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Abstract

Givena nite setD of positive integers, the distance graph G(Z;D) hasZ
asthe vertex setandfij :ji jj2 Dgasthe edgeset. Given D, the asymptotic
clique covering ratio is de ned asS(D) = Iirrnlsup Cl?—n) where cl(n) is the min-
imum number of cliques covering any consecutive n vertices of G(Z;D). The
parameter S(D) is closelyrelated to the ratio SpT(((S) of a graph G, where (G)
and spr(G) denote, respectively, the chromatic number and the optimal span
of a T-coloring of G. We prove that for any nite setD, S(D) is a rational
number and can berealized by a \p eriodical" clique covering of G(Z; D). Then
we investigate the problem for which setsD the equality S(D) = ! (G(Z; D))
holds. (In general,S(D) ! (G(Z;D)), where! (G) is the cligue number of G.)
This problem turns out to berelated to T-coloringsand to fractional chromatic
number and circular chromatic number of distance graphs. Through sucd con-
nections, we shall shav that the equality S(D) = ! (G(Z;D)) holds for many
classesof distance graphs. Moreaover, we raise questionsregarding other such
connections.
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1 Intro duction

Let D be a set of positive integers, the distane graph generatedby D, denoted by
G(Z;D), has all the integersZ as the vertex set, and two vertices are adjacen if
their absolute di erence falls within the setD. The setD is called the distance set
(or D-set for short) of the graph G(Z;D). For n 1, we denote by G(n;D) the
subgraphof G(Z; D) inducedby the setof verticesf0;1; ;n 1g. The study of the
chromatic number of distance graphswas initiated by Eggleton, Erdps and Skilton
[10]. Their motivation was to study the 1-dimensionalanalogousof the well-known
plane coloring problem (i.e., nding the minimum number of colors neededto color
the plane sothat no two points of unit distanceare coloredthe samecolor). Later on,
it was found that the chromatic number and fractional chromatic number of distance
graphsare related to many other problems, sud as T-colorings[3, 24], diophartine
approximations [35], density of D-sets[15 and circulant graphs[20], etc.

Focusing on nite distance sets D, we considerthe problem of covering the
vertices of distancegraphsG(Z; D) by cliques. This problem is equivalert to proper
vertex-coloring the complemen of G(Z;D), which is also a distance graph whose
distancesetisZ* D. In this sensewe are still consideringvertex-coloringproblem
for distance graphs. We chooseto use the languageof clique-caering instead of
vertex-coloring becauseit is easierto deal with distance graphswhosedistance sets
are nite. A useful obsenation in coloring distance graphsis that we only needto
color the subgraphof G(Z; D) induced by the set of non-negatiwe integersf0;1; g.
Therefore, throughout the article (especially in Sections2 and 3), unlessindicated,
we shall restrict our discussionof clique coveringsto this subgraph.

Our study of clique covering of distancegraphswith nite distancesetsis mo-



tivated by problems concerning T-colorings which arose from the channel assign-
mert problem introduced by Hale [16]. Given a nite set T (called T-set) of non-
negative integerswith 0 2 T, a T-coloring of a graph G = (V;E) is a mapping
V! f0;1;2, gsud that if xy 2 E(G), thenj (x) (y)j 2 T. The span of
aT-coloring of Gisdened asspr. (G) = max (V) min (V): The T-span of G
denotedby spr(G) is de ned asminfspr. (G) : is a T-coloring of Gg.
Given a D-set, denote the complemen of G(Z;D) by G(Z;D) (similarly for
G(n; D)). A homomorphismfrom a graph G = (V;E) to anothergraphH = (V%E9
isamappingh : V! V%sud that h(x)h(y) is an edgeof H wheneer xy is an edge
of G. Let D = T f0g, a T-coloring of G is a homomorphismfrom G to G(Z;D)

and vice versa. Thus, an equivalert de nition of spr(G) is
spr(G) = minfn 1: G admits a homomorphismto G(n; D) gwhereD = T  f0g:

It is usually very dicult to determinethe minimum spansp;(G) of a graph
G. Much of the earlier e orts in the study of T-coloring have beenfocusedon nding
upper and lower bounds of spr(G) in terms of other parameterssud as! (G), the
clique number (i.e., the size of a maximum clique in G), and (G), the chromatic
number of G [5, 28, 21, 22, 27]. For a given T-set, let , denotethe minimum span

of K. It is easyto seethat ) spr(G) ) [5]

We areinterestedin the ratio SpT(g;) . The two parametersspr (G) and (G) are

certainly closelyrelated to eat other. For instance,when (G) goesto in nit y, then

sodoesspr (G). We areinterestedin nding quartitativ e relations betweenthesetwo

spr (G)

parameters.In particular, we shall investigatethe range of the ratio OR

An upper bound of spT(((S) can be obtained easily as follows. Becausespr (G)

) for any graph G, we have

spr(G) (G).
(G) (G)
— ©) — — _n- ©)
In the casethat G = K, then 7= = —& = =1 Sothe upper bound for =¥



above is sharp. Note that - is bounded,since , n (maxfd:d2 Dg+ 1).

