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ABSTRACT. We present connections between T-colorings of graphs and regular vertex-coloring
for distance graphs. Given a non-negative integral set T" containing 0, a T-coloring of a simple
graph assigns each vertex a non-negative integer (color) such that the difference of colors of ad-
jacent vertices cannot fall in T'. Let oy, (T) be the minimum span of a T-coloring of an n-vertex
complete graph. It is known that the asymptotic coloring efficiency of T', R(T') = limn— o0 22,
exists for any 7. Given a positive integral set D, the distance graph G(Z, D) has as vertex
set all integers Z, and two vertices are adjacent if their difference is in D. We prove that the
chromatic number of G(Z, D), denoted as x(Z, D), is an upper bound of [R(T)], provided
D =T — {0}. This connection is used in calculating xg(m, k), chromatic number of G(Z, D)
as D = {1,2,3,...,m} — {k}, m > k. Early results about xg(m,k) were due to Eggleton,
Erdés and Skilton [1985] who determined xg(m, k) as k = 1, partially settled the case k = 2,
and obtained upper and lower bounds for other cases. We show that xg(m, k) =k, if m < 2k;
and xg(m, k) = f%k"—l], if m > 2k and k is odd. Furthermore, complete solutions for k = 2
and 4, and partial solutions for other even numbers k are obtained. All the optimal proper
coloring presented are periodic with smallest known periods.
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1. INTRO U TION

he T coloring of graphs arose from the channel assignment pro lem hich models the
e ciency of assigning an integral roadcast channel to each of several stations so that
interference is avoided. nterference occurs hen the separation of channels of t o near y

stations falls ithin the T" set, a non negative integral set containing . ale 1 formulated
the channel assignment pro lem using graphs y representing each station as a verte and
connecting any pair of near y stations y anedge. A valid channel assignment ithout
interference is called a T" coloring. iven a T set, a T’ of a simple graph
is a function such that if , then T.
he e ciency of a valid channel assignment or 71" coloring can e measured y the
hich is the di erence of the largest and smallest num ers in . iven
T and ,theT , denoted y , is the minimum span among all 7" colorings
of . Let e the T span of the complete graph on  vertices. a ino it and roul
2 and riggs and Liu 11 proved that the T,
T lim —

e ists and is a rational num er. n addition, riggs and Liu 11 proved that the
is eventually periodic. ote that hen T’ ,
T coloring is the same as regular verte coloring, and it is easy to see in this case, T 1.
or any other T sets ith at least one positive integer, 1T° 2. he parameter 7T is
also related to a num er theory pro lem 1,1 | namely, density of se uences ith missing
di erences. or discussion a out this relationship, e refer the reader to 11 .
iven a set of positive integers, called or , the
has as verte set all integers , and t o vertices are ad acent if their a solute
di erence is in . ntroduced y ggleton, rdos, and S ilton 8, the study of distance
graphs as motivated y the plane coloring pro lem of nding the minimum num er of
colors to color , all the points on the wuclidean plane, so that points ith unit dis
tance receive di erent colors.  he plane coloring pro lem is e uivalent to determining
1 , the chromatic num er of the distance graph ith verte set and 1.
Although it is no n that 1 12,19 , the e act value remains un no n.
he chromatic num er of distance graphs for di erent  sets has een studied
e tensively 2, , 1,12,2 2
A direct connection et een T colorings and distance graphs is provided y the T
graphs hich have een used as an e ective tool in the study of T" colorings 111 . or
a given 1 set, let T , the T’ denoted as , is the complement of the
su graph of the distance graph induced y the verte set ,

T

here  denotes the complement graph of . he T , denoted as ,

is the su graph of induced y the rst vertices, 12 1 . herefore,
B T , here denotes the verte set 12 1.

n Section 2, e ill prove for any given T set, T isalo er ound of ,

provided T . a ino it and roul 2 proved that the cli ue num er the



T-C L RINGS AND CHR ATIC NU ER F DISTANCE GRAPHS 3

largest num er of vertices of a complete graph of , denoted as ,isalo er
ound of T hen T . herefore, for any , letting T , e have:
T 1

he attaina ility of the sharpness of oth ine ualities in 1 a ove for some families of
T sets ill e presented.

