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Abstract

Let G be a connected graph. For any two vertices v and v, let
d(u,v) denote the distance between v and v in G. The maximum
distance between any pair of vertices is called the diameter of G
and denoted by diam(G). A radio-labeling (or multi-level distance
labeling) with span k for G is a function f that assigns to each vertex
with a label from the set {0,1,2, -+, k} such that the following holds
for any vertices u and v: |f(u) — f(v)| > diam(G) — d(u,v) + 1.
The radio number of G is the minimum span over all radio-labelings
of G. The square of G is a graph constructed from G by adding
edges between vertices of distance two apart in G. In this article, we
completely determine the radio number for the square of any path.

1 Introduction

Radio-labeling (cf. [3, 4]) is motivated by the channel assignment problem
introduced by Hale [9]. Suppose we are given a set of stations or transmit-
ters, the task is to assign to each station (or transmitter) with a channel
(non-negative integer) such that the interference is avoided. The interfer-
ence is closely related to the geographical locations of the stations — the
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closer are the stations the stronger the interference that might occur. To
avoid interference, the separation of the channels assigned to nearby sta-
tions must be large enough. To model this problem, we construct a graph
so that each station is represented by a vertex, and two vertices are adjacent
when their corresponding stations are close. The ultimate goal is to find a
valid labeling such that the span (range) of the channels used is minimized.

Let G be a connected graph. For any two vertices u and v, the distance
between u and v, denoted by dg(u,v) (or d(u,v) when G is understood in
the context), is the length of a shortest (u,v)—path in G. A distance-two
labeling (or A-labeling) with span k is a function, f : V(G) — {0,1,2,--- k},
such that the following are satisfied:

2, if d(u,v) =1,
HORFICIER (i3 et
The A-number of G is the smallest k such that G admits a distance-two
labeling with span k. Since introduced by Griggs and Yeh [8] in 1992,
distance-two labeling has been studied extensively (cf. [1, 2, 5 -8, 10, 11,
14, 15, 17, 18]).

Radio-labeling extends the number of interference level considered in
distance-two labeling from two to the largest possible — the diameter of G.
The diameter of G, denoted by diam(G), is the maximum distance among
all pairs of vertices in G. A radio-labeling (or multi-level distance labeling
[16, 12]) with span k for a graph G is a function, f : V(G) — {0,1,2,- -, k},
such that the following holds for any w and v:

f(u) = f(v)| 2 diam(G) — d(u,v) + 1.

The radio number of G, denoted by rn(G), is the minimum span of a radio-
labeling for G. Note that if diam(G) = 2, then radio-labeling and A-labeling
become identical.

Besides its motivation by the channel assignment, radio labeling itself
is an interesting graph labeling problem and has been studied by several
authors. The radio numbers for paths and cycles were investigated by
Chartrand et al. [3], Chartrand, Erwin and Zhang [4], and Zhang [19], and
were completely solved by Liu and Zhu [16]. The radio number for trees
was investigated in [12].

The square of a graph G, denoted by G2, is the graph constructed by
adding to G those edges connecting pairs of vertices that are distance two
apart in G. We call the square of a path (or a cycle, respectively) a square
path (or square cycle, respectively). After the complete solution for the
radio numbers of paths and cycles was obtained as mentioned in the above,
it becomes natural to consider the square paths and square cycles. The
radio number for square cycles has been studied in [13], in which the exact
values were determined for most of the square cycles, while bounds were
given for others.

Comparing to the complicated results on the radio number for square
cycles for which some cases still remain open [13], to our surprise, the radio
number for square paths can be completely determined by a very simple
result. The aim of this article is to prove such a result.
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Figure 1: A square path on 7 vertices, denoted by P2.

Theorem 1 Let P2 be a square path on n vertices and let k = [%]. Then

k242, ifn=1 (mod4) andn >9;
2\ __ ) = I
() = { k2 +1, otherwise.

2 Lower Bound

In this section, we establish the lower bound for Theorem 1. Throughout,
we denote a path with n vertices by P,, where V(P,) = {v1,v2, -+, 05}
and E(P,) = {viviy1 1 i = 1,2,---,n — 1}. Hence, V(P?) = V(P,) and
E(P?) = E(P,) U{vit2 : i =1,2,3,---,n — 2}. The diameter of P? is
|5 ]. Figure 1 shows a square path on 7 vertices.