The asymptotic ratio R(T) = nI;{n - has been studied by seeral authors.
It was proved independenly and di erently by Rabinowitz and Proulx [26] and by
Griggs and Liu [15] that for any given nite T-set, R(T) exists and is a rational
number 2, exceptwhenT = f0g, R(T) = 1. Moreover, the di erence sequence
f 41 nGi.; isewertually periodic [15]. It wasnotedin [15]that R(T) is equivalert
to the reciprocal of \density of sequencesvith missingdistances,"an earlier number
theory problem studied by Cantor and Gordon [1] and by Haralambis [17].

The study of the clique covering of the distancegraphsarisesfrom the approad
of the lower bound of the ratio $2€).. Supposespr(G) = n 1, then G admits a

(G)
homomorphismto G(n; D), whereD = T  f0g. Note that a proper k-coloring of a

graph G is simply a homomorphismof G to K. Sincehomomorphism(consideredas
a binary relation on the setof graphs)is transitive (i.e., if H admits a homomorphism
to H? and H° admits a homomorphismto H%then H admits a homomorphismto
H%, we know that (G) (G(n; D)). Therefore

spr(G) n 1
(G) (G(n; D))’

By taking G = G(n;D) sud that G(n;D) is a core (i.e., G(n; D) does not admit
a homomorphismto any of its proper subgraphs,for example, we may choosen =

spr(Km) + 1 for someinteger m), we know that the lower bound for the ratio SpT(g;)

above is also sharp.
Similarly to the study of the parameter R(T), we investigate the asymptotic

ratio lim sup (As n goesto innit y, we may ignore the minus 1 in the
n!l

__n_

(G(nD))*
numerator.) The clique covering numtler cl(G) of a graph G is the minimum number
k sud that there existk cliquesin G that cover all verticesof G. It is easyto seethat

(G) = cl(G) holds for any graph G. This leadsto the de nition of the asymptotic



clique covering ratio S(D) of a distancegraph G(Z;D):

S(D) = Ilrnn!lsupm.

In this article, we shall prove that for any given nite D-set, S(D) is a rational
number. Moreover, S(D) canbe obtained by a\p eriodical" pattern of clique covering
of G(Z; D).

Intuitiv ely, S(D) is the averagesizeof the cliquesin an optimal clique covering
of G(Z; D), and it measureshow e cien tly onecan cover the verticesof G(Z; D) by

cliques,i.e., using asfew cliquesas possible.Hencea trivial upper bound for S(D) is
S(D) !'(G(Z;D)):

The classof distance graphssud that S(D) = ! (G(Z; D)) is related to many
other well studied classesof graphs. In the study of T-colorings, those T -sets for
which spr(G) = spr(K (g)) for every graph G were investigated by seeral authors
[5, 27,21, 22, 24]. We shall show that if T is sud a T-set,then S(D) = ! (G(Z;D));
whereD = T f0g. We shall also give examplesof sets D for which S(D) <
' (G(Z;D)) aswell assetsD for which S(D) = ! (G(Z; D)) but spr(G) 6 spr(K ()
for somegraph G, whereT = D [ fO0g.

If S(D) = ! (G(Z;D)), then the vertices of G(Z; D) can be partitioned into
cliquesof maximum size. This suggestghat the complemen G(Z; D) of the distance
graphG(Z; D) resenblesa perfectgraph. We arethusled to askthe questionsregard-
ing the relations betweenthe two classe®f distancegraphs, namely, distancegraphs
G(Z;D) for which (G(zZ;D)) = ! (G(Z; D)), and distancegraphsG(Z; D) for which
S(D) = ! (G(Z;D)). In particular, whetheror not oneof the classess a subsetof the
other. We shall shav that there are distance graphs for which S(D) = ! (G(Z; D))
but (G(Z;D)) 6 ! (G(Z;D)). Howewer, we suspectthat (G(Z;D)) = ! (G(Z;D))
may imply S(D) = ! (G(Z;D)). By discussingregular coloringsof distance graphs,

we provide somesupport for this suspicion.
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2 Denitions and preliminary results

In the remaining part of this article, unlessindicated, let D be a xed nite set of
positive integers,and let d be the maximum elemen of D. For simplicity, we shall
denotethe distancegraph G(Z; D) by G.

