, Theorem 2.2]).

In the remainder of this paper, we adopt the following convention regarding constants.
The letters ¢, ¢y, - - - will denote positive constants depending only on such fixed parameters
in the discussion as the dimension ¢, the different norms involved in the formula, and any
other explicitly mentioned quantities. Their value will be different at different occurrences,
even within the same formula. The expression A ~ B will mean cA < B < ¢ A.

For the convenience of the reader, we summarize certain facts about the sequence
spaces b, , in the following lemma.

Lemma 1 Let 0 < p < o0, 0 < <7, {aj}jen, be a sequence of real numbers.
(a) We have

{as}senollor = {27 a;}sems [l py—s- (2.5)
(b) (Discrete Hardy inequality) We have

{Z |aj|} < cl{a;}ieno o (2.6)

n€No [l p

ProOOF. Part (a) is clear from the definition. Part (b) is proved, for example, in [5,
Lemma 3.4, p. 27]. O



Next, we illustrate a connection between Besov spaces and the smoothness conditions

n [10, 11]. For v > 0 and sufficiently smooth f (or more generally, for a distribution

f associated with the coefficients f(¢,k)) we may define the fractional differentiation
pseudo-differential operator 0, by

O f(0 k) = (+1)f(6,k), €=0,1,---, k=1 d. (2.7)

Proposition 2 Let v > 0, f € L?. Then f € B3, if and only if 0,f € L?, and if this
holds then
105112 ~ || fll2:2,7-

PROOF. In view of the Parseval identity, we observe that for f € L2,

0o d}
> i|f(f,k)|2, m=0,1,2,..-

l=m+1 k=1

Using the Parseval identity again,

oo 4]
10,15 = D)+ D7 k)P
(=0 k=1
oo 2J+1 q
= ZZ CHDTFERP+Y Y Z (04 1) f (0, k)|?
(=0 k=1 7=0 ¢=27+1 k=1
oI+l dj
~ ZZW k) |2+Z22” > Sl
(=0 k=1 (=241 k=1
Z . e8] )
= Z S AFERP 4+ 27 ([Bayia(H) = [Bana(£)])
(=0 k=1 =0
1 dZ ) fe’e) 0
= Y S AR+ 22y ()2 — 270 2% By (f))?
(=0 k=1 =0 j=1
1 dZ ) [e'e]
~ [FE R+ 2By o ().
=0 k=1 Jj=0
The proposition now follows from the definitions. O

Finally, we recall an alternative characterization of the Besov spaces using polynomial
operators [15, 19, 4]. In the sequel, h : [0,00) — [0,00) will denote a fixed function
with the following properties: (i) h is infinitely differentiable, (ii) A is nonincreasing, (iii)
h(z) =1if x < 1/2, and (iv) h(z) = 0 if z > 1. All the generic constants ¢, ¢y, - - - may
depend upon the choice of h. The univariate polynomials ®; of degree at most 2/ — 1 are
defined by

Zh(m) ~Pyqg+1:t), teR, j=0,1,---. (2.8)
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We define ®;(h,t) = 0 if j < 0. We will need the following operators defined for f € L'
and integer j: The summability operator o; is defined by

) = [ R x Y )

> h (2%) FUR)Ye(x), xeS, (2.9)

(=0 k=1

and the frame operator 7; is defined by

(f) = Uj(f)q— oi1(f)
i ;Z (h (2%) —h (%)) (L F) Y. (2.10)

Note that 7;(f) and o;(f) are polynomials of degree < 2/ — 1, and that 7;(f) is L*-
orthogonal to all polynomials of degree < 2772,
The proof of the following theorem is sketched in the Appendix.

Theorem 3 Let 1 < p < oo, and let f € XP. Then the decomposition
f=>_n (2.11)
=0

holds in the sense of convergence in XP. Furthermore, for 0 < p < oo and v > 0,

il f s < Il + | 175 (D)l e,

< ol fllppr (212)
oY

In particular, f € By , if and only if {||75(f)llp}jen, € bpy-

The following corollary of the above theorem will be used tacitly throughout the paper.

Corollary 4 Let 1 < p < o0, v > q/p and 0 < p < co. If f € B}, then f is almost
everywhere equal to a continuous function on S9, the series in (2.11) converges uniformly
to this continuous function, and || fllec < || fllp.pn-

PROOF. For p = 0o nothing needs to be shown because X* convergence of (2.11) implies
uniform convergence, and (2.4) directly yields || f|l < ||fllco,py- For 1 < p < oo, the
Nikolskii inequality gives

1Pl < eNYP|IP|,, P el
(for a proof see [18, Proposition 2.1]). Since 7;(f) € II3;, we have