We denote the distance between two vertices v and v in P2 by d(u,v).
Observe,

Proposition 2 For any u,v € V(P2), we have

d(u,v) = {W—‘ .

A center of P, is defined as a “middle” vertex of P,,. An odd path Popy1
has only one center vy, while an even path Ps; has two centers vy and
vg41. For each vertex u € V(P,), the level of u, denoted by L(u), is the
smallest distance in P,, from u to a center of P,,. For instance, if n = 2k+1,
then L(v1) = k and L(vk+1) = 0. Denote the levels of a sequence of vertices
A by L(A). If n =2k + 1, then

L(U17U27"'7U2k+1) = (kak_ 17"'737271707172737"'7k_ 17k)
If n = 2k, then
L(vi,ve, - -v9) = (k—1,k—2,---,2,1,0,0,1,2,--- [k — 2,k — 1).

Define the left- and right-vertices by: If n = 2k + 1, then the left- and
right-vertices, respectively, are

{U17U27 e 7U/€7Uk+l} a'nd {Uk-‘rlu U]i}-‘r?u ’Uk}-‘r?ﬂ e ,U2k+1}.



(Note here the center vg41 is both a left- and right-vertex). If n = 2k, then
the left- and right-vertices, respectively, are

{vr,v2, -+, v} and {Vky1, Vkgo, Vrgs, o, Var )

If two vertices are both right (or left)-vertices, then we say they are on the
same side; otherwise, they are on the opposite sides. Observe

Lemma 3 If n =2k + 1, then for any u,v € V(P?2), we have:

d(u,v) = (L)L) iy and v are on the opposite sides;
’ [ otherwise.

2
L(u)—L(v
I()2 ()IL

If n = 2k, then for any u,v € V(P?), we have:

L(u)+L(v)+1 . . . .
d(u, v) = { Fih if w and v are on the opposite sides;

2
L;L(“)W . otherwise.

Lemma 4 Let P} be a square path on n vertices and let k = | %]. Then

k?+2, ifn=1 (mod4) andn >9;
2 ) = 9
r(Py) 2 { k%2 +1, otherwise.

Proof. Let f be a radio-labeling for P2. Re-arrange V (P?) = {x1, 22, - -,
xp} with 0 = f(z1) < f(z2) < f(z3) < ... < f(my). We first claim that
rn(P2) > k% + 1, by showing f(z,) > k* + 1.

By definition, f(x;41) — f(z;) > k+ 1 —d(x11,2;) for 1 <i <n—1.
Summing up these n — 1 in-equalities, we have

n—1
flxn) > (n—-1)(k+1) - Z d(xi, Tit1).
i=1

n—1
Thus, to minimize f(z,) it bounds to maximize the sum > d(x;, z;t1).
i=1
Assume n = 2k. By Lemma 3, we have

id(ﬁci,IiJrl) < i ’VL(xi-ﬁ-l) +2L(95i) + 1—‘.

Observe from the above in-equality we have:

1) For each i, the equality for d(z;, x;41) < [w] holds only
when z; and x;41 are on the opposite sides, unless one of them is a
center; and



2) in the last summation term on the right-hand-side each vertex of P2
occurs exactly twice, except 1 and x,,, for which each occurs only
once.

Note, we have
[(L(@it1) + L(xi) +1)/2] < (L(wi41) + L(2:) +2)/2,

and the equality holds only if L(x;41) and L(x;) have the same parity.
Combining this with 1), there exist at most n — 2 of the i’s such that
d(x;, 2i41) = (L(xig1) + L(x;) + 2)/2. Moreover, among all the vertices
only the two centers are of level 0, we conclude that

nild(zz‘,xiﬂ) < E Hoe)ePlad4? _ 4
i=1 i=1

x1)+L(xy
=3 L)) — Bkl 4y 1

<2(142+4-+(k—=1)+n—32 (L(z1) = L(z,) = 0)
=(k-1k+2k—3

Hence,
(P2 > 2k —1)(k+1)— (K +k—2) =k +1.

Assume n = 2k + 1. By Lemma 3, we have

Zd 2o, is1) < Z_: {MW

Similar to the case n = 2k, we observe from the above in-equality and get:

1) For each i, the equality for d(z;,x;41) < fww holds only
when z; and x;41 are on the opposite sides, unless one of them is the
center; and

2) in the last summation term on the right-hand-side each vertex of P2
occurs exactly twice, except 1 and x,, for which each occurs only
once.