Let f be a clique covering of G. We may regardf asa mapping that assigns
to ead vertex x a color f (x). Sincethe verticesof the samecolor induce a clique in
G, the number of cliquescovering a subsetS Z by f isjf (S)j. Fori < j, we shall
denoteby f [i; j ] the subsequencéf (i);f (i + 1); ;f(j)), denoteby f fi; j g the set
fa:a=f();i ~ jg. Letf][i;:] denotethe terminal segmen of f starting at i,
let f [:;i] denotethe initial segmeh of f endingat i, and let f [;;:] denotethe whole

sequencd . The notations f fi; :g;f f:;ig and f f:;:g are de ned analogously

De nition 1 A clique covering sequenceof G is an in nite sequene of integers
f = (f(0);f(1) ) suchthatf(i)= f(j) impliesthatji jj2 D. A partial clique
covering sequenceof G is a nite sequene f = (f(a);f(a+ 1); ;f(k)) suchthat
f(i)=f(j) impliesthatji jj2D.

The following lemmafollows directly from the de nition.

Lemma 1 An innite seuene f is a clique covering sequene of G if and only if
f(i)6 f(j)wheni | d 1, andfor anyi, f[i;i + d] is a partial clique covering

sajuene of G.

Denition 2 If f[i;j], 1 < j, is a partial clique covering sequene of G, then the

covering ratio of f [i; j ] is de ned as

j i+

jifiig

If f = (f (0)f (1) ) is acliquecoveringsejuene of G, the asymptotic covering ratio

Sty =

of f, denotal by S, is de ned as

: n .
S = lim SUP e om 1g;



Two clique covering sequence$ and f ° are isomorphicif there is a one-to-one
mapping :ff::g! f%::gsud that for all x, fqx) = (f (x)). Two partial clique
covering sequences$ [i; i + k] and f 9j; j + k9 are isomorphic,denotedby f [i; i + k]
f9j; j + k9, if they have the samelength (i.e., k = k% and there is a one-to-oneonto
mapping = ffiji+ kg! f%jj+ kQsuhthat foral0 x k, fqj + x) =

(f (i + x)). We call f a periodical clique coveringif there existsan integerp 2d

sud that f [0;:] and f [p;:] are isomorphic.

De nition 3 Supmsef is a clique covering sequene or a partial clique covering
seqquene suchthat f[i;i + 2d] f[j;j + 2d]. Thenf[i;j 1] is called a complete
segmeh of f . The adjusted covering ratio of a completesggmentf [i;j 1]is de ned

as
jo .
jiffi;j g ffjj+ 2dgj’

AStij 1=

Note that the adjusted covering ratio of a completesegmenf [i;j 1]isnoless

than the covering ratio of the subsequencé[i;j 1],i.e., Siij 13 AStp 15

De nition 4 Supmsef = (f(0)f (1) f(k)) is a partial clique covering sequene
of Gandfl[i;j 1]is a completesegmentof f. Let : ffj;j+2dg! ffi;i+
2dg be a mappingsuchthat (f(j +1t)) = f(i+t) fort = 0;1, ;2d. Letf?=
(fq0);fY1); ;fqk j +i)) bethe seguene de ned by:
8
2 f(x); if x 1
FO)=_ (F(x+j i) ifx i+landf(x+j i)2ffjj+ 2dg;
Cf(x+ji0); if x i+2landf(x+) i)6Xfjj+ 2dg.
Then f %is called the seguene obtainal from f by cutting o the complete segment

flij 11

Lemma 2 Supmwsef = (f (0);f (1); f(k)) is a partial clique covering sequene of

G andf[i;j 1] is a completesegmentof f, k j + 2d. Then the sequene f°



obtained from f by cutting o f[i;j 1] is still a partial clique covering seqguene of

G. Moreover,
jf¥ok (G o= jffokgj jffi;j 1g ffjj+ 2dgj:

Pro of. It follows from the de nition of f%that f90;i + 2d]  f[0;i + 2d], and
f9i;k (G )]  f[j; k. Thereforeforany 0 t k ( i), fqt+d]
flt+j i§;t+d+j i]whichisapartial clique covering of G.

By Lemma 1, it remainsto show that if f {x) = f{y) and x < vy, then x
y d. Assumeto the cortrary that there exist x andy, x < y d, sud that
fqx) = fqy). Thenx i 2landy i+ 2d+ 1, asfq0;i+ 2d] f[0;i + 2d],
fqi:k (j )] fJj; klandf isa partial cliqgue covering sequenceThis impliesthat
fqx) = f(x)2ff0;i 1g. Moreover, eitherf {y) = f (y+j i) 2 ffj+2d+ 1;:g;or
f)= (Fly+i )= FG+t)=1@0+1t)=1(x) wheref(y+j i)=71(+1)
forsome0 t 2d. In the formercasefqx) = fYy) 2 ff0;i 1g\ ffj+ 2d+ 1;:q,
cortrary to Lemmal, asf is a clique covering sequence.ln the latter case,) + t is
adjacentoy+j i,andx isadjacentoi+t,soj+t y+j i d j+d+1
andx i+t d. Then we geta cortradiction thatt d+ 1andt d. Hence,f?®
is a partial clique covering sequencef G.

