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Abstract

Given positive integersm; k and s with m > ks, let D .5 represen the set
1,2, ;mg fk;2k; ;skg. The distance graph G(Z;D nk:s) hasas vertex
set all integersZ and edgesconnectingi andj whenewer ji jj2 Dpyks. The
chromatic number and the fractional chromatic number of G(Z; D . s) are de-
noted by (Z;Dmk:s) and ¢ (Z;Dmk:s), respectively. For s= 1, (Z;Dmxk:1)
was studied by Eggleton, Erdps and Skilton [6], Kemnitz and Kolberg [12],
and Liu [13], and was solved lately by Chang, Liu and Zhu [2] who also de-
termined (Z;Dmk:1) for any m and k. This article extends the study of

(Z;Dmk:s) and ¢ (Z; Dmk:s) to generalvaluesofs. Weprove ¢ (Z;Dmk:s) =

(ZiDmks) = k if m < (s+ 1)k; and (Z;Dmx;s) = (M + sk + 1)=(s+ 1)
otherwise. The latter result provides a good lower bound for (Z;Dmk:s). A
generalupper bound for (Z;Dnk:s) is found. We prove the upper bound can
be improved to dim + sk + 1)=(s+ 1)e+ 1 for somevaluesof m;k and s. In
particular, whens+ 1is prime, (Z;Dmk:s) is either dm + sk + 1)=(s+ 1)e
or dm + sk + 1)=(s+ 1)e+ 1. By using a special coloring method called
the pre-coloring method, many distance graphs G(Z; D,k .s) are classi ed into
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these two possible values of (Z;Dmk:s). Moreover, complete solutions of
(Z; Dm:s) for seeral families are determined including the cases = 1 (solved
in [2]), the cases = 2, the case(k;s+ 1) = 1, and the casethat k is a power of
a prime.
Keyw ords. Distance graph, chromatic number, fractional chromatic number, pre-

coloring method.

1 Intro duction

Given a set D of positive integers, the distance graph G(Z; D) has all integers as
vertices; and two vertices are adjacen if and only if their di erence falls within D,
that is, the vertex setis Z and the edgesetis fuv : ju vj 2 Dg. We call D the
distance set The chromatic number of G(Z; D) is denotedby (Z;D).

For di erent typesof distancesetsD, the problem of determining (Z;D) has
beenstudied extensiwely. (See[2,3, 4,6,7,8,9,12 16,15, 17].) For instance,suppose
D isasubsetof prime numbersandf2;3g D, Eggleton,Erdpsand Skilton [9] proved
that (Z;D) iseither 3 or 4. The problemof classifyingG(Z; D) with distancesetsD
of primesinto chromatic number 3 or 4 was studied by Eggleton, Erdps and Skilton
[9], and by Voigt and Walther [16]. Howewer, a completeclassi cation is not obtained
yet.

If D hasonly one elemen, it is trivial that (Z;D) = 2. When D hastwo
elemets, it is known that (Z;D) = 3if the two integersin D are of di erent parity,
and (Z;D) = 2 otherwise (assumingthat gcdD = 1). The caseif D has three
elemerts, which is much more complicated, has beenstudied by Chen, Chang, and
Huang [3], and by Voigt [15], and was solved lately by Zhu [17].

A fractional coloring of a graph G is a mapping h from | (G), the set of all
independen sets of G, to the interval [0; 1] sud that P _ h(l) 1 for eath
vertex x of G. The fractional chromatic numker f(G)Igf(gyxiZIthe in m um of the

P . . . .
value h(l) of a fractional coloring h of G. The fractional chromatic number of
121 (G)



a distancegraph G(Z; D) is denotedby ¢(Z;D).
For any graph G, it is well-known and easyto verify that

IV(G)]
(G)

maxf! (G); t(G)  (G); *)

where! (G) is the size(number of vertices) of a maximum completegraph, and (G)
is the sizeof a maximum independen setin G. (SeeChapter 3 of [14].)

Given integersm; k and s with m > ks, let D«.s denote the distance set
Dmks = 11;2,3; ;mg fk;2k;3k; ;skg. This article studies the chromatic
number and the fractional chromatic number of G(Z; D m:s). If s = 1, the chromatic
number of G(Z; Dnk.1) was rst studied by Eggleton, Erdps and Skilton [6] who
determined (Z;Dmk.1) completely for k = 1, and partially for k = 2. The same
results for the casek = 1 were alsoobtained in [12] by a di erent approad. For the
casesthat k is an odd number, k = 2 and k = 4, (Z;Dn«x.1) were determinedin
[13]. Recerttly, the exactvaluesof ¢(Z;Dmnk.1) and (Z;Dn1) for all m and k were
settled in [2]. We extend the study to generalvaluesof s.

Note that it becomesan easycaseif m < (s+ 1)k. De ne a coloring f of
G(Z;Dmx:s) by: Forany x 2 Z, f (x) = x mod k. SinceD ks cortains no multiples
of k, f is a proper coloring. Thus, (Z;Dmk:s) k. As any consecutie k vertices
in G(Z;Dmk:s) form a complete graph, by (*), ¢(Z;Dm«k:s) k. This implies

(Z;Dmk:s) = $(Z;Dmk:s) = k, if m< (s+ 1)k. Therefore,throughout the article,
we assumem  (s+ 1)k.