Note,
[(L(zit1) + L(2:))/2] < (L(wis1) + L) + 1)/2,

and the equality holds only if L(z;4+1) and L(x;) have different parities.
Combining this with 1), there exist at most n — 2 of the i’s such that
d(zi,ziy1) = (L(zi41) + L(z;) + 1)/2. Moreover, among all the vertices



only the center is of level 0, we conclude that
L(x; L(x;
Z d(zi, zip1) < L)t L@l “)J; COAR -5

L(z1)+L(z,) n—1 1
> L) - =5+ — 3

i=1
<2(142+4-+k)+ 252 — 1 (L(z1) =0, L(z,) = 1)
=(k+Dk+k—1
=k%+2k— 1.

Hence,
rn(P?) > 2k(k+1) — (K + 2k — 1) = k> + 1.
Assume n =1 (mod 4) and n > 9, that is, n is odd, k is even, and

k > 4. Assume to the contrary that f(z,) = k? + 1. Then by the above
discussion, all the following must hold:

1) {z1,zn} = {vrt1, 06} or {z1, 20} = {vet1, vt}
2) f(wig1) = f(xi) + k+ 1 —d(xip1, ;) for all 4.

3) For any i > 1, the two vertices x; and x4 belong to opposite sides
unless one of them is the center.

4) There exists some 1 <t <n — 1 such that L(z;) = L(z¢4+1) (mod 2),
while L(z;) # L(zi+1) (mod 2) for all other ¢ # t.

By 1) and by symmetry, we may assume 1 = vg41. Note, vgy1 is the only
center of P22k+1. Since n = 2k + 1 for some even k, k > 4, there are k/2

vertices of even levels and k/2 vertices of odd levels on each side, excluding
the center. Since z,, is either viyo or v and both of them are level 1, by
2) and 3), the only ¢ in 4) must be k + 1. For otherwise, there will be at
least two t’s with L(x:) = L(xt41) (mod 2). Hence, we have

5) L((I}'l), L((E?))u L(.T5), Y L(wk+l)7 L(wk+2)7 L(xk+4)7 T L(ka) are
all even, while the levels of other vertices are all odd.

Claim. {’Ul,’UQkJrl} = {xk+1, :EkJrQ}.

Proof) Suppose vy ¢ {zkt1,Zr12}. As L(v1) =k, by 5), we have v = z,
for some a where x,_; and x,41 are vertices on the right side and both
L(zq-1) and L(z441) are odd. Let L(zq—1) =y and L(xq4+1) = 2. By 2),

f(@a) = f(2a—1) =k+1—-(k+y+1)/2
nd
’ F(@ars) = flaa) = k+ 1 (k+ 2+ 1)/2
This implies
f@at1) — f(@a1) =k +1—(y+2)/2,

contradicting that f(zey1) — f(za—1) > k+1— |y — 2|/2 (as z,y are odd
so z,y # 0). Therefore, v1 € {xk11,Tp42}. Similarly, one can show that

Vo1 € {Tht1, Thyo ) |



By the Claim, we may assume that v1 = 241 and vagy1 = xp42 (the
proof for the other case is symmetric). By 5), L(xk43) = b for some odd b.
By 3) and 2), we have f(vary1) — f(v1) =1 and

f(xets) — floogs1) =k +1—(b+k+1)/2.

So,
f(@rgs) = f(vr) = (b —b+3)/2.

By definition and Lemma 3,
flzrys) — flv1) >k +1—(k—b+1)/2.

Hence, we have b = 1 = L(xj43). This implies that x5 = vg. Simi-
larly, we can get xx = vgto. By 1), it must be k = 2, contradicting the
assumption k > 4. Therefore, rn(P3 ;) > k* + 2. |

3 Upper Bound and Optimal Radio-Labelings

By Lemma 4, to establish Theorem 1, it suffices to give radio-labelings
achieving the desired spans. To this end, we will use the following lemma.

Lemma 5 Let P? be a square path on n vertices with k = |n/2|. Let
{21, 12, -+, 2n} be a permutation of V(P2) such that for any 1 <i <n-—2,

min{dp, (2, zi11),dp, (Tit1, Tiv2)} <k +1,

and if k is even and the equality in the above holds, then dp, (x;, :v1+1) cmd

dp, (Tit1,%it2) have different parities. Let f be a function, f : V (P,

o T e Fes T o 0
all 1 <i<n—1. Then f is a radio-labeling for P2.