Now we prove the secondpart. It follows from the de nition that exactly those
colorsin the setf fi; j + 2dg f fi; i+ 2dg which are usedby f but not by f ° Because
jffi; i+ 2dgj= jffj;j + 2dgj, sojf fi;j +2dg ffi;i+ 2dgj= jffi;j+2dg ffj;j+
2dgj = jffi;j 1g ffj;j + 2dgj. Hencethe moreover part follows. Q.E.D.

Corollary 3 Supmsef = (f (0);f (1); ;f(g+ 2d)) is a partial clique coveringwith
fli;j 1] a completesegquene, wheei Oandj q. Letf©be the partial clique
covering obtained from f by cutting o f[i;j 1] If AStp; 1 Stjogr24), then
Stoqogezd ( i) 11 Stpoqe2d)- Moreover, if f[0;2d]  f[g g+ 2d] and ASti; g

AStioq 11, thenAStooq iy 11 AStpog 1-

8



Pro of. By Lemma2,jf ¥0;q+2d (j i)gj= jff0;g+2dgj jffi;j 1g ffj; j+ 2dg;:
Hence,we have

g+2d ( 1i)+1
I T [T I ()
g+2d ( i)+1
jff0;q+ 2dgj jffi;j 1g ffj; ] + 2dgj
g+ 2d+ 1
jf {0, g+ 2dgj

- Sf [0;g+2d] :

The inequality above follows from the assumptionthat

g+ 2d+ 1 i CAs
jff0;q+ 2dgj jffi;j 1g ffj;j +2dgj M

Sf [0;g+2d] =

and the fact that a=b c=dimpliesthat (a+ c)=(b+ d) a=b
The moreover part can be proved similarly. We shall leave it to the reader.

Q.E.D.

De nition 5 Supmse gy = (9(0);9(1); ;9(g+ 2d)) is a partial clique covering
squene of G, wheeq 1, and go[0;2d] go[q; q+ 2d], i.e., o[0;g 1]is a complete
sgmentof go. Let g;;0; ; be partial cliue covering sequen@sof G isomorphicto
o suchthat g1 [0;2d] = g[g;q+ 2d] and (g:f0;q+ 2dg g f0;2dg)\ g f0;q+ 2dg = ;

for all j < i. For any integer x, let x = iyq+ a,, whee O a, q 1. Thenthe

sguene f dened byf (x) = g, (ax) is called a sequene obtainel by tiling g.

Lemma 4 Supmwseg = (9(0);9(1); ;9(g+ 2d)) is a partial cliquecoveringsejuene
of G, wheeq 1andg[0;2d] g[g;q+ 2d]. If f is obtaina by tiling g, thenf is a

periodical clique covering sequene of G with period g. Moreover, St = ASgo.q 1]-

Proof. Foranyt O, f[t;t+ d]is a subsequencef g[0;q+ 2d] for somei. Hence
f[t; t+ d] is a partial clique covering sequenceof G. By Lemmall, it remainsto shov

that f (x) 6 f (y) whenx <y d. Assumeto the cortrary that there exist x; y sut
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that f(x) = f(y) andx <y d. Let x;y besud apair that y x is minimum. By
de nition, f[x;y] is not a subsequencef g;[0; q+ 2d] for any i. Thusy > iyq+ q+ 2d,
X < iyq, ix < iy, and f (x) = g, (a) = f(y) = g, (ay). By de nition of g;, we know
that g,f0;q+ 2dg\ g,f0;q+ 2dg g,fg g+ 2dg\ g, f0;2dg. Therefore, there
existssomet,q t q+ 2d, sud that g (t) = g, (ax). Sinceg, is a partial clique
covering sequencet a, d, hencet < g+ d. Thenf (iyq+ t) = f(x) = f(y), and
y (ixg+t)>iyg+qg+2d ixq q d= d. This cortradicts the minimality ofy x.

It follows from the de nition that jffO;kq+ 2dgj = kjgf0;q 1g gfgq+
2dgj + jof q; q+ 2dgj. Therefore

im kg+ 2d+ 1
ki jffO;kq+ 2dgj

St

im kq+ 2d+ 1
ki~ kjgf0;q 1g gdfg g+ 2dgj+ jof g q+ 2dgj
_ q
jof0;0 1g ofg g+ 2dgj
= ASgoq 1°

Q.E.D.

3 Periodical clique covering sequence with optimal
covering ratio

In this section, we prove the following result:

Theorem 5 Given D, there existsa periodical clique covering sequene f with S =

S(D).

Pro of. Let ™ = (2d+ 1)**?, and let Q bethe setof all non-isomorphicpartial clique
covering sequenceg = (g(0);g(1); ;g(g+ 2d)) of G suh that g ~ and g[0; 2d]
olg; g+ 2d]. By Lemmad4, it su ces to prove that there existsa partial clique covering

sequenceg = (9(0);9(1); ;9(q+ 2d)) in Q sud that ASgy.q 17 = S(D). Assumeto
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the cortrary that for any partial clique covering sequencey in Q, ASg.q 11 < S(D).
Sincethe set Q is nite, there existsan > 0 sud that ASgq 1 < S(D) for
eweryg2 Q.

