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Abstract

Given a graph, a no-hole 2-distant coloring (also called N-coloring)
is a function f that assigns to each vertex a non-negative integer
(color) such that the separation of the colors of any pair of adja-
cent vertices must be at least 2, and all the colors used by f form a
consecutive set (the no-hole assumption). The minimum consecutive
N-span of G, csp,;(G), is the minimum difference of the largest and
the smallest colors used in an N-coloring of G, if there exists such
a coloring; otherwise, define csp, (G) = co. Here we investigate the
exact values of csp, (@) for unit interval graphs (also known as 1-unit
sphere graphs). Earlier results by Roberts [18] indicate that if G is
a unit interval graph on n vertices, then csp, (G) is either 2x(G) — 1
or 2x(G) — 2, if n > 2x(G) — 1; csp;(G) = oo, if n < 2x(G) — 1,
where x(G) denotes the chromatic number. We show that in the
former case (when n > 2x(G) — 1), both values of csp, (G) are at-
tained, and give several families of unit interval graphs such that
cspy (@) = 2x(G) — 2. In addition, the exact values of csp,(G) are
completely determined for unit interval graphs with x(G) = 3.

1 Introduction

The no-hole 2-distant coloring is originated from T-coloring, a channel as-
signment problem introduced by Hale [7]. Suppose several transmitters
or stations, and a forbidden set T' (called T-set) of non-negative integers
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( ith T) are given. e need to assign to each transmitter or station a
non-negative integral channel under the constraint that if t o transmitters
interfere, then the di erence of their channels does not fall ithin the T-set.
T o transmitters may interfere due to various reasons such as geographic
pro imity and meteorological factors. To formulate this problem, e con-
struct a graph  such that each verte represents one transmitter, and t o
vertices are ad acent if their corresponding transmitters interfere.

Thus, e have the follo ing de nition. iven a T-set and a graph | a

of is a function () such that
() () T i ()
T of isaT-coloring such that ( ) isa consecutive
set.
The of a T-coloring 1isthe di erence of the largest and the smallest
colors used in (). The T of a graph , sp ( ), is the minimum

span among all possible T-colorings of . The variable T-span for di erent
graphs and di erent T-sets has been studied e tensively by several authors
(see 2, , , , , 2, , , ,2].

t is no n [ ] that for any given T-set and graph , a T-coloring
al ays e ists. Ho ever, a no-hole T-coloring does not have this property.

or instance, ta e T’ and . Hence, ede nethe

T of a graph , denoted by csp ( ), by the minimum span of a no-
hole T-coloring if there e ists such a coloring and de ne csp ( )
other ise.

or the case that T and T 2 , a no-hole T'-
coloring is also called an -coloring (in [ ]) and an  -coloring (in [ ]),
respectively. That is, an  -coloring of a graph  is a function ()

such that ( ) is consecutive and it satis es the condition

() ) if ()

oberts [ ] and Sa ai and ang [ | studied the -coloring and the
-coloring, respectively. mong the ndings in [ , ] are the results
about the e istence of an -coloring and an  -coloring, respectively, for

special graphs such as paths, cycles, bipartite graphs and -unit sphere
graphs.  oreover, if it is the case that such a coloring e ists, the authors
also gave upper and lo er bounds of the span.

The e act values of csp () for some families of graphs and T-sets ere
studied by iuand eh [ ]in hich the authors proved f T is -initial

(ie. T 2 , here contains no multiple of ( )) or
T 2 , then for any large , there e ists a graph

on vertices such that csp () . The e act values of csp () for
bipartite graphs ere investigated by hang, uan and iu[]. n [ ], the



authors determined the values of csp ( ) for all bipartite graphs ith at
least 2 isolated vertices, and completely determined csp ( ) for bipartite
graphs.

graph ( )isa if there is a function
from () into the wuclidean -space such that for all in
if and only if ( () () here denotes the uclidean
distance bet eent opointsin . The -unit sphere graphsarealso no n
as or in the literature (see [ ]).
fT 2 , denote csp ( ) by csp (). n this article, e

focus on the e act values of csp () for unit interval graphs. n Section
2, e cite some no n results in T-colorings and no-hole T-colorings that
ill be used later in our proofs. Section is focused on the computation

of the e act values of csp () for unit interval graphs . n particular,
csp () is obtained for some families of unit interval graphs, and csp ( )
is completely determined for unit interval graphs ith ( ) , here

() denotes the chromatic number of

r i in ri
tis ell- no n[, ]thatif T is -initial, then the follo ing holds

sp () ((C) ) ) forallgraphs . ()

y the de nition of a no-hole T-coloring, if csp ( ) is nite, a trivial upper
bound for csp ( ) is , here (). Since any no-hole T-coloring
is also a T-coloring, by ( ), e have

csp () () ) ) ep()

t is ell- no n that unit interval graphs are perfect (see [ ]), hence

for any unit interval graphs , ( ) (), here ( )isthesieofa
ma imum cli uein . nother ell- no n result that ill be used in this
article is due to oberts [ 7]  graph ( ) is a unit interval graph if
and only if it has a , i.e. an ordering

of vertices of  so that if and , then

sing the compatible verte ordering of a unit interval graph, oberts
[ ] proved implicitly, ithout mentioning the variable csp ( ), the follo -
ing