173 (Fllso < V2 |175(f) -
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Because f € By ,, (2.12) in Theorem 3 implies, in particular, that [|7;(f)[l, < c2777|| f[lp,p-
Therefore, for v > q/p

e}

Z 175 (Nlee < cll fllpon 22_jw_Q/p) = 1| fllpor-

7=0

Thus, Z;io 7;(f) converges uniformly to a continuous function on S?. In view of the X?
convergence of (2.11), this continuous function is equal to f almost everywhere on S?.
Moreover,

||f||oo<Z||Ty Pleo = el fllp.p.v-

3 Main results

Our main purpose in this section is to describe the upper and lower bounds on quadrature
formulas on the sphere. Although we are mainly interested at this time in the quadrature
formulas of the form ), . wy f(x), where C is a finite subset of S, we prefer to state our
theorems for more general approximations of the integral [ fdu,, for example, allowing
approximations which involve averages of f on finitely many caps rather than point eval-
uations. Towards this goal, we observe that for any point x € S?, one has the Dirac—delta
measure 0y, with the property that for any continuous f : SY — R, we have

fdéx = f(X)

Sq

> wef(x | fa,

xeC

So, one may write

where the measure v is defined by v = erc wx0x. This notation has the advantage that
we need not specify the points x, the weights wy, or the number of points involved in the
sum. We recall that the total variation measure of any signed measure v is defined by

|U) =sup > _|[vUh)], UCS,

where the supremum is taken over all countable partitions {U;} of U. In the case when
V=) «cc WxOx, one can easily deduce that [v|(S?) =3 . |wx|.
A (closed) spherical cap with center y and (angular) radius « is defined by

Si(y):={x e $§? : dist(x,y) < a},
where dist(x,y) is the geodesic distance on S$Y,

dist(x,y) := cos ' (x - y), x,y € §7.
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(That the geodesic distance is a metric is very well known for ¢ = 2. That the triangle
inequality dist(x,y) < dist(x,z) + dist(y, z) holds for x,y,z € S? and general ¢ follows
from the fact that the intersection of S? with span (x,y,z) is isomorphic to S?, or to S
or SY, for which the result is already known.)

If r >0, A>1, and v is a (possibly signed) measure, we will say that v is (A,r)-
continuous if for every spherical cap C, we have

W[(C) < Apg(C) + 7). (3.1)

Note that p, is (1,7)-continuous for every r > 0, and so is any measure p of the form
w(B) = [, fdug for fixed f € L™, ||fllc < 1. In general, v is (A,r)-continuous if and
only if |v|/A is (1,7)-continuous. In view of Lemma 9 below, (3.1) is equivalent to the
statement that for some constant A; > 0,

I(C) < Avpy(C)

for all caps C of radius at least r. In particular, for fixed A > 0 and arbitrary r, with
0 <r <1, every (A, r)-continuous measure v satisfies

lv|(S7) < ¢, (3.2)

with ¢ independent of v (i.e. ¢ may depend on A, but not on r € (0, 1]).
We now formulate our upper bound on the quadrature error as follows.

Theorem 5 Let A > 1,1 < p < o0, 0 < p < o0, and v > q/p. For any sequence
{un}nen, of (possibly signed) (A, 27N)—continuous measures vy on S that satisfy

/ Pdvy :/ Pd,uq, Pe HgN, N € NQ, (33)
sa sa

I o

We observe that most of the constructions mentioned in the introduction yield positive
measures vy, supported on O(2V%) points of SY, such that (3.3) is satisfied. Reimer [24,
Lemma 1] has proved that all such measures satisfy the continuity condition required in
the theorem. A simpler proof, stated for arbitrary positive measures satisfying (3.3), is
given in [16, Theorem 3.3].

The estimate (3.4) clearly implies that

the estimate

< clfllppr:  FEB, (3.4)

g~ | fivy
Sa Sa

Py

holds.

< C2_Nﬁ/||f||p,pm/- (3.5)

Jdpg — fdvy
sa

Sa

In view of Proposition 2, this estimate, with p = p = 2, implies that of Hesse and Sloan
in [10] for S? and also the extension to S, ¢ > 2, in [1].
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We now turn our attention to the lower bounds. These will be obtained by constructing
a “bad function” for each quadrature formula such that the quadrature error for this
function is estimated from below by the right-hand side of (3.5), assuming M = O(2V9).

Let @Q be any quadrature formula based on M points. In [11, Theorem 1] for S* and
in [9, Theorem 1] for SY, with arbitrary ¢ > 2, it was shown that there exists a constant
¢, independent of M and of the quadrature points and weights, such that there exist 2M
disjoint caps on the sphere, each of radius ¢/M'/?. Necessarily, there are at least M of
these caps that do not contain any of the quadrature points. Then the “bad function”
was constructed as a sum of judiciously chosen functions, each supported on one of the
caps not containing a quadrature point.

In the present paper we prefer a variant of the argument, in which M spherical caps
containing quadrature points are supposed given, and the need is to construct M new
caps which are disjoint from each other and from the original caps. The advantage of this
approach is that it can be extended to a somewhat more general setting.