Section is devoted to the calculation of the chromatic num er of distance graphs for
the  sets of the form 1 , . arlier results for this family
of sets ere o tained y ggleton, rdos, and S ilton 8. Denoting hen

12 y , the same authors solved the case 1, partially
solved the case 2, and provided general upper and lo er ounds 8. e illsho that
it T 12 , then for any odd integer T

sharpness for the second ine uality in 1 . act values of for 2, and

and partial solutions for other even values of are o tained. e present the proofs y
demonstrating periodic optimal colorings ith the no n periods.

he author has recently discussed the results of this article ith erard Chang and

uding hu. An ensuing colla oration settled the values of for all values of

and y using di erent methods 2, hich, ho ever, do not guarantee the smallest
periods.

ONNE TION ET EEN T AN

n this section, esho that 7T isalo er ound of , provided T
he ound is sharp for a num er of families of 7" sets including the ones listed elo . or
any , let denote the set of integers 1 2 .
1 : T , here contains no multiple of 1
2 T 2 , here and
T

he T'setsin 1 and 2 a ove are among the fe no n T sets for hich the follo ing
isal aystrue ,1 ,21:

for all graphs

fT , then holds only hen is a multiple of 18.
T T T T
Suppose  is a proper coloring of ith colors. or any , let
1 e asu set of the verte set ,then 1 1.
ecause of the pigeonhole principle there has to e a color such that there are at least
vertices hich are colored y . hus, the num ers
form a T coloring of . herefore, one has 1 , since 1
tfollo s T  lim —n and T
e assume throughout this article, unless indicated, for any given 1" set, T

and vice versa.
o , esho that the ound in heorem 2.1 is sharp for the three families of T sets
introduced at the eginning of this section.
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T T T
1 T 1
ach collection of 1 consecutive vertices forms a cli ue, so
1. De ne a periodic coloring : y:
here mod 1,
t is easy to verify that is a proper coloring. herefore, 1.
T T T 2
T 1
Suppose T'is a  multiple of set. hen the set of vertices 2 forms
a cli ue in the distance graph, so 1. De ne a periodic coloring
y:
- here mod 1 1 1
t is easy to verify that is a proper coloring.  his implies 1, hence
1.

Let T . f is a multiple of , then 7" is a multiple of set for hich
the result has een proved in the theorem a ove. f is not a multiple of , e have the
follo ing result hich, e cluding the 7T part, as proved in 1 and can e o tained
from heorem 1in 8. e include a proof here for completeness.

T T 1
T 2
Suppose T’ , here and . n , it is proved
18 and indeed not di cult to verify that the set of vertices 2 generates a
ma imum cli ue, so 1. tis no n 22, 18 that if T , then
T ——.  his implies that 2. ence, it is enough to nd a proper
2 coloring for . De ne a coloring : 1 vy
- here mod 2 2 1

t is not di cult to verify that is a proper coloring.

t as characteri ed in 1 that a 1" set has the property if and only if

for all 1. ther no n 7T sets ith the property include
1 and T 1 9 1 . An e tended multiple of set is
constructed from a multiple of set y adding more num ers greater than  into 7" so
that the e uality for all 1 ill not e violated. y using the same

proper coloring de ned in the proof of heorem 2. | it can e veri ed that the conclusion
of heorem 2. also holds for e tended multiple of sets. n the other hand, if T
1 9 ,then 2,since isasu set of odd integers. herefore,
e conclude that for all the no n 7 sets ith property T
hus, e propose the follo ing con ecture:

C T T
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AT AUE O

his section focuses on the computation of hich is the chromatic num er of

as 1 . Let and '  denote the sets 1 and

T , respectively. e shall rst calculate the e act value of T hich,

y heorem 2.1, is the lo er ound of . hen, esho that the ound is sharp

for many values of and including all pairs of integers of  and here is odd.
artial results for other even integers ill lead to complete solutions for 2 and

urthermore, all optimal proper colorings presented in this section are periodic ith the
smallest no n periods.
ggleton, rdos, and S ilton 8 proved that for any nite  set, if is
colora le, then it has a periodic proper coloring ith period at most ,  here
As ill e sho n in this section, the periods for the distance graph
could e much smaller than that. he method used in this section provides

optimal periodic colorings ith very small periods for many valuesof and . ore ample,
e reduce the period for 119 8 from2 cf. 2 to29. See ample .21 at
the end of the section.
arly or a out is due to ggleton, rdos, and S ilton 8 ho settled the
case 1: 1 - , partially solved the case 2 see Corollary .18

elo and provided the follo ing general ounds:

1 .
ma{ 5 1 1 } mm{

N | —
|
—
\V]

here : 2if and : 2 if .
ote that if 2 , then T is an initial set ith 1,s0 y
heorem 2.2, T . ence, throughout this section, e
shall assume 2 , unless indicated.
T 2 T _
t is easy to see that the se uence is the follo ing:

1 2 12 2 2

hat is, — 1 if is odd and - 1 1 other ise.
ence T lim -2 lim  —
C 2
he result follo s directly from heorems 2.1 and .1.

ote that the lo er ound of in the corollary a ove improves the one in 2 .
he follo ing t o lemmas ill e used to prove that the ine uality in Corollary .2 is
sharp for some values of and , and not for some others.
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L -
1

Suppose is an optimal proper coloring using colors 1 Let e the

su graph of the distance graph induced y the verte set , .

viously, e have 2, since if , then contradicting to the proof

of heorem .1. Since , every color in 1 has to e assigned to
e actly t o vertices of

Let e the su graph of induced y the verte set 1 1, then
herefore 2, so each color has to e used y e actly t o vertices in
his implies 1 . he same argument implies that 1
for any . his completes the proof.
L T -
1 T
ecause is a su graph of , SO 1
Suppose and have di erent parity and T , then e have
1
T 1 T _
2 2 2
herefore, 1 T
e are no at a position to sho as is any odd, and 2 , then reaches

the lo er ound T he simpler format of the proof included here is
suggested y erard J. Chang through private communication.

T T .
Suppose isodd. y Lemma . ,itsu ces to prove the result as is even.
y Corollary .2, it is enough to nd a proper coloring for ith ———
colors. De ne a periodic coloring —— 1 ith period 1y
- if is even

_— if is odd and
— if is odd and

here mod 1, .
0 e sho that is a proper coloring. Suppose , . Let
mod 1, mod 1, here
f and are oth even, then . his implies mod 1,s0 and
are not ad acent.
f and are othodd, then ithout loss of generality, e have either or
1. or the former case, and for the latter case, 1.
Any of the t o cases implies mod 1, hence and are not ad acent.

f and are of di erent parity, assume is even and is odd. hen either
1or , that is, either 1or . herefore, e have
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either 1 mod 1 or mod 1. nany case, and
are not ad acent. he proof is complete.

o solve the case for even, e let 2 , , 2 1. irst of all,
one can ma e some o servations a out the cli ue si e of the distance graph. f , then
the set of vertices 1 2 1 1 2 2 induces a
ma imum cli uve. f , then the set of vertices 1 2 1 1

2 2 1 induces a ma imum cli ue. herefore, e have the follo ing:
P 2 2 1
1 1
2 1
L 2 2 1
S —
e de ne a periodic coloring on ith period 1 y rst parti
tioning the vertices into t o parts, 2 1 and 2 2
hen 2 and 1.
o , color the vertices in ith colors as follo s. Assign the rst colors to the
rst 2 vertices y , 1 then a di erent set of colors to
the ne t 2 vertices, and so on, until all vertices in  are colored. Similarly, if , assign
colors to vertices in y: the rst vertices use colors and for any of the remaining

1 vertices , let . f , assign colors to the rst 2 vertices in |
and assign a ne color to each of the remaining 1 vertices in . hen for either of
these t o cases, repeat this coloring to all  periodically, if mod

1.

t is easy to verify that is indeed a proper coloring. f , then is
either or at least 1. he total num er of colors used y is if

or 1 1 if . he proof is complete.