Claim. There existsa partial clique covering sequencey = (g(0);g(1); ;g9(g+ 2d))
sudh that g[0;2d] g[g; q+ 2d] and ASg0,q 13> S(D)

Pro of. By de nition of S(D) there exists a clique covering sequencd of G and an

integer n° for which St g:no 15 = > S(D) . Supposejff0;2dgj = m. Let

C1;C; ;Cn bem newcolorsnotin ffO;nYgandlet :ff0;2dg! fci;c; ;cmg
be a one-to-oneonto mapping. Let g = (g(0);9(1); ;g(n°+ 2d)) be the sequence
dened asg(i) = f(i) fori n®° landg(i)= (f(@ n% forn® i n%+ 2d.
It is straightforward to verify that g is a partial clique covering sequenceof G and
g[0;2d] g[n%n®+ 2d]. Moreover, ASgo:no 11 = Stone 17> S(D) . 2

Let g= (g(0);9(1); ;9(g+ 2d)) be a partial clique covering sequencef G of
minimum length sud that g[0;2d] g[g;q+ 2d] and ASgo,q 17> S(D) . By the
choiceof , we know that gq> °

It is obvious that ead partial clique covering sequenceof G with length 2d +
1 is isomorphic to a partial clique covering sequencewith all ertries in the set
f1;2; ;2d+ 1g. Hencethere are at most (2d+ 1)>**! non-isomorphicpartial clique
covering sequence®sf G of length 2d + 1.

Considerthe setfq[i;i+ 2d] :i = 2d+ 1;2d+ 2; ;q 2dg of partial clique
covering sequencesf G. Sincethereareq 4d ° 4d> (2d+ 1)2*! sud sequences,
we concludethat there existsi < j sudhthat gfi; i+ 2d] g[j; j + 2d]. Thusq[i;j] 1]
is a complete segmen of g. Let g° be obtained from g by cutting o the complete
segmeng[i;j 1]. It followsfrom Lemma2 and Corollary 3 that ¢°is a partial clique
covering sequencedf G and ASgqo.q ( i) 17 ASgog 13> S(D) , cortrary to the
choiceof g. Therefore,we concludethat there existsa partial clique covering sequence

9= (9(0);0(1); ;g(a+ 2d)) with g[0;2d] g[g;q+ 2dandq  (2d+ 1)%**? such

11



that S(D) = AS,. Q.E.D.

Corollary 6 For any nite D-set, the asymptotic clique covering ratio S(D) is a

rational numkber.

Theorem 5 also shows that the limit nI'ilm m exists, and henceS(D) =
im ——n_
M oy

4 Distance graphs with S(D) ="! (G(Z;D))

As obsenedin Sectionl, we have S(D) ! (G(Z;D)) for all distancesetsD. There
are distance setsD for which the strict inequality holds, S(D) < ! (G(Z;D)). For
example,if D = f2;3;5;8g, then! (G(Z;D)) = 4. The only type of K4 is of the
form fi;i+ 3;i + 5;i + 8g. It is easyto seethat the vertex set of G(Z;D) can not
be partitioned into this only type of K4's. Therefore S(D) < 4. Indeed, for any
two distinct odd integersx;y, if D = fx;y;y X;y+ xg, then! (G(Z;D)) = 4 and

S(D) < 4. In this section,we investigate the following question:
Question 1 For which D the equality S(D) = ! (G(Z; D)) holds?

In other words, we considerfor what distance graphs whose vertices can be
partitioned into cliquesof maximum size?
We rst de ne the fractional chromatic number and the circular chromatic num-
ber of a graph which are neededin the discussion.The fractional chromatic number
¢ (G) of a graph G is the minimum total weight that can be assignedto the inde-
penden setsof G sothat for eat vertex x the total weight of thoseindepender sets
cortaining x is at least1. A (k;d)-coloring of a graph G is a function that assignsto
eat vertex a color from the setf0;1;, ;k 1gsudithatd jc(x) c(y)j k d

for every edgexy of G. The circular chromatic numker (G) of G is the minimum
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ratio k=dif G hasa (k; d)-coloring. The following are known [33]:
HG) (G  (G) (G)andd [(G)e= (G) ()

Now we relate Question 1 to a classof distance graphs which arosefrom the

study in T-colorings. A T-set hasproperty (**) if the following is true:
spr(G) = spr(K (g)); for all graphsG ()

The problem about which T-setshave property (**) was studied by seweral authors

[5, 27, 21, 22, 23]. Our next result shaws that this problem is related to Question 1.