For a compact set K C S?, and € > 0, let the eneighborhood of K be defined by

N(K) :={xe$S? : dist (x,K) < €}

If K consists of M points then N (K) is the union of M spherical caps of angular radius
€. In general, if K is the support of any signed measure, and if for some fixed 6 € (0, 1)
and sufficiently small € > 0 we have

1g(Ne(K)) < (1 = 0)wy, (3.6)

then we will show that there exist at least ce~? mutually disjoint caps of radius €/2 which
are also disjoint from K. (The constant ¢ may depend on ¢.) Our lower bound will be
stated in terms of €, allowing us to choose the largest e for which (3.6) is satisfied. In the
case in which K is a well distributed configuration of M points, the largest such e satisfies
e~ M1,

Theorem 6 Let 1 <p<oo,0<p<o0,7y>q/p, let v be any signed measure supported
on a compact subset K C S?, and let 6 € (0,1) and € > 0 be such that

Hg(Ne(K)) < (1= 0)w,.

Then there exists f* #0, f* € B] ,, such that

Fodn, ~ | g
Sa Sa

where ¢(0) is a positive constant depending only on 9, q, p, p, and 7y, but not on v, f*,
€, or K. In particular, if for each integer M > 1, v is a signed measure supported on at
most M points, then

> @) f lp.prrs (3.7)

sup > clM_“’/q, (3.8)

FeBp

fdpy — | fdv

Sq Sa

with a positive constant c; depending on q, p, p, and v, but not on v.
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We conclude this section with an explicit result for the worst—case complexity of
quadrature based on finitely many points. This exploits the agreement with respect
to order between the upper bound stated in (3.5) with M ~ 2%% and the lower bound
(3.8). If M > 1 is an integer, w = (wy,---,wpy), C = {xy, -, xp} C S9, we write for
v > aq/p,

erroty p o4 m(w,C) == sup
||f||p,pw:1

M
fdug =) wif(x)
k=1

Sq

and
Egppyr i= inf{error,, . y(w,C) : weRY CcCS? |C|=M}.

Theorem 7 Let 1 <p<o0,0<p<oo, andy > q/p. Then for M > 1,

-v/q
gq,p,pmM ~ M .

4 Proofs
In order to prove Theorem 5, we find it convenient to introduce another kernel. We define
&, (h,t) := Djuq(hyt) — B _5(h,t) = Z qu+1t) teER, j=2,3,---,

(4.1)
where

h;(¢) = h (2%) —h (Wi_z) .

We define ®;(h,t) = ®;(h,t), 7 = 0,1, and ®;(h,t) = ®;(h,t) = 0 if 5 < 0. The following
Lemma 8 is essentially contained in [16, Proposition 4.1].

Lemma 8 Let 1 <p<oo, A>1, v bea (possibly signed) (A, r)—continuous measure on
SY, and 1/27T1 < r < 1. Then there exists a constant c independent of A and r such that

< (SN (AN, =01, (42)

p

[ 100 3)ldl|(5)

where 1/p+ 1/p' =1, with the usual understanding if p =1 or p = co.

PROOF. In this proof only, for any sequence {ay, }nen,, let

Aa, = Alay, i= app1 — an, Afa, = A(AFYa,), E=2,3,--,

To apply Proposition 4.1 in [16], we define h(¢) := h;(¢), where h;(¢) is defined above,
and observe that

h(/) =0  for £ >2""" and Ah(¢) =0 for £ < 2/7%,

11



This allows us to apply Proposition 4.1 in [16] with D = 27*', C} = 1/32, and C; = 1.
Choosing also K = ¢+ 1 and p = r, and replacing ¥(h,x-y) by ®;(h,x-y), the estimate
(4.2) in Proposition 4.1 in [16] gives

q+121+1
1@ (h,x - y)ldlp|(y) < cAT) N (C+ 1)THAR(],  xeSL (4.3)
Se

i=1 ¢=0

A repeated application of the mean value theorem shows that
|A'h(0)] < cmax h®(t)] < 277 max WD(z)| <27, 1<i<q+]1,
S xre
from which it follows that

|@(h,x-y)ldv|(y) < cA@r)t,  x €St (4.4)
Sq

This proves (4.2) for the case p = oco.
To prove the result for the case p = 1, it is useful to note that as a special case of (4.4)
we have

@;(h,x-y)|duy(y) < e, x€S,
Sa

since for the Lebesgue surface measure p, the assumption of (A, r)-continuity is satisfied
for A = 1 and every choice of r, thus we may choose r = 1/2/"!. Applying the Fubini
theorem, we now obtain

| [ 185000 wlaty)

-/ ([ 1850910 )ty < vl (57)

proving (4.2) for the case p = 1. The result in (4.2) then follows for all values of p from
the interpolation inequality

lglls < llglhllgll?, g€ L,

which follows by applying Hélder’s inequality to [|g||P. a

For the convenience of the reader, a self-contained sketch of the proof of the key
estimate (4.3), following [14] and [16], is given in the Appendix.