Section 2 determinesthe fractional chromatic number of G(Z; D .«.s) for all

valuesof m; k and s with m  (s+ 1)k. This result provides a good lower bound for

(Z; Dm;k;s)a namely
dm+ sk+ 1)=(s+ 1)e (Z;Dmk:s); ifm  (s+ 1)k. (**)

This lower bound will be shavn to be sharp for somefamilies of G(Z; D n.«:s) and

strict for someothers.



Section3 introducesthe pre-coloringmethod, one of the main tools usedin the
article. For sudh a coloring method, we determinewhenit producesa proper coloring
for G(Z; Dmk:s), and then determine the number of colors used by the produced
proper coloring. Thesecharacterizationsare usedintensively in Sections4 and 5.

Section 4 starts with the result of a generalupper bound of (Z;D k). For
somevaluesof m; k and s, we improve the upper boundto dim+ sk+ 1)=(s+ 1)e+ 1.
Combining theseresults with the lower bound (**) mertioned above, the chromatic
numbers for many families of G(Z; D .«.s) are determined.

Section 5 focuseson the study of (Z;Dmk.s) Wwhens+ 1is a prime number.
Using the results obtained in earlier sections, we shov that when s + 1 is prime,

(Z; Dimk:s) is eitherd(m + sk+ 1)=(s+ 1)eor dim + sk+ 1)=(s+ 1)e+ 1. For many
families of G(Z; Dm«:s), We classify their chromatic numbers into one of these two
values. Moreover, we completely determine the exact valuesof (Z;Dnks) for the
following cases:If s = 1 (which was solved recerily in [2]); if s= 2;if (k;s+ 1) = 1;

and if k is a power of a prime.

2 Lower bounds and fractional chromatic number

In this section,we rst determinethe fractional chromatic number of G(Z; D n.«:s) for
all valuesof m;k and s with m  (s+ 1)k. This result immediately leadsto (**),
a lower bound for (Z;Dnk.s). Then we prove that in (**), equality holds for some

valuesof m; k and s; while strict inequality holds for someothers.
Theorem 1 For any givenintegersm; k and s with m  (s+ 1)k,
t(Z;Dmk;s) = (M + sk+ 1)=(s+ 1):

Proof. ForanyiwithO i m+skletlj=fj22zZ:] i xk (modm+

sk+ 1);0 x sg. It is straightforward to verify that |; is an independen setin



G(Z;Dmx:s)- It is alsoeasyto verify that any integer is cortained in exactly s+ 1

sud independert sets. De ne a mappingh : 1 (G(Z;Dmk:s)) ! [0; 1] by
( 1

h() = ? ifl =1, for0O i m+ sk;

otherwise.

Then h is a fractional coloring of G(Z; D n.«:s) Which has value % Thus,

. k
f(Z,Dm;k;s) %

Toshow {(Z;Dmys) MK et G be the subgraphof G(Z; D« .s) induced

s+l

by the verticesf0; 1;2; ;m+skg. Then ¢(G) ¢ (Z;Dmx:s)- It isstraightforward

to verify that (G) = s+ 1. Hence,by (*), (G) J'V((g)” = mtskil This completes

the proof of Theorem 1. Q.E.D.

Since (G) is aninteger,by (*), we haved ¢ (G)e (G). Hence,the following

is obtained.
Theorem 2 For any givenintegersm; k and s with m  (s+ 1)k,
(ZiDmks)  dm+ sk+ 1)=(s+ 1)e:

The following result indicatesthat the lower bound of (Z;Dyx.s) in Theorem

2 is attained by somevaluesof m; k and s, but not attained by someothers.

Theorem 3 Supmsem (s+ 1)k, k = (s+ 1)?k®and m + sk+ 1 = (s+ 1)m°

wheee both k° and m° are not divisible by s+ 1. Then

2D (m+ sk+ 1)=(s+ 1)+ 1, if0<b &
Pmics) = (m+ sk+ 1)=(s + 1) if a< band(s+ L,k9 = 1

Proof. Letn= (m+ sk+ 1)=(s+ 1). Becauseb> 0, n is an integer.

Suppose0< b a, we shall show that G(Z; Dn:s) IS not n-colorable. Assume
to the cortrary, there exits an n-coloringf of G(Z; D mx:s)-

For any two integersi andj, let GJi; j ] be the subgraphof G(Z; D n.:s) induced
by the vertexsetfi+ 1;i+2; ;jg. Thenfor any integeri, the graph G[i; i+ m+ sk+ 1]
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hasm + sk + 1 verticesand a maximum independen set of sizes+ 1. Sincef is an
(m+ sk+ 1)=(s+ 1)-coloring, exactly s+ 1 verticesof G[i; i + m+ sk + 1] are colored
by the samecolor. It followsthat f (i) = f (i + m+ sk + 1) for any integeri.

De ne a circulant graph G on the setf0;1; ;m + skg with generatingset
Dm«:s, that is,ij isanedgeof G if andonly if (j 1) mod (m+ sk+ 1) 2 Dx.s OF
(i j)mod (m+ sk+ 1) 2 Dnk.s. The argumert in the previous paragraph shows
that f inducesa proper n-coloring of G. Moreover, ead color classconsistsof s+ 1
verticesin G. It is not di cult to verify that all (s+ 1)-independen setsof G are of
the formfi; i+ k; ;i+ skg. (Hereead number is calculatedby modulo m+ sk+ 1.)

