
Real and Functional Analysis Comprehensive Exam
Spring 2006

Beer' i ' ,  Chang, Gutarts

Do flve of the following problems. Each is worth 20 points. The problems are divided into 3
groLrps:

A Advanced carlculus and classical analvsis
81 Measure and integlatiolt
B2 Fr-rnctional auralysis

Select at least two ploblems fror.r'r part A ( l-4). Select at least two fi'onr eithel pal't B1 (5-8) or
Ironr lrart l l21t7-12r. Finally. select any f i f ih problem. In what fbl lorvs II . l  denotes the
posit ive intcgers, IFL clenotes t lre re al numbels, ancl t f .  denotes the corlplex numbers.

Part A: Advanced calculus and classical analysis

l. Let A be a closed subset of IFI and let (an) be a Car-rchy sequence in A.
Prove that (an) has a subseqllence convergent to a point of A. You may not assume
that the usual metdc is complete, as that is what in part you are asked to prove! But you
may assllme the Bolzano-Weierstrass Theorem.

2. ls the following f'r-rnctior-r cor-rtir-l-ror-rs on IFi.? Justify your answer carefully.

r(x) = >"=, 
'ttl*l@ "t

3. (a) State the Mean Valr-re Theorerl.

(b) SLrppose S is an open interval, an open ray, or IFL itself and f: S -_> IFj.. Show that

i l '  l ' i s d i f f e r e n t i a b l e o n  S  a n d V  x e  S  f ( x ) = 0 ,  t h e n  f  i s c o n s t a n t o n  S .

(c )  Provc  tha t  tan  x  >  x  lo l  each x  e  (0 ,n12) .

4. Chcck if the following fLrnctions are Riemann Integrztble on the interval [- 10, t0].
You may Lrse any definition of Riemilnn integrability yoll like as well as any theorems that
courld be applied to justify youl assertions.

( *  i f  - 1 0 < x < - 7 r

I
l s i n x  i 1 ' - l t < x < f i

( a )  1 ( x )  =  {
I
I  A  

t ;  i l '  r -  <  x  <  t 0

( b )  g ( x ) =  J  
I  i l -  x  i s ' a t i . n a l

l .  0  i f  x  i s  i r ra t i ona l