PROOF OF THEOREM 5. From the definitions (2.9) and (2.10), we see that Z;V:O 7;(f) =
on(f). Hence, (2.11) can be written in the form

o

f=on(f)+ > 7(f), NeN,

j=N+1

where (cf. Corollary 4) the series converges uniformly on §9. Since oy (f) € 113y, we have,
from the assumption (3.3),

deN:/UN fdvn + Z /TJ dl/N—/O’N Ydpg + Z/ f)dvy.
Sa

j=N+1 j=N+1

12



Since (2.9) shows that [, on(f)dug = [, fdpg, we obtain

> [

j=N+1

e}

D>

j=N+1

. (4.5)

EN =

Jdpg — fdvy
Se Sq

[ it

We will estimate each of the terms on the right-hand side above. In the sequel, we will
assume that N > 2, since for N = 0 and N = 1 the bound (3.5) is trivial. Now, let
j > N + 1. Since from (2.10)

sk = (1 (5) 1 (55 ) ) fe

it follows from the definition of i in Section 2.2 that 7?(?)(6, k)y=0if¢>2 or ¢ <272

So 7;(f) is orthogonal to II3; .. In particular,

/S )02 (b x - y)dugly) =0, x €Y.
Similarly, using the fact that h(£/27t1) =1 if £ < 2/, we deduce that
/S I (X Y)ialy) = (6, x €S
Therefore, for 7 > N + 1 and x € §7, with (4.1),
() = / )35 - )y ) — / () 3) @52k x - y)dpg(y)
Se Sa
- / DY)y

In essence, this holds because h;(£) = 1 whenever 7?(?)(5, k) # 0. Using Fubini’s theorem,
we then obtain

[ st = [ 5w { [ atxyane )

Since each vy is (A, 27)—continuous, an application of Holder’s inequality and (4.2) with
P’ in place of p now shows that (on noting also (3.2))

[ it

From (4.5) and (4.6), we conclude that

< @Ml (46)

/

< [l (H)llp

[ @i o)

p

2Nq/p€N <c¢ Z qu/pHTj(f)Hp-
j=N+1
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Using (2.5), this leads to

||{€N}NeNO||p,~,= H{2Nq/p€N}NeNOHM_q/p < { Z 2jq/p||7j(f)||p} : (4-7)

=N-+1
! NeNollpy—q/p

Since f € B) ,, we may use (2.6), (2.5), and (2.12) to obtain

{ > 2jq/p||7j(f)l|p} < {2l ()l bieollparm

—N+1
J NeNollp,y—q/p

= d{llm(Dlptienollpn < coll Fllppy- (4-8)

From (4.5), (4.7), and (4.8), we finally obtain the estimate (3.4). O

We find it convenient to organize our proof of Theorem 6 in a number of lemmas. The
following simple lemma gives a useful estimate on the volume of spherical caps.

Lemma 9 Lety € S? and « € [0, 7]. Then

1q(SE(y)) ~ a. (4.9)
PROOF. Let n be the point (0,---,0,1) € S9, using the standard Cartesian coordinate
system. In view of the rotational invariance of p,, 1y(SL(y)) = 1e(S%(n)). Writing
x = (sinfx’,cosf) € S?, x' € ST, § € [0, 7|, we observe that

Si(n) ={x€S? : x-n>cosa} ={(sinfx’,cosd) : x' €S 0<6<a}.

It is now elementary to check, as in [20], that

) = [ i) =y [ st .
S&(n) 0
First, let a € [0, 7/2]. Then the estimates
2 :
;egsmege, 0 € 0,7/2],
show that
11g(SE (1)) ~ o

If a € [7/2, 7], then clearly, w,/2 < 11,(S%(n)) < w,, completing the proof. O

The next lemma will allow us to establish the existence of adequately many mutually
disjoint spherical caps in the complement of the support K of the measure v in Theorem
6. In our application of the following lemma, G plays the role of the complement of an
e-neighborhood of K with o = €/2.
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Lemma 10 Let 0 < a < 7, and let G C S? be a compact set with p,(G) > 0. There
exists a finite subset Y C G with cardinality |Y| satisfying

ep(G)a™t < Y] < era i (N (@), (4.10)

such that the caps Si(y), y € Y, are mutually disjoint, and the constants ¢ and ¢1 are
independent of a and G.

PROOF. In this proof only, we say that a set Y C G is 2a—distinguishable, if dist(x,y) >
2c for all x,y € Y, x # y. Since G is compact, such a set is necessarily finite. Let
Y be a maximal set of 2a—distinguishable points in G. If x € G, and x & UyeySs,(¥),
then Y U {x} is a strictly larger set of 2a—distinguishable points, which contradicts the
maximal property of Y. Therefore, G C UyeyS3,(y). In view of (4.9), we deduce that

1a(G) <Y 1g(Sha(y)) < elY[at.

yey

This proves the first inequality in (4.10). Since Y is a set of 2a—distinguishable points,
the caps S¢(y), y € Y are mutually disjoint. Since UyeyS%(y) C No(G), it follows from
(4.9) that

Via? ~ > p1g(S4Y)) = ptg (UyevSLy)) < 1gWalG)).

yey
This proves the second inequality in (4.10). O

The following corollary will be used in our proof of Theorem 6.