2 () 2 ()
CSp(){ 2 ()



The theorem above as e tended by Sa ai and ang|[ | hosho ed
the follo ing

w O €O ()0

igure sho s an e ample of Theorem

igure unit interval graph ith ( ) and csp ()

Ithough from the theorem above the problem of determining the e is-
tence of an  -coloring is not completely settled for general values of , for

, referring to Theorem 2, Sa ai and ang [ ] completed the ans er
by con rming the case 2 ()

2.()

esp () {2() ?

inr ut
n this section, e investigate the e act values of csp ( ) for unit interval
graphs . ccording to Theorems 2 and , e consider unit interval graphs
ith more than 2 ( ) vertices. y roposition and Theorem 2, the

only possible values of csp () for such graphsare2 () 2and2 ( )
e sho both values are attainable, and give complete solutions of csp ( )
for unit interval graphs ith ( ) .
ithout loss of generality, all the graphs considered in this section are
simple and connected. Throughout the section, unless indicated, e sup-

pose ( ) is a unit interval graph ith a compatible verte ordering

, here () 2 () . The of t o
vertices and on , denoted by d ( ), is de ned as . nd e
let

is in some ma imum cli ue of ()



C )
2 () () esp () 2()

Suppose to the contrary that csp () 2 () 2,andlet bean
-coloring of () 2 2 () 2.Since () (),
e have () () 2for any ma imum cli ue  and . This

implies that () 2 2 () 2 forall . Hence there must
e ist at least () vertices in  that are labeled by 2 ()
, contradicting the assumption () . Therefore, csp ( )

2 ()
() 2 ()

()
esp () 2 2

tsu cesto ndan -coloring for ith span 2 2. ede ne
a coloring by rst labeling the vertices by
( ) 2 ; , that is () 2
Secondly, label the vertices preceding (if there is any), bac ards,
by repeating the pattern of colors 2 2, 2 , 2 (i.e.,
() 2 2, ( ) 2 s ( ) 2 , etc., until  is
colored). inally, repeat the pattern of colors 2 2 2 2
to the remaining vertices (i.e., ( ) , ) 2, etc., until the
last verte is colored). See igure 2 as an e ample.
ecause 2 , the even colors 2 2 2 are all used by
ombining this ith the fact that ( ) 2 , is onto
ith span 2 2. tis not hard to verify that is indeed an -coloring.

e leave the details to the reader.

igure 2 unit interval graph ith ( ) and csp ()



()

2
C ) esp () 2 2
t su ces to nd an -coloring for ith span 2 2. e ne
the coloring function by rst labeling vertices by using the
pattern 2 2 2 (e () , ) 2, etc.) Then

() 2 2, since for some positive integer
e t, label the vertices prior to  (if there is any) by the pattern

2 2 , bac ards, until the rst verte on is
labeled. inally, label the vertices after  (if there is any) by the pattern
2 2 until the last verte is labeled. 7y the
assumptions that , , and ( ) , it is

easy to verify that is an -coloring.

w() {202 20

The result follo s from Theorems 2, , and Theorem 7.
Theorem gives a result for the case that  contains a subset of
()  vertices on a compatible verte ordering. n the ne t theorem,
e prove that, under some conditions, the same result also holds hen
has vertices that are scattered along the compatible verte ordering. This
result is also a generali ation of Theorem 7.

() 2

esp( ) 2 2

t su cesto ndan -coloring of ith span 2 2. ede ne



the coloring () 2 2 2 by

2 if

2( ) if

2 if

Co3N ).
() 2 if and

( )

then color the vertices preceding (if there is any) by repeating the pat-

tern 2 22 2 , bac ards, until the rst verte is colored.
1l the colors by above are ta en under modular 2 . See igure for an
e ample.
e call the set of vertices for each
, the vertices preceding  (if there is any) bloc , and the vertices after
(if there is any) bloc . otethat ( )

The last case in the function de ned above gives labels for vertices
in those  bloc s e cept the ones in . ndeed, if , by
de nition of , e have

() ) 2 () 2 (mod2 ) ()

e cept the second e uality holds only for . ote that since ( )

2 , the pattern 2 2 2 2 used, bac ards, for vertices

in (if ) is a formula similar to the last part in ( ), that is,
( ) () 2 (mod2 )forall , ( 2)

igure ne ample ith , 2, . () and csp ()



rom the coloring , one can observe that the vertices
receive distinct odd colors 2 , and other vertices receive
even colors 2 2 2 . Since and for any ,

sso () () ( ) 2 2
2 . Hence, is onto.