ote that the upper ounds in the lemma a ove are either etter than or e ual to the
onein 2.

ith the follo ing ve theorems or corollaries, e sho the ound in Corollary .2 is
also sharp for some even num ers and special values of

T 2 2

Let 2 , then —— 1. y Corollary .2 and Lemma . |,
e 0 tain 1.
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T 1 2 2 _
Let 2 1, then —— .y Corollary .2 and Lemma . |,
e 0 tain _
C 2 2 2 —
y heorem ., e only have tosho the e uality hen iseven. hen 1is
odd, y Lemma . and heorem .9, the proof is complete.
n the follo ing t o theorems, e prove ——— for some special values
of and y presenting periodic proper colorings ith period 1. o chec that

the colorings are proper is routine. e strongly recommend the reader to loo at special
values of and ase amples.

T 2 2 T
Let 2 , then T - 1, and 1. Let
. De ne the periodic coloring ith period 1 as follo s.
irst, color the ma imum cli ue in y:
1 1 1 1
2 2 1 1 1 2 1
2
Secondly, let 2 1 1, 2 2, ,and 2 1 -.
inally, color the remaining vertices in y:
if is even and 2 2
1 if is even and 2 2

if is odd and 2 1

hen repeat this coloring to all integers  periodically. t is not hard to chec that if

, then is either or at least 1. herefore, 1is a proper coloring.
he proof is complete.
T 2 2 2 2
T -

Let 2 2 2, then T -,y rop. .,

Let . De ne a periodic coloring ith period 1 as
follo s. irst, color the ma imum cli ue in y:

1 1 1 1
2 2 1 1 1 2 1
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Secondly, color any verte 2 2 in y:
— if is odd and 2 2 , 1
1 if is even and 2 2 2
- 1 if 2 2.
inally, for any remaining verte  in | let , 1 2 1and 1.

e color according to the follo ing:

if 1 or iseven and 2
if is odd and 1.
hen e tend the coloring periodically to . t is routine to verify that the e tended
is a proper coloring for

o esho that the ound of in Corollary .2 is not al ays tight.

T 1 2 2
T 1 —-

Let 2 1, then T 1. y rop. .,
. Suppose T 1. Let e an optimal proper coloring
ith colors and let . ithout loss of generality, assigns
colors 1 to the ma imum cli ue in y

y Lemma . , each color is used e actly t ice in and 1is periodic ith period
1, so 1 , 2 1, etc. hen one can nd each remaining
verte in asetof potential colors hich are the possi le colors from 1
that can e assigned to . or instance, , 2 2 2 , and
1 . Suppose is a verte in the ma imum cli ue and
1, then is a potential color for e actly t o other vertices in mod
1 and mod 1.

A verte is called an even or odd verte if 1is even or odd . he union of
the potential colors of all even or odd, respectively vertices is the set of all even or odd,
respectively num ers from 1. o ,thene color must e received
either y t o odd vertices or t o even vertices. Suppose is assigned to t o even
vertices. he num er of odd vertices in  is 1 hich is odd, so it is impossi le to
use each odd color t ice. A similar contradiction arrives hen is assigned tot o

odd vertices. hus, T
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De ne a periodic coloring 1 y:
2
here mod 1, , , 1.
t is not hard to chec that is a proper coloring ith period 1. he proof is
complete.

he argument used in the proof a ove can not e e tended to all odd and even
see heorem .1 elo . o ever,it or s hen is odd, so e have the follo ing
result:

T 1 2 2  —
T 2 2

Let 2 , then 1 2 mod , y heorem .1,
——. According to Corollary .1 , 1 _

T 12 1 T

irst, let 1, then 8 and T 1 . De ne a periodic
1 coloring ith period 2y the follo ing se uence , 1, 19:

12 12971 8 8

he num ers ithin the t o o es a ove correspond to the ma imum cli uve. A old
num er represents a ne color. An underlined num er is the same color as the th
position preceding it and an overlined num er is the same color as the th position
follo ing it, circulantly mod 2
t is easy to see that is a proper coloring. he pattern used in can e e tended
to 12 1 as follo s. f 12 1 ith 1, then the ma imum cli ue in
consists of 1 loc s ithonly t o vertices in the last loc .
o , color the ma imum cli ue ith se uential colors. hen, for vertices after the last
loc , use the same underline overline pattern as the a ove y replacing9and1 yt o
ne colors. or every set of vertices et eent o loc s, follo the underline overline
pattern used et eenthet o o esinthea ove. hen, e geta proper periodic coloring
for 12 1.