Letd= (k;m+ sk+ 1) andu = (m+ sk+ 1)=d. Divide the vertex setof G into
d subsetsof the form fi;i + k;i + 2k; ;i+ (u 1)kg (mod m+ sk+ 1), eat of
sizeu. Then eadt of thesed subsetsis the union of somecolor classe®f sizes+ 1, so
(s+ 1) dividesu. Thereforem+ sk+ 1is a multiple of (s+ 1)1, which is impossible
sinceb a.

Supposea < band (s+ 1, k% = 1, then u is a multiple of s+ 1. One can easily
de ne a proper n-coloring f on G by using u=(s + 1) colorsto ead of the subsets
fi;i+k;i+2k; ;i+(u 1)kg (mod m+ sk+ 1)asde ned in the previousparagraph
by: the rst s+ 1 verticesin a subsetuseone color and the next s+ 1 verticesuse
the next, and cortinue the processuntil all verticesare colored. It is easyto ched
that f is a proper coloring of G. Furthermore, f canbe extendedto a proper coloring
of G(Z; Dmx:s) by letting fqy) = f (x), wherex = y mod (m + sk + 1). Therefore,
G(Z;Dmk:s) is n-colorable. This completesthe proof of Theorem 3. Q.E.D.

3 The pre-coloring metho d

This sectionintroducesthe main tool to be usedin the remaining part of this article,
namely the pre-mloring methal. A simpler version of this method was originally

appliedin [2] in determining the chromatic number of G(Z; D n:1). Herewe extend
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the ideato a more complexversionand useit extensiwely throughout this article.

Beforeintro ducingthe pre-coloringmethod, we note anotherfact. Let Z denote
the set of non-negatiwe integers. It is known and easyto verify that for any distance
setD, (Z;D)= (Z ;D), whereG(Z ;D) is the subgraphof G(Z;D) induced by
Z . Therefore,to color the graph G(Z;Dnk:s), it suces to color the subgraph of
G(Z;Dpx:s) inducedby Z .

There are two stepsin the pre-coloring method. First, we partition the setZ
into s+ 1 parts by amappingc:Z ! f0;1;2; ;sg. Secondfor ead non-negatiwe
integer x, accordingto the value of ¢(x), we assigna color to x by the rule de ned as

follows.

De nition 4 Supmsem;k; s are positive integers. For a given mappingc : Z !

f0;1;2; ;sg, de ne a coloring c®of Z recursively by:

8
2 j; if j <k;

)=, A k) ifj kandc(j)6 O
o if j kandc(j)=0,

wheee n is the smallest non-neyative integer (color) not been usel in the m vertices

preceeding j, thatis, n=minft2Z :cYj i)6tfori= 1,2, ;mg.

Note that c® de ned above is uniquely determined by c. We call ¢ the pre-
ooloring, and c® the coloring induced by c. For any x 2 Z , ¢(x) and c{x) are called
the pre-mlor and the color of x, respectively.

In order to ensurethat the coloring c® in De nition 4 to be a proper coloring
for G(Z ;Dmn«k.s) as desired, the pre-coloring ¢ needsto satisfy certain conditions

speci ed in the following lemma.

Lemma 5 Supmsec is a pre-mwloring of Z . If for any integerj sk, c(j);c(j
kK);cj 2k); ,andc(j sk) areall distinct, then the induced coloring c®is a proper

coloring for G(Z; D m«s)-



Pro of. It is enoughto shav by induction that forany j 2 Z , cYj) 6 c{x) for any
neighbor x of j andx < j. If ] < k, orj k with c(j) = O, then this is true by
De nition 4.

Now, assumej k andc(j) 6 0. By de nition, c{j) = c{j k). Ifj k<
X < j, then x is adjacent to j k. By the inductive hypotheses,c{x) 6 cXj k),
socqx) 6 {j). If x<j kandx is adjacert to j, then either x is a neighbor of
] korx=j (s+ 1)k. In the former case,accordingto the inductive hypotheses,
c{x) 6 {j k), hencecYx) 6 c¥j). We now considerthe casethat x = j (s+ 1)k.
Becausethe pre-colorsof j;j k;j 2k; ;) sk are all distinct, exactly one
of them is 0. Supposec(j uk) = O for some0O u s. Then by De nition
4,cYj uk) is dierent from the color of any of the m vertices precedingj  uk,
hencecj uk) & c¥j (s+ 1)k). Becausec(j);c(j k); ;c(j (u 1)k) 6 0,
A= K= 2k = = uk). Therefore,cj)6 cXj (s+ 1)k),
i.e., cYj) 6 cYx). This completesthe proof of Lemma. Q.E.D.

After getting a necessarycondition for the pre-coloringc to produce a proper
coloring c° for the distance graph G(Z ;Dn«:s), the next natural questionto ask is
how many colorsare usedby c®. The answer of this questionis shown in the following

result.

Lemma 6 Supmsecis a pre-mloring and c®is the induced coloring. Then the number
of colors usal by c®is at mostk + *, whee " is the maximum numker of vertices with

pre-wmlor 0, amongany m Kk + 1 conseutive integers greater than k.

Pro of. We prove, by induction on j, that vertices0;1;2; ;j are coloredby the
pre-coloring method with at mostk + ~ colors. This is trivial whenj < k, orj Kk
with c(j) 6 0.