0 it remains to sho that 1isan -coloring. tsu ces to claim that

for any (), neither one of the follo ing t o is possible

() () () 2 for some

() () 2 and () 2 2 2 for some .

To sho that ( ) is impossible, suppose ( ) () 2 for some

. Since and are ad acent, and together ith all the
vertices bet eenthemon formacli uve . f and belong to the same
bloc or if they belong to t o non-consecutive bloc s, then it is clear that
, a contradiction.

o) e assume that and belong to consecutive bloc s. ithout
loss of generality, assume the ordering of and on is before , and
suppose () is the smallest. et , then there are the follo ing
t o cases

2
Then . Since () is the smallest, ithout loss of generality,
e may assume for some so that (if ,
let for some ), and for some
. Hence, by de nition of , e have

2 ) C ) ) 2 (mod2 )
( ) ) 2 (mod2 )

This implies that 2 (mod m) and ( ) ( 2
( ote that this also holds if , since  ( ) ()
2( ) () 2 (mod2 ).) Hence isa ma imum cli ue,
contradicting
Here e give the proof for , the proof

for can be obtained by a similar approach. Suppose , then

. Since () is the smallest, ithout loss of generality, e may
assume for some , , and for some

. Then e have



Therefore, e have (mod ), so ( )

) , contradicting .

To sho that ( ) is impossible, suppose there e ists () such
that () 2 and () 2 22 for some 2
Then for some . 1n ,the vertices bet een and
together ith , formacli ue . ecause ,d ()

e claim the follo ing t o possible cases
2 2 Since
() , one has . f , then for
some 2. yde nition of , () () 2 2 2
(mod2 ) 2 22 . This implies , a contradiction. The
proof for is similar and e should omit it.
2 or 2
e give a proof here for the case 2 , the
proof for the case 2 can be obtained
by a similar process. Suppose for some
Then .y de nition of , 2 () 2 )
(mod 2 ),s0 () 2 ) 2( ) 2 (mod2 ).

f , then for some . Hence ()

) 2 2 2 2 2 20 ) 2 ) 2
(mod 2 ). Therefore, . ecause for
some positive integer , e have () ( ) , a
contradiction.

f , then for some 2. Hence, by
de nition of , () ( ) 2 2 2 2 ) or
2( ) 2 (mod2 ). Therefore, e have or
(mod ) ( ) or ( ). This implies ()

( ) , a contradiction.

n the ne t three theorems, e give complete solutions for unit interval
graphs ith ( )

() csp ()
() () 2 (mod )

f there e ist such that (), then () for
any compatible verte ordering , for other ise and are contained in
some ma imum cli ue. Therefore, by Theorem ,csp ( ) 2 ( ) 2 .

Suppose there e ist such that ()and ( ) 2
(mod ). £ ( ) (mod ), by Theorem  ith , e have

esp ()



Suppose () (mod ). et and , then (mod
). e ne the coloring by

if
if
() it (mod ),
if 2 (mod ),
2 if (mod ),
for the vertices preceding  (if there is any), use the pattern 2 ,
bac ards, and for the remaining vertices (if there is any), use the pattern
2 . tis easy to verify that isan -coloring for ,socsp ( )
To complete the family of unit interval graphs ith ( ) , it re-
mains to consider the case that () and has e actly t o vertices
(for hich e have the result belo ). f , by Theorems and |,
csp () , if and csp () , other ise. f  contains three
vertices on ,then at least one of the pairs ( ): ( ) or

( ) has distance 2 (mod )on ,socsp ( ) by Theorem

()
()

2 (mod ) csp ()
() (mod ) 2
() ssumecsp () . Suppose to the contrary,
() for some (mod ) and 2 .
f (mod ), then de ne the coloring by ( ) , ()
for vertices ., , repeat the pattern 2 (i.e.,
() s () , and ) 2) for vertices ,
., , repeat the pattern 2 (then ( ) ) for
vertices preceding , repeat the patter 2 bac ards and for
the vertices after , repeat the pattern 2 until the last ver-
te 1is colored. This gives an -coloring for ith span , contradicting
esp () .
f 2 (mod ), then de ne the coloring by ( ) , ()
for vertices , repeat the pattern 2 (i.e.,
() and ( ) 2) and for vertices ,
repeat the pattern 2 (them ( ) ) for vertices preceding
, repeat the pattern 2 bac ards and for the vertices after
repeat the pattern 2 until the last verte is colored. This gives
an -coloring for ith span , a contradiction.
() Suppose () for all (mod ) and 2
Suppose csp () and let 2 be an -

coloring for . Then ( ) ( ) and () 2 for any



, since . ssume ( ) and ( ) (the proof

for the case that ( ) and () is similar), then ()
ecause is connected, () for all . ombining
this  ith the assumption that () for all (mod )
and (Since and , e have
( ). ne must have ( ) for all
(mod ), , implying that ( ) , contradicting

()

n conclusion, e have

()

CSp( ) 2 (mod ) ( )
(mod ) 2

The authors are grateful to the referee for an imme-
diate report.
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