Corollary 11 Letd,e € (0,1), and let K be a compact subset of S satisfying p,(Ne(K)) <
(1—08)w,. Then the closure of the set ST\ N(K) contains a finite subset Y with |Y| ~ e,
such that the caps Sg/z(y), y € Y are mutually disjoint, and do not intersect K. The im-
plied constants in |Y| ~ €~ may depend on § but not on € or K.

PROOF. We use Lemma 10, with G being the closure of S\ NV (K), and o = €/2. The
condition p,(N(K)) < (1 — §)w, ensures that p,(G) > dw, > 0, and the fact that o < €
ensures that the caps SZ(y) do not intersect K. O

In particular, if K consists of M points, then there exist M mutually disjoint caps of
radius ¢/M'9 which do not contain any point of K. This follows from the corollary on
choosing say 6 = 1/2 and e = 2¢/M'/? with a suitable choice of c.

Next, we establish a lemma, following ideas in [9], that will help us to estimate the
iterated Laplace—Beltrami operators applied to zonal functions. The Laplace—Beltrami
operator A* is defined in the distributional sense by

Af(0 k) = —L(l+q—1)f((, k), (=0,1,--, k=1,---,d..

It is known (cf. [20]) that A* is the angular part of the Laplacian on R4, In particular, it
is a surface differential operator, and if f is twice continuously differentiable and f(x) =0
on an open subset of §7, then A*f(x) = 0 on that subset.

15



A zonal function is a function of the form x € §7 — f(x-z), where z € S7 is fixed and
f:[—1,1] — R is an integrable function. We will need the following facts (cf. [20]). If f
is a zonal function, then with ¢ = x - z we obtain

Flox- 2)diy () = s [ (0 (1= )02,
Sa -1

Further, if U : [—1,1] — R is twice differentiable, and
D(t) := —qtV'(t) + (1 — *)0"(2),
we obtain
A"V (o-z) = (D,V)(o-2). (4.11)
In the remainder of this section, let C, denote the space of all infinitely differentiable

functions ¥ on (—oo, 1] such that W(¢) =0 for all ¢ < 0.

Lemma 12 For every integer s > 1, there exist linear differential operators Tjs : Cy —
C+ of order < 2s with the following property. Let 0 < n < 1, ¥ € C4, and g(t) :=

W((t =n)/(1=mn)). Then

Dialt) = 31— () (121, (1.2

PROOF. Writing uw = (t—7)/(1 —n) and hencet =n+ (1 —n)u=1— (1 —n)(1 —u), we
calculate that

1= =21—t)—(1-t)?=(1-n) (201 —u) — (1 —n)(1 —u)?),

and hence,
Dalt) =~ V) + W)
_ ﬁ (—qW'(u) +2(1 — )" (w)) + (q(1 — w)¥'(u) — (1 —u)* V" ()
_. ﬁ(mep)(u) + (To,17) (u).

This proves (4.12) for s = 1. Clearly, 711V and Tj ;¥ are both in C.. The general
statements follow easily by induction. O

Corollary 13 Let W € C4, 0 < B < 7/2, y € S%, and let ¢y 5 : ST — R be defined by
by p(x) =V((x-y —cosf)/(1 —cosf3)), x € S1. Then for integer s > 1,

1(A") 6y slloc < 87, (4.13)

where ¢ may depend on V.
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PROOF. Since W(t) = 0 for all £ <0, we see that ¢y 5(x) = 0 if x € S}(y). Moreover, in
view of (4.11) and Lemma 12, we see that for all x € S9

s ® s X -y —cosf3 s
8 by = [ 320 = cos 5y (,0) (X250 ) | < s, )1 = con)
=0
Since 1 — cos 8 = 2(sin(3/2))* ~ 32, this proves (4.13). 0
Next, we construct the function f* required in Theorem 6. We define
0, if t <0,
1/2 -1y

U(t) := / exp 2 du / exp 2 du, f0<t<1/2
0 u(2u — 1) 0 u(2u — 1) ’ ’
1, if1/2<t<1.

It is clear that ¥ € C;, and 0 < W(t) < 1 for all ¢t € (—o0, 1].
Next, with K, and € as in Theorem 6 we take the set Y as in Corollary 11, choose
B =¢€/2, and define

by pl(x) = 0 (%) x €8,

and then

[r=1"(e) = Z¢yﬂ-

yey

The support of the function f* is the union of the |Y| spherical caps Si(y) = Sg/z(y),
y € Y, and is a subset of S\ NV (K). We recall from Corollary 11 that |Y| ~ e 9.
In the next lemma, we estimate the Besov space norm of f*.