Now we assumej > k and ¢(j) = 0. It suces to show that the m vertices

preceeding useat mostk+ = 1 colors. For the m verticespreceeding , the rst k
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verticesuseat mostk colors. Among the remainingm Kk vertices,only thosevertices
with pre-color O require a new color. Due to the facts that c(j) = 0, and any set of
consecutie m k + 1 verticescortains at most * verticesof pre-color0, we conclude
that amongthe remainingm  k vertices,there are at most~ 1 verticeswith pre-
color 0. Therefore,the total number of colorsusedby the m vertices preceedingj is

at mostk + © 1, and hencethere is a color for the vertex j . Q.E.D.
Combining Lemmas5 and 6, we arrive at the following useful conclusion.

Corollary 7 Givenintegersm;k ands, (Z;Dmnk:s) nif there existsa pre-mloring

¢ suchthat the following two conditions are satis ed:

(1) for any integerj sk, c(j);c(j k);c(j  2k); ;c(j sk) are all distinct,

and

(2) amongany conseutive non-nggativem k+ 1 integers,there are at mostn Kk

vertices with pre-alor O.

Corollary 7 will be usedin many of the proofsin the rest of the article. Instead
of nding a proper coloring for the distance graph G(Z; D m.s) with n colors, it is

enoughto presen a pre-coloringc that satis es (1) and (2) of Corollary 7.

4 Upp er bounds

This section showns upper boundsof (Z;Dnk:s) for di erent valuesof m;k and s.
Combining these upper bounds with the lower bounds obtained in Section 2 gives
the exact value of (Z;Dn«k.s) for somefamilies of G(Z;Dnk.s). In particular, we
prove for many di erent conmbinations of m;k and's, (Z;Dn«:s) is either dm+ sk +
1)=(s+ l)eord(m+ sk+ 1)=(s+ 1l)e+ 1.

We start with a generalupper bound in the following. For any two integersa

and b, let (a;b) denotethe greatestcommondivisor of a and b.
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Theorem 8 Supmsem (s+ 1)k and (k;m + sk+ 1) = d, then (Z;Dm«:s)
ddim + sk+ 1)=d(s+ 1)e.

Pro of. De ne a circulant graph G on the setf0;1; ;m + skg with generating
setDnmk:s, that is, ij isanedgeof G if andonlyif (j i) mod (m+ sk+ 1)2 Dy:s
or (i j)mod (m+ sk+ 1) 2 Dn«:s. It is easyto verify that any proper coloring f
of G can be extendedto a proper coloring f ®of G(Z; Dmxs) by letting f {y) = f (x),
wherex = y mod (m + sk+ 1). Therefore,it is enoughto nd a proper n-coloring of
G, wheren = dd(m + sk + 1)=d(s + 1)e:

Let u= (m+ sk+ 1)=d. Divide the vertex setof G into d subsetssud that eat
subsethasu verticesand is of the form fi; i+ k;i+ 2k; ;i+(u 1)kg (mod m+
sk + 1). Any consecutie s+ 1 verticesin a subsetare independen, soead subset
can be partitioned into du=(s+ 1)e = d(m + sk + 1)=d(s + 1)e independen sets of
sizes + 1, exceptthe last onewhosesizemight be smallerthan s+ 1. Thereforethe
vertex set of G can be partitioned into dd(m + sk + 1)=d(s + 1)e independen sets.

Hence (Z;Dmks) ddm+ sk+ 1)=ds+ 1l)e. Q.E.D.

Combining the upper bound above with the lower bound in Theorem 2, the

following two results emerge.
Corollary 9 Supmsem (s+ 1)k and (k;m + sk+ 1) = d, then
dm+ sk+ 1)=(s+ 1)e (Z;Dmk:s) dd(m+ sk+ 1)=d(s+ 1l)e

Corollary 10 If m (s+ 1)k and (k;m+ sk+ 1) = 1, then (Z;Dmk.s) = dim +
sk+ 1)=(s+ 1)e.

We note that in Corollary 9, there may exist big gapsbetweenthe upper and
the lower bounds, depending on the valuesof d = (k;m + sk + 1). Howewer, so far

we do not have any exampleof distancegraph G(Z; D mk:s) with chromatic number
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exceedingd(m + sk + 1)=(s+ 1)e+ 1. The next theorem provides a better upper

bound for somefamilies of G(Z; D m s)-

Theorem 11 If m (s+ 1)k and s+ 1 is a divisor of k, then (Z;Dn«k:s)
dm+ sk+ 1)=(s+ 1)e+ 1

Proof. Foranyj 2 Z , wecanwrite j uniquelyin the formj = uk+ v(s+ 1)+ w,
whereu;v and w are integerssudh that 0 v < k=(s+ 1)and0 w s. Then
de ne a pre-coloringc by ¢(j) = u+ w (mod s+ 1). We only needto show that c
satis es (1) and (2) in Corollary 7, with n = d(m + sk+ 1)=(s+ 1)e+ 1.

First we show that for any vertex j, the s+ 1 vertices,j;j k;j 2k; ;j sk
have distinct pre-colors. Assumej = uk + v(s+ 1)+ w with 0 v < k=(s+ 1)
and0 w s Thenj ik=(@W i)k+v(s+1)+w, 0 i s. It followsthat
c(j ik)=(u 1+ w)mod(s+ 1) which givedistinct colorsforO i s.

