
Part 81: Measure and Integration

ln the sequel a tneosure spoce (X, I, p) is a set X equipped with a sigma-algebra of

subsets I and a countarbly additive measLrre p defined on I.

5. Let (X, I, p) be a measure space.

(a) What does it mean lbr ar seqlrence of measulable functions (fJ on X to converge in
meenur€ to a function f?

(b) Let (ln) and (g,r) be sequences of measurable fr-rnctions thatconverge in measure to
l' ancl g, respectively. Using tlie definition given in (a), prove that the seqLrence
(1,, - gn) converges in meersure to f - g.

(c) Give an example of a pointwise convergent sequence of Lebesgue measurable
functions that does not converse in measure.

6. Let (X, I, p) be a measur'e space. Let 16 be this subfamily of I:

I s =  { A e  I :  e i t h e r  p ( A ) = 0  o r  F ( A t ) = 0 } .

Is Ig an algebra of subsets of X? Is Ig a o-algebra of subsets of X?
Justify your answers.

7 . Let (X, t, F) be a finite measure space.

(a) SLrppose (An) is a decreasing sequence in I. Prove that p(nn]r An) =

Iimp--'- tt(An ).

(b) Let f: X -+ IE be measurable, and let An = {x : f(x) > n}. Prove

l imn- - ; - t t (An )=0 .

8. Let (X, I, F) be a measure space, and let f be a nonnegative integrable function.
For each positive integer n let fn(x) = f(x) when f(x) < n and fn(x) = l/n when
f(x) > n.

(a) Explain caref'ully why each function fn is both measurable and integrable.

(b) Prove limn--J fn .lp = J f dlr