Proof. Recall, diam(P2) = k. Let f be a function satisfying the assump-
tion. It suffices to prove that f(z;) — f(x;) > k+ 1 — d(z;, z;) for any
j>i+2. Fori=1,2.-.-- n—1,set

fi= f(xig1) — f(@4).
For any j > 7+ 2, it follows that
flxj) = flz) = fi+ fix1 +---+ fi-1

Suppose j = i + 2. Assume d(x;, ;1) > d(ziy1,%ir2). (The proof
for d(zi+17$i+2) Z d(xi7$i+1) is similar.) Then, d(xi+1,xi+2) S % Let
Ti = Vg, Tit1 = Vp, and x;42 = v.. It suffices to consider the following
cases:



eb<a<c or c<a<b Since d(z;,xiy1) > d(Tit1,Tit2), We ob-
tain d(z;, xi41) = d(@it1, Tive) < ®2 and d(z;, x440) = 1. Hence,

2
five) = f(zi) = fi+ fin
= k+1—d(.’[;i,$i+1)+k+1—d(ﬂ;‘i+1,$€i+2)

va-2(t52)

= k—Fl—d(Ii,{EiJrQ).

Y

e a<b<c or c<b<a. Thisimplies

d(zi, i) > d(xi, Tig1) + d(Tig1, Tig2) — 1.

Similar to the above, easy calculation shows that f(z;42) — f(x;) >
k + 1-— d(Ii,.IiJrQ).

ea<c<bor b<cec<a.
Assume k is odd or min{dp, (z;, xi+1), dp, (Tit1,Tit2)} < k, then we
have d(l‘iJrl, Ii+2> S (k +1)/2 and

d(xi, xi12) > d(zs, Tig1) — d(@ig1, Tig2)-

Hence, f(ziy2) — f(zi) = k+1—d(z;, Tiya).

If k is even and min{dp, (2, Zi+1), dp, (Tit1,Tit2)} = k + 1, then
by our assumption, it must be that dp, (zit+1,Ziy2) = k + 1 and
dp, (x;,z;i+1) is even. Hence, we have

d(wi, Tiy2) = d(xi, vig1) — d(@ip1, Tigp2) + 1.
This implies

f($i+2) — f(.%‘l) 2k +2— 2d($i+1,$i+2) — d(mi, $i+2) +1

2k +2 -2 (542) — d(wi, i42) + 1
k + 1-— d($i7$i+2).

v

Let j = ¢43. First, we assume that the sum of some pair of the distances
d(xi, Tit1), A(Tit1,Tig2), d(Xip2,Tips) is at most k 4+ 2. Then

f(wiys) = fzi) = 3k+3—d(xi,xip1) — d(@ig1, Tire) — d(@it2, Tiys)

> k+1 > k+1 —d(xi,xi+3).

Next, we assume that the sum of every pair of the distances d(z;, z;11),
d(xit1,%it2) and d(z;42, ;i+3) is greater than k+2. Then, by our hypothe-
ses it follows that

k+2 k+2
+ and d(xi+1,$i+2) S % (*)

d(wi, Tiv1), d(Tita, Tivs) >



Let ; = Vg, Tit1 = Vp, Tito = Ve, Tivsz = vq. Since diam(P?) = k, by (*)
and our assumption that the sum of any pair of the distances, d(x;, z;+1),
d(xi41, Tit2), d(Tit2,Tits), is great than k + 2, it must be that a < ¢ <
b<d (or d<b<ec<a) Then

d(zi, Tiys) > d(@i, Tig1) + d(Tiye, Tips) — d(Tig1, Tigo) — 1.
By (*), we have
f(zivs) — f(xi)

3]€ + 3 — d(xl, $i+1) — d(.TiJrl, xiJrQ) — d(ﬁCiJrQ, Ii+3>
3k + 2— 2d(xi+1, Ii+2> — d(l‘“ $i+3)
k +1-— d(l‘i,l‘i_,_g,).

AVARAVARI

Let] Z i+ 4. Since min{d(l'i,xi+1),d(zi+1,xi+2)} S %, and fz Z
k+1—d(xz;, x;41) for any i, we have max{ f;, fi+1} > g forany 1 <i < n-—2.

Hence,
flxy) = flzi) > fi+ fix1 + fivo + fixs >k +1>k+1—d(x;, z;).
|

To show the existence of a radio-labeling achieving the desired bound,
we consider cases separately. For each radio-labeling f given in the follow-

ing, we shall first define a permutation (line-up) of the vertices V(P2) =
{x1, 22, -+, 2z}, then define f by f(z1) =0and fori=1,2---,n—1:

f($i+1) = f(l’z) +k+1-— d($i,$i+1).