Lemma 14 Let 1 <p<o00,0<p<o0,e>0, and vy > 0. With f* = f*(e) constructed

as above we have
[ f* [ppry < ce. (4.14)

PROOF. In this proof only, let s be the smallest integer such that 2s > v. We will assume
at first that p < oo; the case p = oo is simpler. Recalling that each ¢y g with § = €/2 is
supported on S? /2(y), and that these caps are disjoint, we see that

by p(x), ifxe Sq/z(y) for some y €Y,
* = ’ ¢ 4.1
(%) { 0, otherwise. (4.15)

Thus, we have || f*|l« = [|¢yallcc < 1. If 1 < p < 00, then using (4.9) and |Y| ~ €79, we
conclude that

11 =>" / by slPdg = / by slPdpg < Y |pg(ST,(y)) < ce et = c.
yey 751 SZ/Q(Y)

yey

Thus, for all p, 1 < p < o0,

Eoip(f7) < If7llp < e J=0,1,2---. (4.16)
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So,
> (2Ey,(f) <c Y 27" <, (4.17)
2i<e 1 27 <e— 1
where the last inequality follows from the formula for the geometric sum.
Next, (A*)® being a surface differential operator, we see that the supports of (A*)*¢y 3,
y € Y, are also mutually disjoint. Therefore, analogously to (4.15), we have

s oy _ | (A7)0yp(x), if x € S ,(y) for some y €Y,
(AT f7(x) = { 0, otherwise. (4.18)
Using (4.13), we obtain [[(A*)*®y s]lec < ce %, and if 1 < p < 00, then
Y FU =3 [ A 0P 0) < e Y S0, (3) < e

yeY Y S¢/o )

where we have used |Y| ~ e and 114(S{ ,(y)) ~ €? from (4.9).

Thus, ||[(A*)*f*||, < ce2* for all p, 1 < p < oo, where the estimate for p = oo follows
directly from (4.18) and (4.13).

In view of a result of Pawelke [21, Satz 3.3|, this implies that

By p(f) < c27%%¢® j=0,1,2,--. (4.19)
Therefore,
> (27Ey () e Y 27T < e, (4.20)
2i>e"1 2i>e1

where the last estimate follows from summing a geometric series.

The estimate (4.14) for 0 < p < oo now follows from the definition (2.4), and the
estimates (4.16), (4.17), and (4.20).

For p = oo we have from (4.16), (4.19), and v < 2s

1 lppy < 17 llp + sup 277 B (£7)

J€No

< c+ max {27 By ,(f)} + sup {277Ey ,(f*)}

29 <e™ 2]>671

c+ce T+ sup {27275}

29> 1

2j y—2s
c+ce "+ ce? sup (—)

2]’2671 6_1

IN

IN

< ee7,

which yields (4.14) for p = occ. O

Finally, we are in a position to prove Theorem 6.
PROOF OF THEOREM 6. We observe that the support of f* is disjoint from the support
of v. Therefore,

/ frdv =0. (4.21)
Sa
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For eachy € Y, ¢y p(x) = 1if x-y —cosf > (1 —cos3)/2; ie., if x-y > cos?(5/2).

Since cos(/2) > cos*(/2), we deduce that ¢y 5(x) = 1if x € S%/2(y). Therefore, the

fact that ¢y g(x) > 0 for all x € S? together with (4.9) implies that
Oy = [ duyz cl5/2)7 2 7 2 et
Sa S%/g(y)

Therefore, in view of (4.21) and |Y| ~ €9, we conclude that
= frdpg

Frdpy ~ | g
Sa Sa Sa
= Z by pdig > c|Y]el > c. (4.22)

yey sS4

Now, (4.14) implies that €| f*||,~, < c1. Therefore, (4.22) implies (3.7). To obtain (3.8)
we observe that in the case of a measure supported at M points, we can choose € ~ M~1/4
and 6 = 1/2. O

PROOF OF THEOREM 7. In view of (3.8), we have
Eqppmyas > M

To prove the upper bound, let N > 2 be chosen so that 2V < M < 2WN+Da p — 2N=2 and
n1 = (4n + 1)(2n)9~! < M. In [2, Theorem 4], Brown, Dai, and Sheng have constructed
points Xy ,, k= 1,---,ny, and positive numbers wy,,, k = 1,---,n4, such that

ny
Zwkmp(ka) :/ Pd,uq, Pe HgN
k=1 54

Iftk=n+1,---, M, weset wy, =0, and choose arbitrary points x;, € S?, distinct from
each other and from the nodes defined in the previous equation. Then

M
Zwkmp(ka) :/ Pd,uq, Pe HgN
k=1 S

In view of (3.5), we conclude that for any f with || f||,,, = 1, we have

M
/Sq fdpg — Z W f (Xkn)

k=1

<2 N < M

This proves the required upper bound on &, ,~.a- O

A Appendix

For the convenience of the reader, we sketch in this Appendix the proofs of Theorem 3
and the key estimate (4.3).
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A.1 Proof of (4.3).