Next we shov that among any consecutie m  k + 1 vertices, there are at
mostn k= dm k+ 1)=(s+ 1l)e+ 1 verticeswith pre-color Q. Divide the set
of non-negatiwe integersinto segmets of length s+ 1 by Ag = f0;1;, ;sg;A; =
fs+ 1,s+2 ;2s+1g;, ;A =fi(s+11);i(s+1)+1, ;(i+1)(s+1) 1g;
Then eat segmeh A; cortains exactly one vertex of eat pre-color. Indeed, it is
straightforward to verify that the pre-colorsof A; arefj;j + 1, ;s;0;1;, ;j 1g,
wherei = uk=(s+ 1)+ v,0 v < k=s+ 1)andj = umod (s+ 1). Any set of
consecutie m Kk + 1 verticesintersectsat mostdlm k+ 1)=(s+ 1)e+ 1 segmels,
soit cortains at mostd(m k+ 1)=(s+ 1)e+ 1 verticesof pre-colorO. This completes

the proof. Q.E.D.
The following corollary follows from Theorems3 and 11.

Corollary 12 Supmsem (s+ 1)k, k= (s+ 1)2k®and m + sk+ 1= (s+ 1)’m°
wheee both k® and m° are not divisible by s+ 1. If 0< b a, then (Z;Dmxs) =

(m+sk+ 1)=s+ 1)+ 1
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The next result shovs another family of G(Z; D mx:s) sud that the chromatic

number reacesthe lower bound.

Theorem 13 If (k;s+ 1) = 1, then (Z;Dnk:s) = dim + sk+ 1)=(s+ 1)e for all
m (s+ 1)k.

Pro of. De ne a pre-coloringc by c¢(j) = j mod (s+ 1). We prove that c satis es
(1) and (2) of Corollary 7, with n = dim + sk+ 1)=(s+ 1l)e.

To show that for any vertexj, c(j);c(j Kk);c(j 2k); ,andc(j sk) areall
distinct, we assumeto the cortrary that ¢(j tk) = ¢(j t%) forsome0 t<t° s.
Thenj tk j t% (mods+1),s0(t° t)k O (mod s+ 1). This isimpossible,
becausgk;s+ 1)= 1and0< t® t s.

Next we shav that amongany consecutie m Kk + 1 vertices,there are at most
dm k+ 1)=(s+ 1)e verticeswith pre-colorQ. This is trivial, becausethe vertices
of pre-color 0 are those verticesj for whichj 0 (mod s+ 1), soany two vertices

with pre-colorQ are exactly s+ 1 verticesapart. This completesthe proof. Q.E.D.

5 The cases+ 1is prime

This sectionfocuseson the study of ¢(Z;Dmn«.s) whens+ 1is a prime number. If
s+ 1lis prime, then either s+ 1is a divisor of k or (k;s+ 1) = 1. Henceby Theorems
11and 13, (Z;Dmk.s) is either dim+ sk+ 1)=(s+ 1)eor dim+ sk+ 1)=(s+ 1l)e+ 1.
In this section,assumings+ 1 is prime, we classifythe chromatic number for most of
the families of the distancegraphsG(Z; D .s) into oneof thosetwo possiblevalues.

Similarly to Theorem3, welet k = (s+ 1)2k®and m+ sk+ 1= (s+ 1)°m% where
k%and mPare not divisible by (s+ 1). As s+ 1is prime, (s+ 1;k% = 1. Therefore,the
following result can be derived immediately from Theorems3 and 13, and Corollary

12.
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Theorem 14 Supmsem  (s+ 1)k, s+ 1 is prime, and m;k;a;b are de ned as

alove. Then

(Z:D )_( dm+ sk+ 1)=(s+ 1), ifa=0ora<hb
Emkis) T (m+sk+ 1)=(s+ 1)+ L if0<b a

Supposek is a power of a prime, k = p?. If p 6 s+ 1, by Theorem 14,
(Z;Dmk:s) = dm+ sk+ 1)=(s+ l)eforall m (s+ 1)k. If p= s+ 1, that is,
k = (s+1)?, then the chromatic number of G(Z; D n.x:s) canbe completelydetermined

as follows.

Corollary 15 Supmsem (s+ 1)k, s+ lis prime, k = (s+ 1) andm+ sk+ 1=

(s+ 1)’m°% where m®is not a multiple of s+ 1. Then

(Z;D )—( dm+ sk+ 1)=(s+ 1)e; if b=0ora<h
Emkis) T (m+ sk+ 1)(s+ 1)+ 1, if0<b a

Pro of. By Theorem 14, we only have to showv the caseas b = 0, which implies

(k;m+ sk+ 1) = 1. Henceby Corollary 10, the prove is complete. Q.E.D.

Note that whens+ 1is prime, Theorem 14 determinesthe value of (Z;D m«:s)
unlessa > 0 and b= 0. Thus, for the rest of this section,we shall assumethat a> 0
and b= 0, that is, k is a multiple of s+ 1 but m + sk+ 1 is not. Our next result

completely settlesthe casefor a = 1.

Theorem 16 Supmses+ 1 is prime, let m;s;k;a;b be integerssameas de ned in

Theorem3. If a= 1, then (Z;Dnk:s) = dim+ sk+ 1)=(s+ 1l)efor allm (s+ 1)k.

Proof. Letr=dim+ sk+ 1)=(s+ 1)emod (s+ 1). We considertwo cases.
Case 1. r = 0. Thereexistsanintegerm m sud that (m+ sk+ 1)=(s+ 1) =
d(m+ sk+ 1)=(s+ 1)e: The distancegraph G(Z; D m:s) is a subgraphof G(Z; D m:s),

SO (Z;Dmk:s) (Z;Dmks): Let m+ sk+ 1= (s+ 1)®m® wherem?is not divisible
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by (s+ 1). Since(m+ sk+ 1)=(s+1) r 0 (mods+ 1),b 2> 1= a Thus

by Theorems2 and 3, we have
dm+ sk+ 1)=(s+ 1)e  (Z;Dm«k:s) (Z;Dmk:s) = (m+ sk+ 1)=(s+ 1):

Therefore, (Z;Dmk:s) = dim + sk+ 1)=(s+ 1l)e.