Theorem 7 If T hasthe property (**) andletD = T f 0g,thenS(D) = ! (G(Z;D)) =
1 (G(Z;D)).

Pro of. It wasprovedin [21]that T hasthe property (**) if and only
if (G(n;D)) = ! (G(n;D)) for all n, whereD = T f0g. It was proved in [3]

that ;(G(Z;D)) = r]I,i{n Thereforewe have

lim LI
W (G(n; D))
| (G(Z;D))

S(D)

1(G(Z;D))

S T L —

- "1 (G(n;D))
n

" Gn; o))
= S(D):

ThereforeS(D) = ! (G(Z;D)) = ¢(G(Z;D)). Q.E.D.

The corverse of Theorem 7 is not always true. There are sets D sud that
S(D) = ! (G(Z;D)) but spr(G) 6 spr(K (g)) for somegraph G, whereT = D[ fO0g.

As an example,let D = faja+ 1, ;bg. We prove in the next result that for such

13



distancesetsD, S(D) = ! (G(Z;D)) always holds. Howewer, it was proved in [22]
that if T = f0;a;a+ 1, ;bg, then T hasthe property (**) if and only if bis a

multiple of a.
Theorem 8 If D = faja+ 1; ;hy, thenS(D) = ! (G(Z;D)) = b2c+ 1.

Pro of. It was proved in [2] that (G(Z;D)) = 1+ 2 Therefore! (G(Z; D))
b .(G(Z;D))c = b§c+ 1. As f0;a;2a; ;bgcag inducesa clique of G(Z;D), we
concludethat ! (G(Z;D) = blc+ 1.

Letm= b§c+ 1. To completethe proof, it su ces to show that the verticesof
G(ma;D) canbe coveredby acliques.Dene A; = fi+ja:j =012 ;m 1g,
i=012 ;a 1. Theneat A is aclique andthe = verticesof G(ma;D) is the

disjoint union of the Aj's,0 i a 1. Q.E.D.

The coloring of distancegraphshasbeenstudied extensiwly [2, 3, 4, 6,7, 10,11,
12,13,19,8, 9, 24, 25, 30,29, 32,34, 35. It seemaunlikely that somegeneralcoloring
method can nd the chromatic number of all distance graphs. Howewer, there is a
very simple generalcoloring method that works for many distancegraphs: the regular
coloring method. This method wasusedto determinenot only the chromatic number
but alsothe circular chromatic number of many distancegraphs|2, 3, 6, 14, 20, 35].
The essenceof the regular coloring method is revealedin the proof of Theorem 9
below, which wasproved in [31]. In order to explain this coloring method, we include
a proof here.

For any real number X, let jjxjj denotethe distancefrom x to the nearestinteger.
SupposeD is a nite set of positive integersand r is a real number, let jjrDjj =
minfjj rxjj : x 2 Dg. For a nite setD of positive integers, we de ne the function

(D) as

(D) = SUP,RijrDji:

14



Theorem 9 For a nite setD of positive integers,

: 1
«(G(Z;D)) D)’

Pro of. It isnot dicult to seethat whenD is a nite set of positive integers,then

(D) is rational. Suppose (D) = jngjj = g Letr = qﬂk We partition the real
line R into half openintervals|; = [ir; (i + 1)r). Then color the interval I; with color
i (mod k). Intuitiv ely, we make a \brush” of width r and paint the line R with
this brush and with k colorsead usedoncein ewery k consecutie brushings. This
coloring of a distancegraph is called a regular k-coloring with parameterr.

Now we shaw that the restriction of this coloring to Z is a (k;d)-coloring of

G(Z;D). By de nition, the color c(i) of vertex i is given by the formula
c(i) = bq—glc (mod k):

Then for any edgeij of G(Z;D),ji jj2 D. Hence

jc(i) c(j)] = jbq—glc (mod k) %c (mod K)j
pM e mod k) 1
d 1

Thereforejc(i) c(j)j d. Similarly wecanprovethat jc(i) c(j)j k d. Therefore
cis a (k;d)-coloring of G(Z; D) and hence (G(Z;D)) k=d Q.E.D.

To determine the circular chromatic number of G(Z;D) by using the regular

coloring method, one usually proves that ﬁ is a lower bound for the fractional

chromatic number, i.e., ;(G(Z;D)) —%s. Combining this with (*), we obtain

(D)
1(G(Z;D)) = c(G(Z;D)) = —py-

Our next result shavs that S(D) = ! (G(Z;D)), if —&; is equalto the clique

number of G(Z; D).



Theorem 10 If ! (G(Z;D)) = ﬁ, then S(D) = ! (G(Z;D)) = (G(Z;D)) =

«(G(Z;D)) = (G(Z;D)) = 3y

Pro of. Assume! (G(Z;D)) = ﬁ. It follows from (*) and Theorem 9 that
1(G(Z;D)) = (G(Z;D)) = (G(z;= D)) = %. We shall shav that S(D) =
I (G(Z;D)).