It is convenient to prove (4.3) first in a somewhat more general form. Let H be a sequence
with H(¢) =0 for all £ > D for some D and AH({) =0 for 0 < ¢ < ¢D. We write

2€ + q— 1 (q — 1)g (4-1,4-1)
H(¢ 73 + 1;1) H(¢ P2 7 (), (Al
Z e q; g—1 (a/2)c " (), (A1)

where the Pochhammer symbol (a), is defined for a € R and ¢ € Ny by
(a)o :=1, (a)p:=ala+1)---(a+l—2)(a+l—1).

We note that both ®;(h,t) and ®;(h,t) are special cases of the kernel ®, obtained with
h(€/27) and h(£/27+1) — h(£/2772) in place of H({) respectively. We will prove that for
any (A, r)-continuous measure v,

g+1 oo
|B(H, x - y)ldv|(y) < c(1+(Dr))> Y (C+ 1) A'H()], xe8% (A2)
Sa

i=1 ¢=0

There are two major steps in this proof. First, we sketch the proof of an estimate on
|D(H,t)| (see (A.9)), as given in [14]. Next, we use (A.9) to prove (A.2) as in [16].
During this proof only, let

+m—1 1
0O = H©), o= N
0 ()7 2€+q+m_1 0
(m) 2€+q+m—1 (q—l—m—l)
£ g+m—1 (q/2)e

As a simple consequence of the Christoffel-Darboux formula (see [28, (4.5.3)]) the Jacobi

4 1am 4
polynomials {Pg(2 g

, me¢ N, l e NQ, (A3)

(L-14m,%- 1)(

P t), m € Ny, ¢ € Ny,

}een,, where m € Ny is fixed, satisfy for all £ € Ny

2 tgtm—1(g+tm—1) j4-14ms-1) (g +m)e (g+mg-1)
; por— T =" B (). (A4)

Now we use the summation by parts formula

¢
Zae by = Z b£+1 - be)zar
=0 0

r=

together with (A.4) to show

Za(m Dp{m=1) Zagm b\™, m € N,

and by repeating this ¢ 4+ 1 times find

®(H,t q+1 plrty
)= LS 2 B
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It can be shown by induction on m that the forward divided difference Abgm) in the

definition of bgmﬂ) has an expansion of the form (see [14, (4.12) in the proof of Lemma
4.4] for the details)

m+1

A =" Ryl + 1) AFH(0), (€N,
k=1
where Ryi14, k € {1,---,m + 1} is a rational function whose denominator has no non-

negative zeros and a degree at least 2m — k + 1 higher than the degree of the numerator.
Thus, with a positive constant ¢ independent of ¢, we find for m = ¢

g+1

AbY| < ey (0 1) AR ()], (e N, (A.6)

Using (A.5), (A.3), and (A.6), we obtain

g+1 oo o
D(H, )] <33 (4 1) 72 AR (1) 20)c \p; ’2)(t)‘. (A7)
14

k=1 (=0 (4/2)

vl
=]

To estimate the kernel further we use the fact that (see [28, Theorem 7.32.2 and

(4.1.3)))

. (t+1)%, if 0<#<Z,
P  Veost)| < d (e+1)ho i art<o<e, (A.8)
(t+1)%, if T<f<n

The kth forward difference A*H (¢) is equal to 0 for £ > D and for 0 < ¢ < ¢D — k + 1,
and the estimate in the middle line in (A.8) is valid for ¢ D™! < 0 < 5 with a constant
¢ independent of ¢ for ¢D — g+ 1 < ¢ < D. Thus, (A.7), (A.8), and the fact that

(29)e/(q/2)e < c(L+ 1)37q imply the following estimates for the kernel ®(H,t):

S (O DR ARH (0], if 0<60<Z,
|®(H, cosb)| < ¢ S (G VAR 07, if eDTP <0< T,
L+ 1R |ARH (1), if z<f<n

(A.9)
To estimate [, |®(H,x - y)|d|v|(y) we split the sphere with respect to x as the north
pole into three parts: the spherical cap SJ, ;(x), the rest of the northern hemisphere
S? 1o(%) \ S{,-1(x), and the southern hemisphere S? /o(—x), and apply the corresponding
estimates from (A.9). From the first estimate in (A.9) and ((+ 1) < D for { < D —1
(note that A*H(¢) = 0 for £ = D), we obtain

q+1 D

/Sq ()|®(Hx V) dlrl(y) <D SN+ 1 ARH ()] |v|(S8,-: (%))

k=1 (=0
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q+1 D

< DV ST+ DFTARH (O] A (1y (ST (%) + 1)

k=1 ¢=0
q+1 D
< c(L+ (D)) (+ D ARH(0), (A.10)
k=1 ¢=0

where we have used the (A, r)-continuity of the measure v and (4.9). For the southern
hemisphere Si/z(—x), we find from the (A,r)-continuity of v that |V|(S§r/2(—x)) <ec
Thus, from the third line in (A.9),

q+1 D

/Sq ( )|‘I>(H>X'Y)|d|V|(Y) < e Y (DR ARH(O)] v|(SEH(—x))
w2\ 7% k=1 ¢=0

< ) D (C+ D) ARH(D). (A.11)

k=1 £=0
Since AH () = 0 for 0 < ¢ < ¢D and for ¢ > D, we obtain from the middle estimate in
(A.9)