Case 1: rn(P3, ;) < k* 41, if k is odd.| We give a radio-labeling with

span k*+1. The line-up (permutation) of V(P3| ) = {@1, 2,23, -, Topt1}
is given by the arrows in Table 1. That is, 1 = v, 3 = vok, ---,
ZTop+1 = Uk4+1. The value above each arrow shows the distance between
the two consecutive vertices in P,.

k k+2 k k+2 k k+2
Vg — V2 — Vg—2 — U2k—2 — *** — > V43 — V1

k+1 k k+2 k k+2 k k+2 k
7 Vg2 — V2 — 7 V44 — V4 — Vg6 — " — 7 V2k+1 — Uk+1-

Table 1: Vertex ordering of a labeling for P3, , for odd k.

By Lemma 5, f is a radio-labeling for P?. As k is odd, observe from
Table 1, there are two possible distances in P22k 41 between consecutive
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Figure 2: An optimal radio labeling for PZ, with span 50.

vertices, namely, k—;rl and k—;rg, with the number of occurences k + 1 and
k — 1, respectively. It follows by direct calculation that

2k

f($2k+1) = 2k(k + 1) — Zd(mi,$i+1) =k +1.
i=1

As an example, Figure 2 shows an optimal radio-labeling (with minimum
span) for PZ.

‘ Case 2: rn(P3) <k*+1, if k is odd. ‘ Let G = Pj,,, for some odd k.

Let H be the subgraph of G induced by the vertices {v1, v, -, va }. Then
H = P}, diam(H) = diam(G) = k, and dg(u,v) = dg(u,v) for every
u,v € V(H). Let f be a radio-labeling for G. Then f restricted to H is a
radio-labeling for H. By Case 1, rn(P3,) < rn(Pj, ;) < k* + 1.

‘ Case 3: mn(P}) <k*+1, if k is even. ‘ Similar to Case 1, we line-up

the vertices according to Table 2.

k—1 k+1 k+2 k+1 k—1 k+1 k+1
Vg — VU2k—1 — Vg—2 —> V2k — V-1 — V2k—2 — V-3 " — U1

2k—4 k+1 k—1 k+1 k—1 k+1 k—1
— V2k—3 — Vg—4 — V2k—5 — V-6 — " — V2 — Vk41-

Table 2: Vertex ordering of a labeling for P, for some even k.

By Lemma 5, f is a radio-labeling for P2. Indeed, observe from Table
2, as k is even, there are three possible distances between any consecutive
k+2

vertices in P22,€7 namely, %, =F= and k — 2, with the number of occurences

k — 2, k and 1, respectively. By some calculation, the span of f is k2 + 1.
As an example, Figure 3 gives an optimal radio-labeling for P3,.

We now consider the case n = 2k 4+ 1 for even k. If k = 2, the labeling
(3,5,0,2,4) is a radio-labeling for P52. Hence, we assume k > 4.

10
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33 26 20 7 13 0 (37) 30 23 17 4 10

Figure 3: An optimal radio labeling for PZ,, with span 37.
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4 23 11 30 18 0 () 7 26 14 33 21 3

Figure 4: An optimal radio labeling for Pk, with span 38.

Case 4: If k is even and k > 4, then rn(P5, ;) < k* +2.| Similarly,

we arrange the vertices according to Table 3.

k+1 k k+1 k—1 k+1 k—1 k+1
Vg — V2k4+1 — V1 — > V42 — V3 — > V44" — Vg—1 — V2%

2k—2 k+1 k—1 k+1 k—1 k—1 k+1 k—2
—— V2 — Vg3 — V4 — Vg5 — " — > Vg—2 — V2k—1 — V41

Table 3: Vertex ordering of a labeling for P}, 41, for even k.

By Lemma 5, f is a radio-labeling for P3 4+1- Observe from Table 3,
there are five possible distances between any consecutive vertices z; and
Tiy1 in P2 namely, k, k—1, k—f, k—JQFQ and %, with the number of occurences
1,1, 1, k and k—3, respectively. By some calculation, one can show that the
span of f is k2 +2. As an example, Figure 4 gives an optimal radio-labeling

for P%4. This completes the proof of Theorem 1.
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