T 2 1 2 T 1

Let 2 2 1, then and T -.
o sho T , e use an argument similar to the proof of heorem .1 .
Suppose T and let e an optimal proper coloring. y Lemma . ,
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is periodic ith period 1. ithout loss of generality, colors the ma imum
cli uein y:
1 1 1 1
2 2 1 1 1 2 1

2 2 1 1 2 1 1

y Lemma ., assigns each color to e actly t o vertices in . herefore, one can
nd the set of potential colors to each of the remaining vertices in

hen, the ne color must e assigned to e actly t o vertices, 2
2 1 such that . Suppose 2 2 2 , then the
set of vertices that are either colored y or have the potential colors 2 is
2 2 2 2 2 . Since is odd, it is impossi le to use each

color e actly t ice. Similarly, one can sho that it is impossi le to have 2
2 2 . herefore, .

y heorem .11, 1 ———.  he proof is complete.
C
— 12
2
or 1, and 2, the results follo from heorems .11, .9, and .8, respectively.
or , the result is true y heorem .1 .
ote that the cases for 1 and 2 in the theorem a ove ere rst proved y ggleton,
rdos, and S ilton 8.
C 8
{ — 2
— 1
or 2 and , the results follo from heorem .11, Corollary .1 , and
heorems .9, .8, and .12, respectively. or 1 and , the claims result from

heorems .1 , .1 ,and .1 , respectively.

C 12 11

— 1 891
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he cases for 1 ,and 1 can e o tained from heorems .11, .1 ,
Corollary .1 , and heorems .9, .8, and .12, respectively. he results for and
11 follo from heorems .1 , .1 and .1 , respectively.

f 9, consider 21. De ne a periodic coloring ith period 28 y the follo ing
se uence , 2 , 2
12 189 _ 12 891 1112 _ 1112 1.1

he notations used a ove are the same as the ones as the coloring given in heorem .1 .
t is easy to chec that is a proper coloring and the pattern used in can e e tended
to the case 12 9.

he case for 8 follo s from Lemma . and the result as 9.

or 2, T ——. ythe ma imum cli ue and potential colors method
used in heorem .1 , it can e sho n that there is no periodic proper —— coloring

ith period , ho ever, this does not imply —— since Lemma . does
not imply to this case. At least, e nd a periodic —— coloring ith period
for this case. e demonstrate such a coloring hen 1 vy the follo ing se uence,
1 2

12 12 89 1 2_89

Y Y Y

he notations a ove are the same as the ones used in heorem .1 . t is easy to see that
is a proper coloring and the pattern can e e tended to 12 2.

he ma imum cli ue and potential colors method of nding periodic colorings ith
small periods used in this section can also e e tended to other values of and . he
follo ing is an e ample:

E 19 8 1 1

An argument similar to the proof of heorem .1 implies that 19 8 1. he
follo ing se uence sho s a periodic proper 1 coloring ith period 29.

12 8] 1T 11 _T 1T _8 [91 1112 279 12

C R e have learned that T if 2 .
Suppose 2 , then if isodd. f is even, Corollaries .18 and
.19 settled the cases 2 or , respectively. n addition to partial solutions for the case
Corollary .2 , vy the results o tained in this section, e conclude the follo ing
for some other cases:
Suppose is even, , 2 , 2 1, and 2 , then e have

{  — if 2 1 2 2
 — 1 if 12 1.

A he author is inde ted to the referee for an immediate report and
valua le comments including the reduction of a proof. She is also grateful to erard
Chang and wuding hu for discussion hich inspired an earlier version of the article.
Special than s are due to Silvia eu ach for editorial assistance.
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