Let m = ! (G(Z;D)). Suppose (D) = jjmiijj = % where p; g are positive
integers. We choosep and q sothat mp maxfx : x 2 Dg (thus, mp and q are
not necessarilycoprime). By the proof of Theorem 9, the mapping f de ned by
f()= bq—pic (mod m) is an m-coloring of G(Z; D). Similarly, the mapping de ned
as

(i) =g (mod mp)
is an (mp; p)-coloring of G(Z; D).

Let Gnp(D) be the circulant graph with vertices0;1; ;mp 1anduv is an

edgein Gnp(D) if andonly if ju vj2 D ormp ju vj2 D. The restriction of
to the verticesof Gnp (D) is an (mp; p)-coloring of G, (D). With an abuseof the

notation, we regard asa homomorphismfrom G, (D) to Gf,, which hasvertices

0;1;, ;mp 1landij isanedgeif andonlyifp ji jj (m 21)p.

Claim. Gy,,(D) canbe coveredby p cliquesof sizem.

Pro of. By our assumption,! (G(Z;D)) = m. As G(Z;D) is vertex transitive and

by the choice of p, G(Z;D) hasa clique Yo = fvyo;V1;¥2, ;Ym 10 sud that O

Yo < Y1 < < ¥m 1 mp 1. By the denition of Gy,(D), Yo is alsoa clique

of Gmp(D), hence (Yo) is a clique of Gf;. It is easyto verify that ewery clique of

Gh,, of sizem is of the form fi; i + p;i+ 2p; ;i+ (m 1)pg for somei. Therefore

without lossof generaliy we may assumethat y; 2 *(jp) forj = 0;1; ;m 1.

If gcd(mp;q) = 1,thenj (i)j = 1for all i. Then G, (D) is coveredby the p
maximum cliques:f  (i); Yi+p) ; Xi+(m 1p)g,i=012 ;p 1.If
gcd(mp;q) = d, thenj 1(i)j= dif dji;andj 1(i)j = 0 otherwise. To completethe
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proof of the claim, it su ces to shav that if djj, then ()] X + p)| [

G + (m 1)p) is adisjoint union of d maximum cliquesin G, (D).
It follows from the de nition that (i) = j if andonly if (i + %) = j, where

the summation is carried out modulo mp. Therefore  1(x) = fXq;Xo

+
3
X
o
+

o xe+ DM (mod ™)g, wherexo is any vertex of  1(x).

imp
Yo+ M

Now we can construct d disjoint cliquesY; in Gm,(D) by letting Y;
for0 i d 1, wherethe summation is carried out modulo mp. Similarly, by
shifting thesecliques,onecanshav that  (j); *(+p); ; (+ (m 1p
is a disjoint union of d maximum cliquesin Gn,(D). The imagesof these cliques
under the homomorphism  cover all verticesof Gf;, and all thesecliquescover all
vertices of G, (D). To be precise,the vertices of G,,,(D) are covered by p cliques
Yij = Yo+ % +jfor0O i d landO | p=d 1, wherethe additions are
carried out modulo mp. This completesthe proof of the Claim. 2

SinceYy isacliquein G(Z; D), Yij = Yo+ X (wherethe addition is the ordinary
addition, i.e., does not take modulo) are cliques of G. Therefore the vertices of
G(Z;D) are covered by the cliquesY;; = Yo+ ™ +j fori= ; 2 1,012
and0 j p=d 1. Q.E.D.

There are many D-setsfor which ! (G(Z;= D)) = ﬁ, sudh asD = faja+
1, ;kag, and D = fa;b;a+ bg, gcd@,b) = 1anda b (mod 3) [2, 31], etc.
There are alsomary distancesetsD for which the answer to Question1 is positive,
but! (G(Z;D)) 6 ﬁ. The classof distancegraphswe considerbelowv providessud
examples.

Given positive integersm, k and s with m > ks, let D,«.s = f0;1,2; ;mg
fk;2k;3k; ;skg. The distancegraphswith D-setsD = Dn.s have beenstudied
by seweral authors[10, 19, 24, 3, 25, 7, 18, 34]. Erdps, Eggletonand Skelton initiated
the study of this family of distancegraphsfor the casethat s= 1= [10]. Chang, Liu

and Zhu [3] gave the fractional chromatic number of G(Z; Dn.«:1), and completely
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determinedthe value of (G(Z;Dm«.1)) for any m and k.

The distance graphs with distancesetsD = Dp.s for other valuesof s were
rst studied by Liu and Zhu [25 in which the authors shaved the results of fractional
chromatic number: ¢ (G(Z;Dmx:s)) = k if m < (s+ 1)k; and ¢(G(Z;Dmxk:s) =
(m+ sk+ 1)=(s+ 1) if m (s+ 1)k, and determined (G(Z;Dn«:s)) for the cases
s = 2;3 and someothers. The exact valuesof (G(Z;Dmnk:s)) for all m, k, and s
were completely solved by Huang and Chang[18]. The circular chromatic number of
G(Z;Dmk:s) Was investigatedin [3, 18, 34], and the complete solution was recerly
obtained by Zhu [34].