Case 2. 1 r s. Sinces+ 1lis a prime, there existsanintegerl t s
suthhthattr 1 (mod s+ 1). De ne a pre-coloringc of the setZ with s+ 1 colors
asfollows. For ead integerj 2 Z , express uniquely in the formj = u(s+ 1) + v,
where0 v s. Thenlet c(j) = (ut+ v) mod (s+ 1). We shall shav that c satis es
(1) and (2) in Corollary 7 with n = dim + sk + 1)=(s+ 1)e.

Let j 2 Z . Assume,cortrary to (1) of Corollary 7, ¢(j hk) = ¢(j h%)
forsome0 h<h® s Letj hk=u(s+1)+vand] h%=ud{s+ 1)+ "
thenut+v u%+v® (mod s+ 1). Becausea = 1, (s+ 1) dividesk, which implies
i hk j h% (mods+ 1),sov= V% Hence,ut u* O (mods+ 1). Thisis
impossiblebecausgt;s+ 1)= 1and0< u® u s.

Now we shav that amongany m Kk + 1 consecutie integers,there are at most
dm k+ 1)=(s+ 1)e verticesof pre-color0Q. Similarly to the proof of Theorem13, we
divide the setZ into segmets of lengths+ 1 by Ap = f0;1;, ;sg;A;=fs+ 1;s+
2, ;2s+1g; A =fi(stl)i(s+t1)+1;, ;(i+1)(stl) 1lg; . Thenead ofthe
segmets A; cortains exactly onevertex of ead pre-color. Indeed,it is straightforward
to verify that the pre-colorsof the segmenhA; arefj; j+1, ;s;0;1;, ;j 1g, where
i v (mods+1),0 v s,andj = vtmod (s+ 1).

LetY = fy;y+ 1, ;y+m Kkgbeasetofm k+ 1consecutie non-negatiwe
integers. Supposey 2 Ajandy+ m k2 Ajp. If jY\ Ajj+jY\ Aoy s+ 1,thenY
intersectsd(m k+ 1)=(s+ 1)esegmets. HenceY cortains at mostd(m k+ 1)=(s+1)e
vertices of pre-colorO.

AssumejY \ Ajj+jY\ A < s+ 1,theni® i=dm k+ 1=s+ 1e

dm+ sk+ 1)=(s+ 1)e r (mod s+ 1). Recallthattr 1 (mod s+ 1). Hence,if

14



A; is pre-coloredby colorsfj; j + 1; ;s;0;1;, ;] 1g, then Ajo is pre-coloredby
colorsfj + 1;j + 2, ;s;0;1; ;jg. SincejY\ Ajj+jY\ A < s+ 1, weconclude
that pre-colorO is usedat most oncein the set(Y \ A;)) [ (Y \ Aj). Therefore, at
mostdim Kk + 1)=(s+ 1)e verticesof Y have pre-color0. This completesthe proof

of Theorem 16. Q.E.D.

In the next result, wewrite m  k+ 1lintheformm Kk+ 1= u(s+ 1)k+
vk + p(s+ 1) + g, whereu;v;p;q are integerssudhthat u 0, 0 v s; O
p< k=(s+1); 0O q s:ltiseasyto seethat the integersu;v;p;q are uniquely

determinedby m k+ 1.

Theorem 17 Supmsem (s+ 1)k, k is a multiple of the prime s+ 1, butm+ sk+ 1
is not. Let u;v;p;q beintegersde ned asalove. If g v+ 1, then (Z;Dnks) =

dm+ sk+ 1)=(s+ 1)e.

Proof. It suces to showv that G(Z;Dmys) is dim + sk + 1)=(s + 1)e-colorable.
De ne a pre-coloringas follows. First, partition the setof Z into blocks recursiwely
in sud a way that the rst k verticesare divided into k 1 blocks with k 2 single-
vertex blocks followed by oneblock with two vertices. Then repeat the sameprocess
to the next k verticesand so on. Next, pre-color the blocks periodically with pre-
colorsf0;1;2; ;sg, that is, every vertex in the rst block is pre-coloredby 0 and
soon. It is enoughto show that the pre-coloringsatis es (1) and (2) of Corollary 7,
with n = dm + sk+ 1)=(s+ l)e.

First we prove that for any j sk, the s+ 1 verticesj,j k; ,j sk
receiwe distinct pre-colors. Suppose0 t < t® s. Let the pre-colorsofj t% and
] tk bex andy, respectively. Becauses + 1 dividesk, and s+ 1is prime, we have
(s+ 1Lk 1)=1.As(j tk) (j t% = (t° t)k andany consecutie k vertices
are divided into k 1 blocks, soy x+ (t° t)(k 1) (mods+ 1). Hence,we

concludethat x 6 y, sincel t° t<s+ land(s+ Lk 1)=1.
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Next we prove that amongany m Kk + 1 consecutie vertices, there are at
mostdim k + 1)=(s+ 1)e verticeswith pre-color0. GivenasetY ofm k+ 1
consecutie non-negatie integers, we may assumethat the rst two vertices of Y
have pre-color 0. Amongthe rst u(s+ 1)k verticesof Y, exactly uk of them have
pre-color0, becauseany consecutie (s+ 1)k verticesare evenly pre-colored,i.e., there
are exactly k verticesof ead pre-color.

