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Instructions: Do any 2 problems from Part I AND any 2 problems from Part 11

PART I (Do two problems)

I-1 Let A be the n X n matrix for which every entry is equal to 1.

a. Show that A is not invertible.
b. Solve the linear system Ax =0 by Gaussian elimination.

¢. Suppose we apply Gauss-Seidel iteration to the system Ax =0 using the initial vector
x?=(1,1,..,1). Find x?.

d. Show that Jacobi iteration diverges for Ax =b, for arbitrary b and all ». [Hint: Show
that the Jacobi iteration matrix has the eigenvalue -1 for all 7.]

e. Suppose that the Power Method is used to find the eigenvector of A corresponding to
the largest (in magnitude) eigenvalue. If the initial vector is x” = (1, 0, ..., 0), find x'V
and x?,
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d -1 0
I-2 Let A be the symmetric matrix | -1 d -1|, where d>2.
0 -1 d
Show that A is positive definite.
For the matrix A given in part a, find the decomposition A =LU, where L is unit
lower-triangular and U is upper-triangular.
Prove the following: If B is an n x n symmetric positive definite matrix, then
(1) A is nonsingular, and
(i1) the diagonal elements of A satisfy @, >0 for k=1,2,..,n.
I-3 Let A be an n x n symmetric matrix with eigenvalues A,, and suppose that

max |A;| < 1 for i=1,2, ..., n. Prove that for every vector v in R",
lim A*v =0, as k — o.

Let B be an m x n matrix with the property that if Bx =0 for a vector x, then x = 0.
Does this imply that the columns of B are linearly independent? Explain your answer.

Suppose that the null space of an m % n matrix C contains a nonzero vector. Show that
if Cx=Db has a solution for some b, then this solution is not unique.
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PART II (Do two problems)

II-1 a.

What does it mean to say that a second-order, linear partial differential equation is
elliptic, hyperbolic, or parabolic? Give a specific example of each type of equation.
Consider the hyperbolic partial differential equation

alU, +bU, +cU,+e=0
where a, b, ¢, and e are continuous functions of x,y, U, U, and U, and initial data

is given on some non-characteristic curve I'. Show that the characteristic curves on I'
satisfy the differential equation

2
aﬂ —bﬂ +¢c=0
dx dx

Suppose that you use the method of characteristics to obtain an approximate solution
to:

U,-U, =0 0<x<5 y>0
U(x, 0) = x? 0<x<5
U,(x,0)=x 0<x<5
U@, y)=U@S,y)=3 y=0
at the grid point R(xg, yz), which is the intersection of the Y A g f
characteristic curves through P(1, 0) and Q(2, 0). (See the
figure; f and g are the characteristic curves through P and Q, R(xx,Yr)
respectively.)
(1) Find exact values for x and y;. I:" CI) 3

(i) Obtain approximate values for Uy = U(Xg, Yz),
Pr = U.(Xg, o), and gz = U (X, yz). (Just get first approximations for these
quantities; do not iterate.)
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II-2 Suppose that u(x, y) satisfies the following differential equation and boundary conditions:
9u,, tu,, =0, 0<x<I, 0<y<lI

u(OaY):_9y27 u(laY):l-9y27 OSYS 1
ux,0)=x ux,1)=x*-9, 0<x<1

a. Using the usual central difference formula to approximate the partial derivatives, find
the finite-difference scheme for the given differential equation. Simplify your answer.
b. Derive the local truncation error for the finite-difference scheme from part a.

c. Use the finite-difference scheme from part a with Ax = Ay = 1/3 to approximate
u(x, y) at the resulting four interior grid points. Simplify your answer and write it in
the form of a linear system, Au=b. Do not solve this system.

II-3 Given the initial-boundary value problem:

u = u, 0<x<1, t>0
u(x,0) = f(x), 0 <x<1, (f(x) given)
u(©,t) = 0, u(l,t) =0, t>0

Suppose we approximate the PDE u, = u,, by the finite-difference scheme
Uy e T 3ui,j+1 S UWiiqe1 T Uy
where u; ; = u(ih, jk).
a. Is the given scheme explicit or implicit? Briefly explain why.

b. If the given scheme is written as Bu;,, = Cu;, where u;=(u,;,u,;,...,uy ;)
determine the matrices B and C.

c. Explain (in one sentence each) what it means when we say that:
* The given scheme is stable.
* The given scheme is consistent with the given initial-boundary value problem.
* The given scheme converges.

d. Prove that the given scheme is stable.
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