/ B(H, x - y)| dv|(y)
57 ,GNST,_, (%)

q+1 D

NS (AR (0) / S d|(y),  (A.12)

k=1 (=0 SZ/Z(X)\SZDA(X)

where cosf = x -y, § € [0,7]. To evaluate the integral we write W () := |v|(S}(x)),
0 € [0,7/2], and express the integral as a Riemann-Stieltjes integral

/ 5 dly|(y) = / " o awe). (A.13)
59 ,(0\S? 1<x) ep-t
From the (A, r)-continuity of v and (4.9),
W(0) < A (1q(S§(x)) +77) < A(ct? +17),
and integration by parts yields

7T/2 1 3gq+1 %
/ 0= AW () = [W(Q)Q—%} L 3a+l

eD-1 éD—1 2 eD-1

/2
W(o)

g+1

< &(1+(Dr)?) D
Substituting this estimate into (A.12) (see also (A.13)) yields

q+1 D
/ |®(H,x-y)|dv|(y) <c(1+ (Dr)! ZZ (4 D) ARH()]. (A.14)

v /2(\ST, 1 (%) k=1 ¢=0

The estimate (A.2) follows from (A.10), (A.11), and (A.14).
Finally, we observe that ®;(h,t) = ®(H,¢) with the choice H(¢) = h(¢/27!) —
h(€/2772). In this case, D = 2/t and our assumption on v implies Dr > c. Thus,
(A.2) with these choices implies (4.3). O
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A.2 Proof of Theorem 3.

The proof of this Theorem is based on the following well known proposition.

Proposition 15 Let j > 0 be an integer. For any P € 113, ,, 0;(P) = P. If f € L,
then o;(f) € I3, If 1 <p < oo and f € L?, then ||o;(f)|l, < ¢l flp, and

Eyip(f) < = 05(Nlly < cBaivrp(f). (A.15)

Although the facts contained in this proposition appear to be well known, we are not

able to ascertain the original reference. Some proofs are given in [15, Proposition 4.1 and
(4.16)] and [3, Lemma 2.5]. For the sake of completeness, we reproduce the proof from
[15].
PROOF OF PROPOSITION 15. The first two statements of the Proposition are clear from
the relevant definitions. We observe that the measure y, is (1,1/D)—continuous for every
D > 0. We use (A.2) with the choice H(¢) = h(£/27), so that D = 2/, and p, in place of
v, 1/D in place of r. With these choices, ®(H,t) = ®;(h,t), and we obtain

qg+1 oo

|5 (h,x - y)|dpg(y) < YD (C+1)7HAH(O)],  x €St

Sa i=1 £=0

A repeated application of the mean value theorem yields, as in the proof of (4.4), that
the right hand side the above inequality is bounded uniformly in j. Thus,

5, x - y)ldug(y) <, x €S, (A.16)
Sq

An application of Fubini’s theorem now yields |o;(f)|x < ¢||f|li for all f € L' and
1o (F)le < || flloo for all f € L. In view of the Riesz—Thorin interpolation theorem
[5, Theorem 4.3], this yields ||o;(f)[l, < ¢/ fllp for every f € LP. Since o;(f) € 11, and
0j(P) = P for every P € I1J,_,, we have for every P € 11, _,

2i—1»
Eaip(F) < If = ai(Dllp = If = P = 05(f = P)llp < ellf = Pllp-
This completes the proof of (A.15). O

PROOF OF THEOREM 3. This proof is based on the proof of the equivalence of parts (a)
and (b) of [15, Theorem 3.3] (cf. also the proof of [19, Theorem 4]). From the definitions,
we have for any integer n > 0, 0,,(f) = Z;L:O 7;(f). Therefore, (A.15) implies that

Hf_ZTj(f)

If f € X? then Eyn-1,(f) — 0 as n — oo. This proves (2.11).
The series representation (2.11) and the estimates (A.15) imply that for j =0,1,---

< Z 17 ()l

D n=j+1

= If = on(Hllp < cEan1,(f).

p

Y

o p(f) < If —ai(H)llp = Hf ZT"
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Therefore, the discrete Hardy inequality (2.6) leads to the first inequality in (2.12).
Using (A.15) again (and recalling our convention that o, = 0 when n < 0), we see
that forn =0,1,2,---,

170 (Ollp = I1f = on(f) = (f = o1 (fDllp < I1f = on(H)llp+ 1f = ona(F)llp < cEonzp,(f).
This implies the second inequality in (2.12). O
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