The assumptionthat m+ sk+ 1is not a multiple of s+ 1impliesthat m k+ 1
is not a multiple of s+ 1. Becausek is a multiple of s+ 1 whilem k+ 1is not,
p(s+ 1)+qg 1. Ifp(s+ 1)+ g 2,then amongthe remainingvk + p(s+ 1)+ @
vertices of Y, there are v + 1 blocks of size 2. If we remove one vertex from eah
of theseblocks of size2, then the remainingvk + p(s+ 1)+ q v 1 verticesof Y
are almost ewvenly pre-colored,that is, the numbers of vertices with samepre-colors
di er by at most one. Henceat mostd(vk + p(s+ 1)+ g v 1)=s+ 1)e of them
have pre-color0. On the other hand, amongthe removed vertices, exactly onevertex
has precolor 0. Therefore, the total number of vertices of pre-color O is at most
uk+ 1+ divk+ p(s+ 1)+q v 1)=(s+ 1l)e=dim k+ 1)=s+ 1)e. Note that the
last equality is due to the assumptionthat q v+ 1.

Finally, we assumep(s+ 1)+ g = 1. Then it is straightforward to verify that
either v = 0, or the pre-color of the last vertex is not 0. Considerthe remaining
vk + p(s+ 1)+ q= vk + 1 verticesof Y. If v = 0, then there is one vertex of
pre-color 0. If the pre-color of the last vertex is not 0, then among the remaining
vk + 1 verticesof Y, there are v blocks of size2. If we remove onevertex from eadh
of theseblocks of size 2, then the remaining vk v verticesof Y are almost evenly
pre-colored,so at most divk v)=(s + 1)e of them have pre-color 0. On the other
hand, amongthe vertices taken away, only one has pre-color 0. Hence,there are at
most1+ d(vk v)=(s+ 1)e= d(vk+ 1)=(s+ 1)e (becausev s) verticesof pre-color

0 in the remaining vk + 1 verticesof Y. Therefore,we concludethat Y hasat most
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uk + dvk + 1)=(s+ 1)e = dim k + 1)=(s+ 1)e vertices with pre-color 0. This

completesthe proof. Q.E.D.

Corollary 18 Supmsem (s+ 1)k, k is a multiple of the prime s+ 1, butm+ sk+ 1
is not. Let u;v;p;q be the sameasdened in Theorem17. If v s 1 orq 1,

then (Z;Dmk:s) = dim+ sk+ 1)=(s+ 1)e.

Notethat whens = 1,thenv s 1lisalwaystrue, hencewe have the following

corollary which was proved in [2]:

Corollary 19 Supmses= 1, m 2k, k= 22%k°and m+ k+ 1= 2°m% whee k°and
m° are odd. Then

(Z:D )_( dim + k + 1)=2€; if b= 0ora<hb
UMY T ((m+ k+ 1)=2)+ 1 if0<b a

Pro of. The caseasb= 0 follows from Corollary 18; and the caseasb > 0 follows

from Theorem 14. Q.E.D.

Recall that k = (s+ 1)2k°wherea 1 and k% is not divisible by s+ 1, and
m k+ 1is not divisible by s+ 1. In order to introducethe next result, we needthe

following de nitions and notations. For any factor x of k% de ne:

dm k+ 1)=(s+ 1)*x)emod (s+ 1);
maxft(g(x) 1) mod (s+ 1);tg(x) mod (s+ 1)g;1 t s;
minfm(t;x) :1 t sg

a(x)
m(t; x)

F()

Finally, de ne f := minff (x) : x is a factor of kY.

Note that for givenm; k ands, the integerf in the aboveis uniquely determined.

Similarly asin Theorem17,weletg= (m k+ 1) mod (s+ 1).

Theorem 20 Givenm;k andswheem (s+ 1)k ands+ 1lis a prime, letf;qbe
denedasalove. If f +q s+ 1,then (Z;Dmks) = d ¢(Z;Dmks)e= dim+ sk +
1)=(s+ l)e
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Proof. Supposef = f(x) = m(t; x) for somefactor x of kand somel t s.

Expressany integerj 2 Z in the following form:
j = u(s+ 1)2x+ v(s+ 1)+ w;

whereu 0,0 v< (s+ 12 xand0 w s.

It is easyto seethat for ead j, the integersu; v; w in the form above are uniquely
determined by j. De ne a pre-coloring c using the s+ 1 pre-colorsf0;1; ;sg by
c(j) = (ut+ w) mod (s+ 1). In orderto prove G(Z;Dmnk.s) isdm+ sk+ 1)=(s+ 1)e-
colorable, it suces to shav that ¢ satis es (1) and (2) of Corollary 7, with n =
dm+ sk+ 1)=(s+ 1)e.

First, let j be any non-negatiwe integer, we shall show that ¢(j);c(j Kk);c(
2k); ;c(j sk) areall distinct. Let0 p°<p s Ifj pk=u(s+ 1)®x+ v(s+
1) + w, then

i pk =u(s+ 12+ v(s+ )+w+ (p pIk

u(s+ 13x+ v(s+ 1)+ w+ (p  pI(s+ 1)2k°
ufs+ 1)2x + v(s+ 1)+ w:

Because(s+ 1;k) = (p p%s+ 1) = 1,onehas(u® u;s+ 1)= 1. Assume
cji pk)=cj p%),thenut+w ut+w (mods+ 1): Hencet(u’® u) O
(mod s+ 1), which isimpossible,sinces+ 1is prime and (t; s+ 1) = (u® u;s+1)= 1.
This provesthat c satis es (1) of Corollary 7.