SupposeD = Dyk:s. Let M= m+sk+ 1andletd = gcdm®k) = gcdm+ 1; k).
The following result was proved in [34]:

Theorem 11
- m(s + 1); ifd=1 or d(s+ 1)jm®°
(m°+ 1)=(s+ 1);  otherwise.

A consequencef this result is that for somedistance setsD = D5 (i.€.,
those D s for which d 6 1 and d(s+ 1) 6m9, ;(G) 6 ((G). Thereforefor these
distancegraphs, (G) 6 ! (G). Howewer, our next result shows that for all distance

setsD = Dk, S(D) = ! (G(Z;D)).

Theorem 12 SupmseD = Dnks=f0;1;2; ;mg fk;2k;3k; ;skgwheem =

(s+ 1)kg+ r for somenonnegativeintegersqgandr withO r (s+ 1)k 1. Then

(qk+r+1; fo r k 1

S(D) = 1 (G(Z;D)) = (q+ Dk;  ifk r (s+ i)k 1.

Pro of. We rst prove the secondequality. By de nition of D = D, it iS easyto
verify that the maximum sizeof a clique in any set of consecutie (s+ 1)k verticesin
G(Z;D) isk, i.e. ! (G((s+ 1)k;D)) = k. Therefore,to shav the secondequality it
su ces to nd cliquesin G(Z;D) with the desiredcardinalities. If 0 r k 1,the

setof vertices([ L fi(s+ 1)k;i(s+ 1)k+ 1; :i(s+ Lk+k 1g)[ fa(s+ 1)k;q(s+
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Dk+1;, ;q(s+1l)k+rgformsacliquein G;ifk r (s+ 1)k 1,thenthe setof
vertices[ L fi(s+ 1)k;i(s+ 1)k+ 1, ;=i(s+ 1)k+ k 1lgisacliquein G. These
prove the secondequality.

Now we show the rst equality. Supposek r (s+1)k 1,it suces to prove
that the verticesof G((gq+ 1)(s+ 1)k;D) canbe coveredby (s+ 1) cliques. Forj =
0;1,2, ;s/letA; = [{fi(s+k+jk;i(s+1)k+jk+1; ;= i(s+1)k+jk+k 1g.
It is easyto seethat ead A; is a clique and the verticesof G((q+ 1)(s+ 1)k;D) is
the disjoint union of the A;'s,j = 0;1; ;s.

IfO r k 1,it suces to provethat the verticesof G((s+ 1)(gk+r + 1); D)
can be covered by (s + 1) cliques. Considerthe caseq = 1. We patrtition the set
of verticesf0;1;, ;(s+ 1)(k+r+ 1) 1ginto (3s+ 3) blocks (i.e. intervals of
consecutie vertices) by the following three steps:

(1) ead of the rst (s+ 1) blocks, Ag, A1, A, , Ag, haslengthr + 1;

(2) eat of the next (s+ 1) blocks, Bg, B1, B,, , Bs, haslengthk r 1;

(3) ead of the last (s+ 1) blocks, Co, Cy, C;, , Cg, haslengthr + 1.

Let W, = A [ Bsi[ Cfori=0;12 ;s

Then ead W; is a clique in G. (For instance, Wg = Ag[ Bs[ Co, where
Ap=10;1, ;rg,Bs=f(s+1)(r+1)+stk r 1)(s+(r+21)+sk r 1)+
1, ;(s+1k 1g,andCy= f(s+ 1)k;(s+ 1)k+ 1, ;(s+ 1)k+rg.) This implies
that the verticesof G((s+ 1)(k+ r + 1); D) canbe coveredby s+ 1 cliques.

For the casethat g 2, onecanextendthe method above by rst repeating (1)
and (2) together for g times and then adjoining (3). To be precise,we partition the

verticesof G((s+ 1)(gk + r + 1); D) into blocks A;j, Bi; andC; (i;j = 0;1;2 ;5s)
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in the following order:

AO;O ! AO;l ! ! AO;S
! BO;O ! B0;1 ! ! B0;s
! Al;O ! Al;l ! ! Al;s
! Bl;O ! Bl;l ! ! Bl;s
' Aso!  Aga! ' Ass
' Bso! Bga! I' Bss
' Co ! C ! N O

whereead A or C block has(r + 1) verticesand ead B block has(k r 1) vertices.

ForO i s, letW, = [f:o (Aij [ Bis j)[ Ci. Then eadh W, is acliquein G and
the verticesof G((s+ 1)(gk + r + 1); D) arecoveredby W;, 0 i s. Q.E.D.
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