Next, we prove that amongany m k+ 1 consecutie integers,there are at most
dm k+ 1)=(s+ 1)e verticeswith pre-colorQ. Divide the vertex setZ ewenly into
segmets oflengths+1by Ag = f0;1;2;, ;sg;A;=fs+1;s+2; ;2s+1g, ;A=
fi(s+1)i(st+1)+1, ;(i+1)(s+1) 1g; . Thenead ofthe segmets A; cortains
exactly one vertex of ead pre-color. Indeed, the pre-colorsof the segmeh A; are
fi; ]+ ;s;0,1 ;j 19, wherej = ut mod (s+ 1), and u is the unique integer
sud that i = u(s+ 1)2 Ix+v,0 v< (s+ 1)? x.

Let Y beasetofm k+ 1consecutieintegers,Y = fy;y+ 1, ;y+m Kg.
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Supposey 2 Aj andy+ m K2 Ap. If jY\ Ajj+jY\ Ajqj s+ 1,thenY hasat
mostdim k+ 1)=(s+ 1)e verticeswith pre-colorO (cf. proof of Theorem 16).

Now we assumethat jY \ Ajj+ jY\ A < s+ 1,thenjY\ Ajj+ Y\ Ajj = q.
Supposei = u(s+ 1)? x+vandi®= uqs+ 1)? x+v° where0 v;v0< (s+ 1)? x.
Then by the de nition of q(x), either u® u= q(x) oru® u= qg(x) 1. Suppose

= gq(x)t mod (s+ 1) and = (q(x) 1)t mod (s+ 1). Then by the choiceof x and
t, onehas ; f.

Supposethe pre-colorsof A; arefj;j + 1, ;s;0;1;, ;j 1g. Then the pre-
colorsof Ajo areeitherfj + ;j+ +1;, ;s;0;1, ;j+ 1g, if u® u= q(x);
orfj+ :j+ +1 :s001L ;j+ 1g, if U u=q(x) 1.

Any other segmen di erent from A; and Ajo is either disjoint from Y or con-
tained in Y. As ead segmeh cortains exactly onevertex of ead color, to prove that
Y hasat mostdim k+ 1)=(s+ 1)everticeswith pre-colorO, it su ces to show that
the pre-color0 is usedat mostoncein the union (Y \ A;)[ (Y \ Ajo). Assumethat Ois
usedin both Y\ A; and Y \ Ajo. Without lossof generality, we may assumethat the
pre-colorsof Ajcarefj+ ;j+ +1, ;s;0;1, ;j+ 1g. ThenonehasjY\ Aij |
andjY\ Ao s+1 (j+ 1). It followsthat g=j(Y\ A)[ (Y\ Aj9)j s+2
cortrary to the assumptionthat +q f +q s+ 1. Thereforec satis es (2) of
Corollary 7, with n = d(m + sk+ 1)=(s+ 1)e. This completesthe proof of Theorem

20. Q.E.D.

Corollary 21 If m (s+ 1)k, s+ 1is prime, and there is a factor x of k° suchthat
g(x) 1,then (Z;Dmk:s) = dim+ sk+ 1)=(s+ 1)e. In particular, if dm k+ 1)=ke
mod (s+ 1) 1,then (Z;Dmks) = dm+ sk+ 1)=(s+ 1)e.

Pro of.  According to de nition, if g(x) = 1, then m(1;x) = 1, if q(x) = 0, then

m(t; x) = 1 for somet sudh that ts 1 (mod s+ 1). (Sud at exists, because
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(s;s+ 1) = 1) In any of the two cases,f = 1,sof + q s+ 1. Therefore,

(Z;Dmk:s) = dim + sk + 1)=(s+ 1)e by Theorem 20. Q.E.D.

Applying Theorem14and Corollaries18and 21, we areableto completelysettle

the cases = 2.

Corollary 22 Supmses= 2, m 3k, k= 3*k%andm+ 2k + 1 = 3*m°® wheee k°
and m° are not multiples of 3. Then

(d(m+2k+1):3e; if b=0ora<b
(m+2k+1)=3+ 1 ifO<b a

(Z;Dmk:2) =
Pro of. Accordingto Theorem 14, we only have to show the caseasb= 0. Suppose
m k+ 1=u(s+ 1k+ vk+ p(s+ 1)+ g If v & 0, then the conclusionfollows
from Corollary 18. If v = 0, then the conclusionfollows from Corollary 21. (Because

dm k+ 1l)=kemod (s+ 1) 1) Q.E.D.

Remarks. Newresultsrelated to this topic have beenobtained sincethe submission
of this paper. In [5],it wasprovedthat (G(Z;Dmk.s)) d(m+ sk+ 1)=(s+ 1)e+ 1for
allm (s+ 1)k: Then in [11], the chromatic numbers of all the graphsG(Z; D m:k:s)
are completely determined. The circular chromatic number of the classof distance
graphsG(Z; D n«:s) wasstudiedin [1, 11,19], and the valueof (Z;Dn«:s) hasbeen
completelydeterminedin [19]. (The circular chromatic number .(G) ofagraphGis
are nement of (G), and (G)= d (G)efor any graph G. For a survey of researt

concerningcircular chromatic number of graphs, see[20].)
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